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Lecture 1. ↓ Find

&CR* Ch = S
.

~
For small perturb sofs

,

what does the Mz hypersuf.

M no boy. S Looks like ?

Is C still tangent come of M ?

· A .

No
,
Yes" modulo finite dim penfurd"

· Suppose M = graphy (4) = Sx + u(x -Vj(x))x + C1B
, 4.

- [*((B . )

is a minimal hypensuf a Targent come at obeing C

Then 00 = Hm = (* c
+ 1Ack)u + high order term

:= h
-

"Jacobi operator"

② gtMC et
Fa:"M = graph g

+ u'l),

where up : = ucees

·



· Thm1 (Cafferelli-Handt-Simon , 1984)

Suppose[t (2 +*)/i
·E finite dim subspace W

=
C (*CS) <Lis) .

Sit
.

Li:<C (SW
L 7

, 3)

is an isomorphism. u
= - ((y·u(u)s)

-Y.3)
.

where Mc : = SU/ ** ecic) ,

st Let = 0
,

p(ex = gW(x)
.

=

"deg of homog Jac field on C"

1141gk
= Sup eu'lyRlAO

& (0 . 17

/y + m = 1)
.

Ch(C) =Su)1141ch+ %.

Rem O 11Ullgh 111 (A) Ke
*

"E" JusrO11- = in Ck A
sense

& Dull
,

~ Sup et(1us + w . Dul +widul +... + whyku)Ge C



③ If T = 12
,

91
,

then

dimW == ind(s) = supdim V <
call

Vac
&

(S)
"Morse index

8 IS)(X , x1 = 0

+ x v)o ofS"

Cor Fte (1 . + c) tc
.

Edit
. a) 30 .

St. + yecis)

11411g2 .
>58

.

I minimal hypersuface Ms ***

Sit
.

aM = graph 1 % 1
, TW-y) = 0

and target come of M ato is C.

# : Fue(6) Mope
: 0 = Hm = ( + G92]

< M : graph, (u))

Claim :· 110943 - OC31 (
· Q[0] = 0 < ((t , C)

· 11 4 .

- hall

C

Assuming the claim
,
Lit(-Gcus , 9) (2)

-

T = u +

Hope : T is contractive



Lot K > o TBD

1) U. e (9)
,

St.
IVilla

o

1) TCV2 -NIIIILIS-G
*C=

1 Lelop · (10,+Well
· II Un-Will
g

= Gat KIVz-Wilg

Take
+
k = E ↑

=> ↑ is contraction

2)↑
C2 , a

T

1) ↑ call=IL ,y

= Li = loph+
C

-(k + 5) < k

Take IR 12

'



Banach contraction Thm

=>
E ! VEC(C)

,

Sit.

Hm = o

S #ws(lj-)
= r

of of Claim· Hyp . Halex = f((yu + G(n])
-c + 1Ack I

L)19 "u + @ [e"u
P ]

Expand & compare=> Se"u'l) =

e . GCu]'s

1) Ganis" - Ganes 11 A.) = " :Qui- Oteni/
GLAx)

NEM
,

lArke * et · (e"Ilu1Ay+ --
- )

Hm = (n + Q2 ,
u .

on
.0n]

· lle"Jui - :
"

( (Ay
.

1)
"OnSu ya 14/

gre ,
a

Egg-

3 p2π . k

sup git 2)
... < -

felo . 1] 17

&mk : M = graphy :
Let (x1) be normalword.

& Gi 1x + U(X)(r))
, spans targent bundle of M

=

wi + G-Up + 4 :An
. Gj)22gok .

= am



< Jai , a . Um > gi

N
+ zaa :

Jacobi Operator on Cones Parametric C by Sx (0
. 2)

ro (0 . r)

↳= Oc+Ack2+ cr +

EA
Rm :

In general .
In < (g) minimal ,

Mgraph(n)
= (d =

+ 1Az) + Rich (Ve . Vz))n + @E]

L2. Jac operator of [

GKg . yi = /DyR-CAzl" + Riaco
. vs) oa

E

= -3 hy

2s = Ls - (n - 1)

· Let X . < xz... +o be eigenvalues of Is
,

9. ,

Y
,

... be-on . eignfictions of Is
Sie . -Ls= D : %i)



Then Fr = <(c)
,

UcO)= ar.
(ay()

= Sucros ga do (
S

Lu = f () I -G = fic)

+-Gy Si

R &x .

W = f
, general sol is

1-Ut

Will = cro + cro + not)'fis) S ds.

8- 8 +

where (F1)=-Xj , Xys-
<

=

· If X = - ()" ,
first two terms are replaced by

(C+ Clogr) ,

third term --

X-c)" minimalcre

stabele

Nju



Lem Suppose.C If Ifis K .
=2

,

then

: 27 UTcat ,
then Uber

,
El sol to &xw

= f

((l) = b

IwsrlT + 161) r
=

on 10
, 17

ii) If UTX< orX- ? then ! sol to

2w = f & (wir = 0(r)

I Wir k . r
=

Fin

& decay A 5=

**. TRE .

ONE FAGT)

Recall1Thm 1) Lu = f 1 fe2
S
Tw u = TwIY

(D)

295 - Bb
-

2
Pf of thmI Hope find unique sol to

Define W
=
=W (2s)&

&

eitherx
eigenspace of Is weig .

value i

or U
+

(x) <
=

YJ
.

St
. Jy We ,

let Orc be the unique sol of

(xjVj = fis

& (x = 4 = (410) = =4
=Yy(a)



-j st . YeWe ,

let Giv be the
migh

sol of

2xyy = f) , (g()) = 0(r) 2t

)
11ocr12 = [Ec = (11) . 11412) r < (supra finally

Ifikn = /S firY) = k
- n

= 2 117"Cr--2

=>U solves (*) in weak sense
. IfK

je(9 solves L
,
W

= /(b) = paf

by elihic est.

= 11 WellAy , 2)

+ 1924 /- 1124 11 .

(Ap
. 1) C"(Ay . 2)

i K . g5

=> II A

Thm1'Suppose =( + 1). Then Efinite
dimension

subspace W+ C(% 5)

stL :Gis)CBS We

um(Lc ,
Us

. [rulls)



is an isomorphism. ↳ on - proj

into W
=

fite Lem (1)
. Ey-1T Will= b

& If ne (ClB,) = = 1 - a

e"u'e
2+-

o

9% graphin C

& Wita in ehm 1
Correction

has dim = ind)S) +
dim Kerls

-+ /As+ Ric (u
. r)

(2 -> C2
.

NOT fredholm , if i To
.

Proposition
· Lu = 0. if ucra = roy(a = - (s+1s()y 1 0 = 2y ,0

((8 +n - 2) - X = 0

8 + 987x4

=>M = 30F(X)) If eigvalue of Is %

② C Stable Ex &
.
> -E (stabilityE)J10yF-1Acie
# -

Co

solving (w = a Fy((())



# "E" NOTIT g
,

10) is a positive Jacobi field

b C stable.

="U= +i . B

↑ : =Recrg) = rcsplogn) 3 ,
100 Jan feld.

=> Zo < R ,
< R< +

sit N/cAran= o

If C stable
·

then EW > 0
..
L
,

w =

=> In > 0 Sit
. AW 4 on Ap

. R.

S EPEAr
.
Re

Sit
. Awip = tcp

Intradiction
& to string max, principle.

14 mm-4
=

G+te

-
+ +T-9

③ Consider e@R* unit vector
,

C +C
,

the d . Pote

graph(+

=> Label = 0

.

41x . A) = *He (A)



=> (4s + 1Ask] (4els) = o

Ls = (g + ( - 1) = - hy(4e(g) = - (- 14es
=> W

.nHs)0GP/ee)
.

=> dim W
- int(s)+ .

⑨ Recall X
.CASP)-

ind)-[s) = dim Wan-17(s) + 1

equater => n+ 2

# #&-SGS"unimat

hyper
surface

Rm [Urbano[] S==
hypersurface. up

to

not

If ind(s) = 5
,

then S = Clifford torns



limFacts Suppose MPc ( ***, g) minimal,

Un unit normal .

Fue CYM)
, Klu/ly1-

lAu ? I

↓ neCO(M) . Klu1ly1 .

Mu = graph (n) = Sexp(x-U)
Mu minimal #)0 = Mmu =mu + /Ank + Ricgim , Un)n + Ocul

Lm4
where G[n] =@ . Ji + E ·

On + Azu .
It

k+ 24(4)
[18

R
.g o

·
when Ill 1

,

then Qu is uniform ellip.
C

· (strong maximum) Lyn = 0
,

450 on M & EXEM

St . u(x = 0 = U = 0

· >Harnack inequality) 2= 0 ,
10 on M => Rice R

sup l X infu
num mirig rism

· (Ellip . est .) DullEp, IZul,e

·



· Thm (Harde-Simon) Let C = GECR"
, minimizing
-

hypercome, Sing(C) = 0 I ! UCE
, minimizing

body
. E open

call C a "regular come"

St
. dist(0 . Sp+ (H)) = 1 5 XH1

xso
faliate E

.

Moreover (1) Sing (H)=

2) H is a radial graph :
Ew = CYERS

s H = Swid , gloeEn Enign

3) outside some Bm .
H = graph(n) w OFT :

either ulra) = rigia + Ocra ,

or usral = criigo + OrVi- a) if RIS) >-&
r (4 + 2 logr)y ,

(a) +0 -

9)
E

111
↑ realy 5 Ma.

if X , (5) =(2)
only

one pt .

-- H
Lu = 0

-

HIL rESIES
S

u= z(E + cri)y0
292553



· Preparations D(Strong Maximum Principle) -
Let det R

ECEzCM , Cacciop ,
Sets w minining

bodies

2) Ex < Spt a(En] & spt aCE2]

=> M ,
= M2

where Mi is the connect component of sptaEi]

containing X. - Afir

# CToy version), if E ,
<E2

, #
GE ,

be,
are minimal cones

2

=> E = Ez

Frankelpropertyf minimal hypersurface .

S .

S
,
<g

must intensed !

[Soloman-White 189]

i



② Thm (Simon'of) Let McC , minimizing boy ,u
LMU so

,

thenM Pe Sing (M) C(Reg(M))
1 + 5UCPj)i+ 1 Reg(M)

t

(Next time : FpESig(M) , EPy
< P

.

St. UlPil- +D)

⑤ (Unique Minimizing Property) Suppose MC & be a

minimizing by w finte mass
↑

Then FTeIn(d) St. T-M = -P for some spip
either T = M , or

IITI (R) > IMP (52)

of of Suppose1ITI (2)
= 1MIIG) ~

=> T is also a minimizing body
MB3-f

sptT is Co away
from a closed set of dim n-f

=> By unique continuation property.T = M
-

on the corn
, coup

contain M) sp
+ 4

of SptM

=> spt(T- M) < & & T-M is also a minimizingbly
apt

I

alp]
=> T- M = 0

17



Pf of Existence

Let =En .Sedius
Let Ej= (19) 3 Ej

: strong
= Gro/0, 0 e2j4

mox
. pos

Minimize perimeteramong SF/FLB ,
= Ej)B , ) gives a

Fy
in B2

st
. FilB ,

= EjlB ; Fj has minimizing bay in Bri

opt (c(F)) 19" c 2E

Claim 1) SptcFj) <E (sort
may-

Spt (Fj) < E)

pf of Claim We have 112(EWEJ1 (B2) + 12 (EjeE]1( !)

*

Maggi : Set of FiniteWCEBTE
If (sp+ w(Fj) IE + 0

.

then -> ll@[E] /I (B2)

=> 110 [FjdE] //(B2] < 112 [Fi]lI (B2)
.

contradicts to choice of Fy 1

· By the Glaim 1
, dj = dist(x . speEj)

Claim 21 dy +o Lif Suffices
:

Es yeoE



# : EjlB ,

= EjlB , jep

> E = Ej jep Fo
Caccip setT-GP convergence

.

with Fo lB .

= El B ,

1) GIFoJIIB2) < himwFllIB
= IIFCE] / (B2) = Fo = E #

· Now consider dij .

Fi En has minimizing byina

RH. & dist(o
, spt[Fub) = 1 ·

FoFE
.

Fo sE
string -

=> Fo CE
max. principle

H : = GEp is a desired minimizing day. A

From now on
,

Suppose H =GE is a general minimizing
M

bdy . FSE

blow
down

*
Step 1 9 H

e + +
n C & H = graph(n) outside some

Be
3.+

.

=V = SvF = = =( + x
, is)]St .

c - 1

8 - 2 X - (n - 1)
ucra = Y M

I
E ruta

nx7i



Step 2 Recalla Solves (gu = - @[n]
·

Recall yesterday 11 &Cus'
11 A,

,2)

& jing11 (Arch

5 p
- 3

. (gu+ a
&2928

- 3 + 29

Take we R/NIC) St
.

(when <1)

28 - 3+22[x - 2 =U - S - 2

By discussion yesterday ,

EW solves

S
(w = G[u]

=> U : = u + w
,
LU = o

11 Will
Cr(A ..2) gu

KirarFc-Crapic for Nat

Uros e rota

E. Such U satisfies the desired

asymp
in H-Ss the

Step 3 Recall &"H = graph 19tu'lls outside large ball
.

↑

I

=> e' u'" cra = e" [ver0ig ,

(a) + 0(ymy
=

2))

=
a ga oe



Hence
, Outside some Bry . 19

" F) /Bry O F(Bre
samearguement eExE -q > 1

.

un

as inpf of

<

UnExistence

=> g > 1
.

2 Hom = 9

Step 4 Consider4(x) := X. UH

Jacobi field induced by scaling.

CEX : if write"H= graph (4p) in regular post ,

then

( -1)+ 4
- 2 + 1

= 4)
Hence

34144 = 0
.

Recall if =PeSyct) ,

then E Pj - P
.

S
.%.

((4,) -> +34m

=> Sig(H) = &
.

aF GFz
Il

Y

Step 5 (Uniqueness) H
,HE · minimizing

bodies

cr Di < 0
.

+

dist(0,H1) = dist(0 . M2) = 1

Hope He = He (eGlogu) =

-



Recall MilBr = graph (Ui) ,

Micros = C , roTg , 10)

g FC Ez if fu
+00 + OcrOi

-

9
11

graph19 vie
,
s

gitic..
if *

3

- - + Di
=> Jake <-1

.

& C= Cz

Then "Fi = F z => = 1
since

dist(0 , F1) =
distlo

, E2) 17

& Suppose C = GE CRU* is a minimizing bay
#CE be go minimizing bay determined by H

. g. The

↑
called a "Leef of Hartin-Simon foliation"

Also EH'C R
**

/E comhinizy bdy
H Br = graph(u) /Be -# hH =

-
-

- ()

Then n = cry ,
10 u = - -.

or u= S : it's impossible.or -
-

-

+h.Core
S



If M is a minimizing by in + at
. M/Be = graph (e)(BI

sit
. An"l + 114' " all => 0I C'(GB) C(2Br]

Than M= C.

v
call C" strictly minimizing"if H & H satisfies these

asymptotic.

4 C = Gz=] USW=o)

ratH= Swz =1)

a

&> (Chen 197] LetC minimizing hypensuface (Sig (4= 0)
strictly

↓ TC *** ( B
, minimizing boy St

. 1181
CA

.)

* &
"

Il

graphnot ↳TG)
Then =[C ***, minimizing body

S .
t

. 2) Bp = graph(n)

S 1) m - v)1C(A
, 2)

-

> Vi
I-din

I I particular , ES rep minimizing blies

in *** (B
.

Sit. VA**
' graph

,(g)

9
- Vi (Uq-Uq)- Tex

+ o



1 indic19") = dimWia Ex1
.

IIII
-# (Sketch) @ + R > 1 --
-
-

Let Er be minimizing hypersuf w. T

-[r = Tl2Br

Take dir) := infErErd Amir= graphyMe Arirs
11 up12A

.. 2)
= &

Hope timd) +

② Since RYER > C & B
,
limRtdir) = o

R +A

③ By constructing foliations with fase decary

sup /um-Ul (0 sup(um-Ul .dIR = R

2Brz 2Br

① If dcRj) -> +o
,

we have 19u A, > K(5 > o

-if f = diR)

diri) . [By it minimizingbygraphic in
C

dcR)
*
↑ jet's C Supl-olVisup n

2 Br

= =23 T



Lecture 3

Growth of Positive Jacobi fields

For EC Lea Cacciop set .

v
. minimizing by M = Reg(a[ET)
Define rm: -> Co + m) /Called "reg scale" of M)

O if De Sug(M)by(y(x) = =

"Sig(GE)S SupSra of Brie Sing (M = & ; Amber*3 .

C if <*Sig(m)
Ng(x)

&
Prop D) if By <Brix' ,

↑

then Um(x1 > r . In particular racixs = Xrax

* Mix is 1-Lip .

2) if minimizing
bodies

My Min
M

then for X -> Xo
,

we have
Um(X) -> MEX

Ji - dist to Sin set of all possible "nearby

minimizing bdies)



3) - 200
, BE (Sig(M) < Grip 09

[Chaeger-Naber 13]
-- E

MI(Srmzine) Emai 8 Frh

P : Ex
.

it

· Ro(M) := ExeM/rm> 5)
.

"effective part of regiM"

Key Lamma EKs0 .

St
. FC <*** minimity typercore

Dr-k(c)S" = 9
.

2) conn . comp of Regins containingR>*
(C) A gD

is deese in C.

3) Euso Jac
.

Field on G
,

we have k + 10.*]
S

(A)
=0 1

sup n = Elon (int2) .NirfR
>(r))l &Br R>. (9) &GB

,

ent U=+= ( -D)

x , (S) = - (- 1)



AppC Let UEC
Y

(RY solve (MSE)

div(p) = o be nonlinear

Then Tn = 5 (X
.

um) IXER"In FinalR
* has

everytrgent

come at1 splits in ent Sie. The ( = Cox)

In particular, n = 8

# Let ↑ : = ent . Pin =JBap To
, Jac .

field on The
No

↑(x) = hmNT ↓ (f(x . y
++)dx = 0

.

We must have I o C

=> en/Tc => C = C. XR

nonlinear
~

CorB Let uE [d] solve (MSE)
.

#O-Un

s
lim f Sup(ul

= + 0

8- 0 By

Equin if
EOC)

#oka & On-
,

Axe
,

then u is linear

# RecallGix = e. Fix We Jin. Ul



Claim ENIL 1 & Ry> 1 st. g > Ry

4sup2) inf (90
BPu)MLBN9&keITuDeWith the Claim

Ul
m(j) = mip)n Xg = Ry

iteratively for >Ry · mig = gu ! C(u . G')

inf 4 = inf 4 =

I

Bak*g(tu) naBe (BYXR)OT dit Put #

Yan's Cong
·
FUeC

Y (Y Solving (MSE)
has polynomial

growth near D
.

CorC If Mc & is a minimizing by ,

F peSig SM)

Then #esso. Jac .
field on Reg(M)

We have
, Ep + p StUp) to

Pf : 9 1 > sup U =: Migs satisfies

R
=+ y(m)CBy

M(Xg) > yUn-2 Migs for some on Kay 1 & f 1
.



In particular , M191o + 17

CorD ( Special Case of SMP) Suppose E ,
CE

, <M

are minimizing
bodies

, yespt((E .]) esp+ (TES) NO
Suppose HW - 0

,
we have "ri(GEi-p) -F2 :

"

=> "G = G"

Then
,

we have =30 .

sit
.

E , lBy(p) = EalBy'P)

Pf : HJ In , Eln
.
8 > @st .

does : = Sup dist20 , sp+M2)

Let Mi = a [Ei] * (.n) = (0, 1)
Ryf(*

(M)d GBy

Ve < eno ,
dise, 20 does

It
.

E . If S
.

S, be (n-1)- dim currents wo milti1 targent
in (M , g) S .t

. spt(S , 11 spt(S)=

Ther
,
Edist(spt(S) , Spt(Sul) is realized by..Xi Reg) Sil

R: Suppose Xit Spt)Si) realizes dist
./ Then sptS, Baal = %

.



pf of strong max principle peSpy)0 = , ) lSpt(0E2)

St .

Ev
j
10 St

. r](CE :-4)e C
but CFC2

.

· Then either (spec)D$"1/Sp+ 2) = & 3 to Franked
properting.

or =qu = (sp+ G)n$" 1(sp+ (2)
F!

& CDBrIq = &Brigh fro
*

F(0
q(

=> Etangent ComesiofIs t

Indivitely Ici one lies on one side of another.

splits inA direction
. K= n- E

Mr

CorE MsCt minimizing bodies
, se[i] st

~. disjont support . & dist(sp+ Ms
.

spt Ms : ) > B1s-s

+ s
.
s = [t

. 1]

Then let f :=Sy(Ms),
: 9+I

X + S

is -Holder
, Facco . [Y) S

. XESSM
↑ x

, x = S
. (A-Axi) /X - Xa



Rm (Ex) You can prove dimp (9) = -7
& covering

Lemma> dimAlt ifu

This prove genching reg of unimizing bay in pot
10

Rak dimpA681 : sup

dim (Spire>(1)

n+1 = 11
.

<Ret1-00y = -2

minimizing hyper surface .

dim : Spue(a"s) = 3 = C" = C! XR3 ↓
"it c =CP

-9
xR3

# : D2) follows by adirect contradiction arguments.
· S : = Reg() " , RoS .

Xich1

St
.

Dirichlet eig .

value of -1stAsI
S10gi-1Asig2

= infi I decreasing in (

ofyeCir)
.
En 9 N

Eact [Simons' 68 ;
Lawson' 09 : Ihn 18] &

↑
, (S) = - (n - 1)

"

= "It c = Cit = Sixye***R
**

/
Cor Efn > o

,

sit
. F minimizing hypercome Capt

plante



we have
, (Re))l SnG = -(n- 1)

# : Suppose not.
IC j <*** minimizing hypercomes .

#

plane

St . X . (Ryc()((n) > -

( - 1)

Up to subseq . G + Go Vixo
.

MIRariColn Sl

-> limsup X , (Rs6(j) D. S). - (n- 1)
j- 5

=> X
, (Reg(p) gn) = - (n - 1)

=> Cp = 21 . t
is a regular come .

by Allord Reg
.

=> for j1
. Sogs(j) =

0 .

= doo
,

sit. Ros(" = Go for j1

=> X , (Rxy(()) = 1
, (1)19]

- (n +) = X , (high)
4 - (n+) & E

L : G &*** minimizing hypercome

LetRap he Reg(s) in



Let You be the Isn functionofPASR)
on o

S
- 29r = X

, (2) In

Yal = 0 (Ne here X , (a)--(n-1)

Then uso Jac
, field. on C :

~ . -Jog yes acros do is non increasing in
r.

n

V(r)
If :

vces - M vir Seas (a) urado
=StraLunddo -2 u

= - )([sYm) · Kira do+ yu
in

- X
, (R)Ym a Eo

quaa
=

V stil

Let WiSlVIs .
stu/p

,
where B=2-

Easy to check : W"(s) =0 · US -



Since Wass to for all S.

We have wis 0. 17
.

This Lemma +
Hannek iney for u & I

proves
the keylem.


