


Introduce minimal surfaces e.

g . "weak" notion Set V.

Motivation C :
Plateau .

Problem : given
closed S"cpm

E ? surface pr with boundary

↓ GM = S
,

sil
. M has least area

cong surfaces with boudays ?

physical model : Soup film/bubbles because every
a area.

how to anlyze M( of
lost area) ?

↳ can we criticality/variational properties
areS

-> & minimal for area -

should havearea ( (M). surface.

(2M
: TY)

def M is stationcy (or minimals if M is critical for area in
sense.

& area (4(M) = ·
- family of diffe . Ye

Sit . Y=
id . Ye = id outside compact set

It leaves &M unchanged.

# if M"CR
** Smooth

.

X = In rector field. Yex) = family of

differs . Pozid , GYlo = X



then l crea (M) = ) div()d
M

=

-)HxdV TS EXdV
where divm(X)= Deix · e

Seil = ON basis of TxM

and F = / Dee.) = mean curvature rector

= "negative gradient off area

"

=m

=> M minimal F = 0 E)5 = 0 .

Pf of First
variation formula .

use area function if F : M- > R*M Cand are
-

Then area (FCM1)
=SSMEd

where JMF = de+ PFDpF = /detDFlei) ·DFiej)↓
Seil = ON-basis of TxM .

area (Pt() =SJMYedV EJSMY
= divm()

Stake F = Pe(m)

recall det(I+ + A) = 1+ + rA + 0(t)

now Yely)
=

y + +X( + O(t)
,

so Dp(e) = Ci ++DeX + Oct")

=> Dali) - Dy(j) = Gj + t(eiDeX + e
. Deix) + 0(t))



=> det (u) = 1 + 2t divm(x) + Oct

So JMYt = (de+ (u) = (1+ 2 t divm(x) + 0(t

= It to divg(x) + ost")

=> area (YiMs)=) It tdivm(x) + ot

=> area (Ms)= divmx ↑

I
normal

,
part

/
tangent .?

=/divu(xts
dV

+Sdiruxi
a

11 soivergence
Thm

I
SxydVmam

[DeXe A M

=(i)
-De

=

-/X[Pe)" =SX It is

e .

g. plane <***Th eg . ) /Crenha

e. g . helicoid
e.

g. eg.



e .

g. Costa - Hoffanan -

Meeks O (3ends
, genus 1)

I
in general , if M*[R* is minimal fef
↳ Weiestrass representation

F(z) = J (4 ,
(2) · 4.

1z)
. Pg(z)dz

Zotze[ = Riem surface .

where : = 0 ,= momorphism fur
(but need To solve period problem (

(why?MXi =0>zXi =

I F -
F(G) conformal .

eg. M = graph (u) ,
for: sir

= minimal IMSE)

# u solvesDi up) = 0

=> Elig - PinD ) = 0

if n : R -> R is Lipschitz solve to MSE => U Smooth

bet if n . R+RM ,

then graph (h) minimal E u soleson

EgDijn = o
, giiinverse of g=j

+ Din . Do



Let u be Lipschitz but not smooth

e .

g. U: R
*
-> #3 given by u=M r() ,

0 : S + 92

=Hopf-filiation

e .

g. holomorphic subvarty of ph you Kahler manifold)
-

↑ is area-minimizing
in holomogy class

MP = 3 fiz ...... zu)
= --=fre - ze) = 03 for fi holomorphic .

W? Mis calibrated by (products of Kahler form .

↳ if Zi = Xi+ y,
and w= dx

, ndy,
+ . . + dxp1dy

theno = Wew1 ... nw has properties :

-

I- times

① ol = /n -

② 1
.

(i . s. UptVp) (Wintinge's ineql
③ do = o

"O is calibration for M"

now if M'- M = 21 for set C pat.↑
could ask zU = MOM'

then area (m) = J r

F

M

= (u+ (d =SuSdV
= are la

Mi



&g. Y andT comes

T-come = cone of regular fetrahedron.

For minizing among lips. Enformations· (not homological minimiza).
six

e .

g. Simon's cone .
C*CRO = Six ER* RT

.
(= y1]

.

R
*

C
= come are 515)x5)

IR4
= minimizing in homology

Want "weak" notion of imninaly surface

which I allows for "singularities"
② gives us good compactness .

Janology : Soboler space) .

eg/ scale down calenoid.

+



e. g. could try to solve Plateau by direct minimizing

↳ choose Mi with area (Mi) -> infgare(M :M = ↑ 3.
2M= P

-> ??? Take a limit of Mi ?

NO Hor "classical" notions of limit).

&⑪
soon

-> rectifiable .

Sets
, varifolds .

-
Cassume "basic" measure theory (

Hausdorf measure : C-dim Hausdorff measure H of set A <Ram

= HSA) = "C-dim volume of A
"

=LimH 600000A

where HCA) = infSweicAdac
Wa = volume of unit ball if a N g

= Borel regular measure in prim

Some basic properties & Sm-fntm = Lebesque measure

② for my ACReth
,

Ed = (A) = "Hausdorff dimension

of A
"



S .t . HCA) = 0
,

x3d and HIA) = D if and

e .g.
Cantor set (20 , ) has Mausdorff dim-logCIM

⑤if F : R -> D
**

Cane-to-one

(F(M) ="Submufa" (

then H"(F(r)) = /JFdV ,
carea Formula)

N

rectifiableSet (basic building block (

↓ MCAT is countably n-rectifable if M = M
.UM

where H"(M) = 0
,

and MyGNi
= C'n-dim submanifold .

e.g. any C-submanifold could defe =My Cr, Mau --M)
-

& any (subset) of a countable union of I submanifolds .

4) M = 5giSleg.

equivalent define (by Whitney extension thm) M=MoU UFi <KCR)
where Fi : R

"
-> RATm Lipschitz . KCIR" .

2"(Mo) = 0
.

intuition : rectifiable set ~ Lipschitz submanifold + H"-measure =

-

"weakest regularity to still do first-order anlysis
"

basic facts : O Given MC RAtm and ifULM locally - finite

Si . e .,

M<Mo0 pet k)



then M is countably n-rectifiable.

analog Y
Rademaches) E approximate target plane to M at 22-ae .x M.

thm =TxM

↑
In-dims

⑧ P= approx tagent plane of M & X

big (b-

S

P

i . e. H"L(* ) 2+ o

> 2"LP as Random measures

(Random meas .

= Qual to contious func -

->
Week - convergene]

aside if M= MooU i for My <Ng - C
-

I j

then TxM = TNy 9 Heae . xEMy

② can do first order calculus on MF n-rectifiable CR*M)

↳ if f- phm -> I
, Lipsalitz ,) = - differentable (th-

a . e
.)

then Jrf = Th17f)
= gradient of fly

exist H"-ae
.

xeM

↳ if f : Ruth -> Rh is Lipschitz .

Then Dmflu) = Dfirs exists 2"-a . e . xEM

GET M
,

so Duf : Fr- R*

↳ can define Jacobian Inf =JetDof"Duf It"-a. e
.

xeM

If : Rn+m

+Rh Lips ( =Jaf(e)Dfic Scil-Ordas
a



↳ orea formula : if f.patm -> pla Lips and one-to-one

then fir = n-reaifiable and H'(firi) =f Jrf 12

adde : if f is not one-to-one

thenSmart" = S H
% Cftgem) day i

f(M) ↑
multiplicity function

=> # points in figs 2 M

③ f : Rath + Rh Lips .

Then fiys &M = In-G)-rectifiable for

Ho ae. ye fire

useful to allow for multiplicity

Vanifolds

It integral varifold = "rectifiable set + multiplicity"

↳ precisely. V
= E(M , 0) = integral varifold if

M = countably n-rectifiable set

& 4 (H"(M , ze)

i . e
.

0 : M + 2+

st . (10) do < 0 , pat k

Mnk



e.g. M = C- submanifold . O &
"

constant

-> ECM , Of "Mexcept area is not 0-times original area
"

can interpret V as Radon measure in Grassmannian bundle

= ph
m

x G(n, n+m)

↳ if yex . S = C: (ph+m
= G(n

,

n +mi) ↑
uno rankd.

then Viet/y(x .YM/ @d21
"

n = planes in putm
M

or V = (02)"im) @ J M

/general varifold
= Radon measure on Rath x G( .

nems (

useful because gives notion of convergence
and compactness

de .

(integral) varifolds V :
- V EL V :

- V as Radon

measure
in Grassmannian #) Sysx ,

S]dV : I . S)

↓

(y(x .
S)dV(x . S) +y(x .S)

can also interpret as Radom measure on Ratm

↳ "mass measure" (VIIsfix= fox Ox dle

OR 1IvIICA) =SOd



Mi sequence Mi=
I-rectifiable setts

-> Vi = (Mil = E(Mi
,
1) = integral

al 12

Mr
1- varifolds (D = 1)

M3
a Gl I -> IIVill(A) = H'(MA)

0 ↓

=length of curve in A

& if M = re stifiable
11Vill(R) = length <e. + length <(2)

then IME (M
, 1) -

Vi = (M <Mil@gM (So Vill .S =/y
.M drl

what happened if it a ?

1(Vill()
=Sur

=I
i =n) Vict : [0 , 17 - R2 = peano for Me

So be dat
so IIVill H'(50 . 17

varifold measure V : (Y(x . S1) =) y.TMi) dlo

3
, , 1 y. 1)

do
2 cos X

i . e. Vi-H' Co . 17 @ (etfe)/asa not an

integral varifold



varifolds useful to understand variational problem.

pushforward far of integral vanifold = VIF(M , Ply) =ZOnu

If : R
**

- ** Lips . Elspen proper)

(v) <y .Si) = ) gif . PfxYM) Jouf Q d2
"

Sift is one-to-me

·
R pre

"
X I

# (M) = 2 L (-0 , 03 + 32' 750 . 17 + HL [1 , 0)

"muleplility is preserved under pushforward"

& first variation of varifold V in dreation X /:Can
in UGRHM

= V(X)= 14t+ V((u)

St= l - Poram family

=(nodr=/dim Od, if differs.

(some computation) %oid.. Elo Ye
= X

= (div(X) bIVI



Lecture 2
.

V is stationary if dV = 0.

la ~

9 . g .

& 1200 if V = /MI is smooth => JV
=Sdiv da

~

li 12

= Mix d
+SXd

↑

= conormal

coutword(

x
! Since y . +Yz + y = 0

e .g. if M smoorh
, stationary ,

then &MKX) =S
X. my d

stationary away from M

e .g. if V n-dim in
,

then V = 0 E V = @lR"

↑
IIvIIA) = Jod =Jode

A

(basically just P : /" -> ** (

b/c V(X) = (div(X)Odd .

Choose X = Pe :

=> (Diy)0 = 0 + yeCIIY



=> DiD = 0 distributionally
=> O = const

:

in general , JV locally bounded if OVIX) [C(W)IXy

#X ced in W . WaU

=> JVeCi (U.+my
*

- &V(x) = - (Hr-Xd(VI + (x -

y
dre

Radon-Niriodjn p ↑Meralized
generalize

O I llvII. curvature generalized
mean

conormal boundary
(yrl

= 1

e .g. M
= Smooth ,

v = 14

=>c =

- fnxd..
egione



W

e . g. My = regular N-gen in B,

*

·

V = /Mil .
Hu = o

· , Ye + 5 "Vhas free boundary in $1"
j

N -> 1

L

I
↑ =(H

Vi + 15
< n +

P

r = 0

(but &V :
-

=&V)
HF0 -

T= 0

e .

g .

I

Mi
/

Vi = /Mil - 2([ , 1)

↓
* 2

L I H = 0

- I I - o

Alloud's compact
thm if V : sequence of integral varifolds

and IN : /I
,

8V :
are uniformly locally bounded.

Then (subseq . ) E integral varifold v

st . Vi -V (as varifold)

(= 11 V : 11 - (VI)



haves/A W
,

+ o

,

so &V :
unbad

.

varifolds good for varitional problems

b i notion of boundary not
super useful

② measure theoretsz convergence
can be "too strong"

area (Mi) ->infSareaM ,

↳ wr # GM : = N CRETY)
O

could arrange /Mil
- >Eth - U.

Currents

&If integral-mulitiplicity
rectifiable n - current

= "integral varifold +
ormentation"

precialy T = EC M .

O
, E(
TH"LM-measure
Ph choice of oriating

n-nectifiable
= mulitiplicity n-vector for

set
locally I"LM TXM

integral-function



·g .

M" = C oriented submanifold ~ [M] = E (M ,
0 = 1

,
dim

III

ein--- en)

T can act anopctly sped n-forms we DY(u)

↑
space if spitly spid n-form

in U.

by T(w=/
<w ods" = wie -edl!Y

if E = 2
,
1 ... 12n

general current = dual to DY(U) (or &"Sim)
G

gives convergence
+ compactness.

&e : T:
- T as currents # Tilm - Tul +we BH)

(inU) EST, ↑ in week - *

(dual to D(4)

e .

g.
scale down oriented cotenoid .

T ,
= / oriented

colenoid-3

= -

mass not continuous under limit concellation is possible !



given intege-mulic rectifiable current T
, IT) = underlying integral varifold

= E(M . a)
can also express

mass

1ITI() = )Odse" = mass measure -

as I/T11 , w) = supSTi) , (w = 1
, sptwsW)

·

Mr A

Lasso works for general currents)

=> if Ti -T ,

then 1ITH Eliminf IITill

"linean semicontinuous"

Last time : 11Mill-2'L50 . 17
as measure

e .

g. Mi Los X

T &

M

Ta 1 let [M:j [0 . 17

l ↓

I III III Ik .
as current

/
0

Ui
↓

total mass = 1 <e

=

Tomass
nice way

to see the
convergence

. - M
. +[0 , 17 =U :

andGrea (i) -> 0
.

[MiT(w) = ( < w . <
> dr = (w = ) w + )dw

Mi dV Mil [0 . i) Wi

1- form ↑
O

-> /w = [0 . 1) (w)

[0 . 17

general principle ("flat norm" (



Cif Ti
.

T reasonable)

Ti-TETi-T =

GRinS fwhere IRillollSill - o

-

Lf. Ten-current -> OT = -1 - current

defined byGTCWsETIdrl

if T-T as currents ·

Then st.
-2T as currents

(since Tildw) -TJdn))

bad : of need not be rectrifiable/integer. - multiplicity·

e.

g. if T= integer-multi · Creatifichie)n-currenthR "

then T(w = fdx 1 ...1dx)
=S x -dxelen) fo

11 ->

=S d , where
depanding on oritation of

·T (w = * X) = T(dw = d(XI) =T(dwXdx
+

n .. - ndx)

formweek field =Sdid

2T = 0 )(did]" # X

# Hake x = yei) E = cust

=) T= [R") (constancy thm for currents)

ll2T1 < *E) (div(X)d2" = C
,



boundary rectifiability if T= integer-multreat . n-current (inM)

if 110T1 locally flite => GT = integer-mult
reat

.

(n-1) - current

e.

g. Samid) Jif T integer-multn-current i RY)

112T1l < @> (divix)d2* =Cu) cius .

#X sped in W

M

f wcc IR

#> T has loc . bounded variation "Blew
,

"

e. g . if M = oriented a submufd ,

then w(M) = CrM]

(b/ dw :a

e.g.p cr = [q)-(p)

.

P3

,M 2 [M , u Mz] = [P]-[P]-i]-[P,]
e .g. ·

= [P3)- CP.7

Tr.not boundary point !!

e.g. · las current)

7120
:

as boundary
, p

has multiplicity
-- P -

,

-

=> always a bondary point .

& T = integral n-current if both Tod I are inter-mult
n-dim (n-1-dim

nectifiable

↑uside sptT d spe11311 as measures

= smallest closed SetC St . 11T11/ RMM(C)= 0

if T= ICM . O
,
E)- many

choice for M (can change an set



of measure of

bad e .g
. if

M= U fitzign =H (MC) as

fiechte
-at K

-> [M] = integer-multnect - n - current.

But : spt T = M = pote

maybe upto slightly shifting spheres)

Compactness the if Ti = inequal n-currents and 11T:

and 112Till are loc uniformly bod
..

Then (subsequence) E

integral n-currents T
.

Sit . Ti -T as currents

( GT; - GT)

"Solution" of Plateen in class of integral currents
# PM = closed corrected) submitt < prom

define I = S integral n-currents T
,

St
.

T= 3*

choose sog Tic
I with IIT : / (A) -> infEITIRATY) ,

TE#)
10 .

Since can take care

=> IITill wit bod

112 Till = 11TII uniformly bod.
one P



I

(subseg) = integral n-current T sit
.

T
:
-T as currents

(t- o)

so Te I i
and 11T11 cluhf IITI

=> IITII (Re
+

M) <inf911T(RatMy ,Tell

also Since To I

=> IITII CRUM has least possible mass for UT = /PI

note I need not be

unique !-

I generically Tis unique ,
or if T calibrated )

G :
how smooth is minimizer + ?

& "regularity theory" is next lecture

Sets of locally - finite perimete (Coccioppoli sets)

↳ special case of current (codim = 1
, multiplicity= 1)

↓e . ECR" = set of loc . finite perimete in UCR"

if supS [divXdI2 : My = 1
, spexswUK

·



ifrE is smooth
=>Sliv(x)d =/ Xoyds

J E to have resonable "GE"
↑ conormal

= He (EW) IX1g

=> llaLETI Soc
. finite .

because (b/c) w(E) (w = +X) = [E) (du = divXdx'n ...ndx)

=Sdiv()d
Sup ofE] (2)< E) SuP(divx
10/1

-

"aCE] = Co* E]" = ElsEE .

1 ,

*

y)

DeGregi structure
the if ECRP ,

has locally frite - primate
reet.

Then E set G
*

E =
"reduced boundary of E"

a 2""LG* E-measurable choice of "conormal" n+**E

so thatSdiv(X)d2
"

=C Xyde
a

perimeter if E in A = PLE
.A) = &

*

CG*ER A

=> Il GTE]lIA)

apotness thre if Ei = seg of sets of doc
. finite perimeter,

and PCE :) local mit bod .

Then
Jubseg) = E = loc

.



finite perimeter sof
. EXE in Le(RY)

"multi-one i
. e. ite in LeIRY

property is

preserved
"

i
. e 2 (ECE , )oW) -> o twin

JE(E)
- [E] as currents (

aCEi] - rE]

could "solve" Plateau m colan codim-1 steps

↳ be e I = g E of loc trite perimete .
sit. El ==(4)

-> minimize permeter in In U

P-caucpt

but if To colim-1 current &T =o ,integral
=>
T= [CCEi]

·

Ei = local

frite perimeter



Lecture 3

(mass-minz integral a current

spoile : if T is colim = 1
,

thenT smooth
,

embedded

away from "singular set" sing T closed.

dim(sngT] < n-7 eg.
Simon's cone GERO

in higher codim
, dimplshy 1) = n-2 .

sembedded ,

smooth
away from e .g. w = z)S

,

z = 1w
singTC

aside : I other solutions to Plateau (Douglas-Rado'30s,

Cacciopolisets 30s
,

Federe - Flexis) - Alogren Simons (currents

(De Gige ( 'Tos)
feds an

immersed minimal disk

bounding on 51.



Regularity of stationary varifolds
~the notonicity formula if V= stationary integral n-varifold

in UCROM and B, < Brix) U

then IIVIIBuo)
- NB)=In aWu un

Y O

fence (xo ,
2) = IV Buxnon

andr constant in [5 .r]> X-X- TxV forlulae
/

x = Br(xol)xr)
=> V in Br(xoxol = come centere &Xo

.

(i .
e. dilation-invariant)

T

*

P :
take x0= 0

.

V = /M/ = smoth onhinal surface.

just show 1/VII Bro

PWa un



plug in rector field X(=) = * Into & /McBr /

↳ /dinE)do = ) X . y do" =r- area (MrcBr)
MnBrio) M & Br(0)

navea(McBr) =(Dee
=> area (MrBe) = area (MrBr)

= area of come over minimize,

&
OTOM : coarca formula area (M1Br) = (4)S

As

-

=> Guara (MBD
MnaBr

ID() = 1 > area (MnGBr)
area (Mn Br)

=> JarealMeb))o



"basic"
consequences of monotonicity

① Q (x) : = lim ( ,
H both exist

① (5)
:=lim G x ,s

② x = Owe NVIl-9 .
e

. x recall V = E (M . d)

③X (x) upper
semi-continuous

.

⑦ sptV = sptIvIl = 50 = 1 ? = closed

⑤ V = E(sp+ V, ) "sptV looks n-dim"

⑥ if Vi = stationary integral n-varifold ,

and V :

- V (as varifolds)

then spt Vi -> sptV in Loc Hausdorff distance.

fargent comes

fact : V = stationary indequel n-varifold ,
Xe SptV

r - 0 ,
then (subset

V - X

Vi

~ V = stationary , integral ,

dilation invariant.

correct notative is Mx
.
r

:
)V Where Yx /21 = Fix



picture
(subseq

ri "tangent come of Vatx"

note : I' need not be unique (ind of ri)

(no contenexamples through,

moval : "Singularities modelled on comes"

whyI target comes ? Vi = = MxriV = stationary i
. e .&Vi=

and INVillBuo =CBR
Alloud compactness O Ty=

II

= (x . Rr) pr
=> cubseg) Vi

- V' and &V-VI
so &V= 0

.

= R1(X , 1)

faside : Since V -V as measures locol uniformly
on Gressmannian bundle bounded

.

=> first-order quantities converge
.

=> GV
:

(x) 15V(xL
Since (x .S) divg(X)/x is Cofie .

on Grassmannian
.



VillBr= X
.Pri

↓

Q 10
,)

.

So V' satisfies Q10 ,
R)= XR.

=> v ' = come center &0
.

& V = IM1 = smooth
,

then
every target come ex =/TxM/

M

X TxM

I

I.T Y-come

eg.

forlvll-a . e .
x > Spor

target core = O(x1xM/

e
.g. of

minimal come

if M = come over smooth link [
*

< gam
+

then M = minimal in path #) I'minimal in garmy



-
g

&
come are geodesic net

&f.
come are sk) shi)

i

many examples !!!

Alloud regularity thr if
V = stationary integral

n-varifold in Butm,

if V is "close" to n-plane IPI with
mult-one

then in By ,

V =
Smooth

,

mult-one
, graph overI

i

. e
.

= Smooth U : PRBR -> Pt

st
.

VL By = /graph (u))LBy

money. -Q catenoid

W

1

Gr = z]Ck
7

Z



"close" ? One option OesptV
,/dist(x . p)dllVlxco

and Q (0 .1) T

another option OcsptV , 10 . 1 - + E

↑
intution : if OespyV

and Q (0 . 1) = 1

=> 1 Q10 Q0
. 1 = 1

=> V = cone
,

with Qual = 1

butQ txesptV

=> V come over

everyx Espt
V .

=> V = plane (with mult-one (

"just need understand cones"

consequence
OV stationary integral , xesptV

if any tagent come ex =
mult-one plane

v => V= Smooth mult-one near x.

/@ if U-V all stationary integral

Xie spt Vi > Xe sp
+ V

·

singularlelimit" if V regular ,

mult-one near y



=> Vi regular near X : for is I

Han) Ca (i)

why Allod
? idea↓

approx sptV by graphsul

U : IR"- > IR basically solves gijpin = o

but gapiu= u + DuxDiu = 0

U 50 = u = V for Dv = 0
.

=> v = "very regular" = [Cprhyplos
=> good decy for u

=> good decy for v

her y estimate : "excess decay"
#x sptV .

E plane Px

St
.

wine &distly .
x :Pxl

*

divys = 2 cr + of

Br&
"g .

d decay"



for general stationary integral varifold .

Allod => Cpt V = smooth on open , relatively ,

dense set

↳
(if assume V has multiplicity = 1)
H

2/singV) =

Regularity of
minimizes

↳ can role out non-planer comes
in certain

dimensions
.

& "integral n-current T is (mass) minimizing in U

if 11T1 (W) = /T + 25/km) EsptScW . taH .

"minimiziy in homology.

If any
Ind minimizing integral

current = union of disjoint.

lines on the segments or

rays I

of? easy
case IT = [ph-[q)or
↳ v = PE calibrationn



why not intersect ?

-
less lengthT &

>

compactness of minimize : if To = mass-minz
and

IIT : /)
,
116Till loc mif .

bod.

then subseq ZuinimizeT .

Sit.

Ti -T "no massd"

ITil - 17/

Land SptT :
-> sptT in doc .

Hausdorff distance

away from spt 2T) .

consequence I
mmz tergent comes

T - X

Wi coneqT = minz integral ,

Corical
. n-current

↓: show only minz cones (in certain dim/codim)= multi-one

planes => regularity by Allard

codim-1 special : if T= codim-1
· integraln-current,

OT = 0 (in B ,) then EE ;
<Ei+ c ... Sets



of loc finite perimete . S .f
. T= [atEi] and MI =[lE] /1

in B1 (proof
: take come on

T

.

~

=> get low-dim current)
↳ if T minz then each GTEi] minz also

why: if go
-

to G[Ei]

then [12[E]/(w) = /IT /I (w)

j

=> IIT - G(Ei) + T' /l (w)

= E 11 aCEJlIcw) + It'll im)
jFi

xesIgT <=) x + ShyGCEi]
for some i

&
hot :

in codim-1
,

WLOG T = GCE] is boundary

of set of loc finite perimeter

-> always
multi-one

.

Why sheeting ? let R = "core" of T
,

= + 20 .1 x7

-

where h(t
,
x) = t x R.

·:



R = integral (+1) - current in Rat

with GR =

T

.

but Rew = fdx'n ... ndx)

= (fdfT :**-> Z

let Ei = [i] (ixt)

Ei = [:His <is 0)

=> R=CE] -T

fails in codim > 2 SW = z7 .

& tagent
com 20 = 2 [v =0

Ibut also singular 90 .

Classification of Low-dim zones (Simons)

if T = minimizing , integral ,

n-current in RM,

conical
,

Smooth away from 0
. mult-onesouth

then for ne6
,
=> T = planer (T = (M)]

& aup : Simon's GT = G(xy) E
"

x ** 1 =y1] is

minimity R8
.

(Barbier - DeGrogi-Giusti)



why Simon's+how
X must be line.

p = 1 e

2 = n = 6 use seciblity
-> If Ye-1-param

family of
2 +Ye= X = fr on M .

differm

Un ↑
unit normal field on M.

area (4+ (M) > area (M)↑d to area cem

= 10 fi+Al V
M "second fundamental form.

(writ E = link of coner) stability of M

# X
. 3 - Op-lAzk) > - (2)

-

= -

(n)/y = -Julz+)y
E

: /Simon's identity (
1 Ail(x + 1 AR) (a) = (n- 1) (A)" + 1JAR- 11)

:



-

take y : /AL
0 (IAK-1RM

-

1)/Ai
Z

so if neb .

so if ne 6
.

then 1Azl = o

=> I = totally geodesic

=> come M = plane . T

#m if T = -(E] is minz n-current and n = 0
.

=> T = SmoothI mult-one (

#: x= spt] Ex = E] T=E
= targent

PSE Cone
.

dimension reduction Suppose every
smooth (away from 0) ,

conical minimize of dim < k
,

is planer + mult-one .

then dim (sigT) In-b (and discrete if n-fl

(in particular , if T = GCE] minimizing ,

then dim (sigt) Ent)
#of : suppose 29/sigT) so for 23n-b

(to words contradiction (



=> Etaget comeTo of T with
H51sT1) >0 also

Take togent come
at

To tropt . (b/c , singular pets -> singular pts)

& ExeslyTo 190) . (since aso)
*

I - O ->

any tagent cone T of To Exo
O

T has form T .
= R *T

O⑧ Igahed symmetry (

ExesigTp)RXSoS

↑ also can assume Hd(sgT) > 0.

if <> 1
.

pa
any tage come To of T . ex ,

has form To=RxT]
S

1) gain symmetry
since x# RXS02)

#
*

can assume M Langtak -

if 52 i repeat

iterate..... Tn-k = R** The but as n-h
low-dim

.

↳ Tn-= This " when I n-l



but then T = C - current , singular
but smooth

away from o

and Ack by our assumption asn-e

by assumption. T = planar => The =R"but T' singlear


