


Robing Zhang

- Enstein Manifold

(M2. g) , Ricg
= 1g .

↑ is a constant.

-

collapsing ·
/Non-collapsing.

Basic

(X . d) "length" metric space
"Length"

↓

d(x
, 2 inf(481/8 : 20 . 17 -X.3 (property (

not definition ?

Example (E.d . )
,

dolmn) = In-a/

Lemma On a Riemannian manifold its Riemannian metric is

uniquely
determined by its length structure.

Exponential may

Exper = O
,

0 : 10 , 2] -> M2

810 = p. 0 = v# Lemma (Gauss) #pet" , Exp
is a locally diffeomorphism

Example f = &sin(kx) ,
XeR

,

Ko

xeJcR 117/5/>, At Xo , fran be well approximately by fxr

I length
(2) JE ,

Bad sales

T
5 =13)9 +, f = 0

.

For ad Geometry
.



Curvature
Q : Rim Cur

.

= O at eachpf.

R(x .
-)z = JE, Z - JigE What's the manifold ?

-
,yz =xyz

- Tzyz 62:th ?

Rm(X . Y
·

z
, w) = g (R(X .

Y(z
, W)

Lemma In Geodesic normal coordinates Bi-35m5T

giyp = & , Thsp = 0
·

A AS :

Siz = dig- Likely + 0()

-

Thm /Bieberbach . 1911)

(Mg) closed
, RmgEO. (M2g) is finitely covered by a torns .

M = R/Ci"
Thm *

) -) Let TClsom( be a discrete co-compact.

Then T is a finite extension of [2 ,
i . e.

t 1. T > H > 1
,

#(H) = W
,

W = Wan(

inj. saj

n-free Abel. group.

Here
,

T is called a
Bieberback group.

Cor Given 1, 2
,

there are at most Q) isomorphism classes of Bieberbach groups in Isom(R)
-

Example (M" gol . 9:= :"go

(M2 9 .)
i = y '

P ((Rmg = 0
.

when i)
⑤

C : If Me admits a family of metrics 9a with

IRmg 1 = 1
, diam(M -> ⑫

what does M2 look like ? D
↑

Torus bundle.

iteration



# CGromor 1978
,

Rub 1981) Given n = 2
·

79= 911) To
.

if (M2 y)
closed

,
satisfies (diam(Mul) =·

max
IRM,a

then M2 is a "finite-step" gernalization of a Bieberbach mufd.

Ric(x .
3)= Rm(Ei .

X . Y
. Ei)

~
RijkeRiklj & Riljk = 0.

/

Rijke E mcot()
m=

n( +) Einstein equ
.

LAS
.

2

&f)Wiggf)
=gWi gi f

&
i= ↓

choose (X"X") coordinate system

4 (xj)
= jwildg

= giroicif +g(j) f

↓ef(Harmonic coordinates)
= (4) ... UP) : Brips -> R is harmonic

if Frienquic
= 0.

In harmonic coordinates

Ricij =- *g69j) + G(29) quasi-linear elliptic operator

Question : Controll the size of harmonic coordinates ?

(In Einstein Manifold)

y
compact .

Recall : T= 1
, (MP) contains 1-hnearly independent translations

M = R



Lemma (M2 . g) complete MIRUxN iff a c--function

fi -R St
. 10f) = 1 of = 0

.

& In this case
, of// the R-factor)

Bochner formula : 01f = 152fl + <56t ,0f) + Riccoficfl

Lemma Assume Ric Yo
.

Let f satisfy 1Pfl = 1

Then If zo if jf = 0

-772 .

Thm(Cheeger-Gromol , 1968) (Mig) complete ,

Ric 30 . line distance.
#

G mufd distance

if Mr admits a line then M" = RxN"

P : R-in" is isometric embedding enbeddy
↓

Busermann function Sis a cut pt of N-

7
· s 43 FEMS* BEFORE

(t) NESFRAS ESTETNEX
* e

*

Vid
~ ET-TAM

by(x) = lim(xO-
*

O &

I L

8 Oct)

byx = lim (t-(xol)
=-tox). usa

# Goal : Of is a killing find . (X is a King fold if 2,g = %)

(f of g)(x .
Y) = (f)(g(x . -x)) - z(2f . x] ,Y) - g(x .

[5f . Y))
= g(00qX .Y) + &(x . 00fY) - g(qx - Y) + g)** 7 , )



- g(X.Jof ,
Y) + g)x . Jyf)

= 2(j2f)(X . Y) = 0 #

f =M" - IR Surjective
MY = RXN geodesic

OTS) -
· Z WTS :

P
i = It, wil wd-<

Pa = (tz , wi) & (w . z) = d(x
, z) - d'(x

, w)

& (P.. P2) = Its-tak + d) w . wal
fibar

! ↓ O : Co
. d) -> M"rin

, good.b * X

1283TB) E .GAREBE"I 14: f
+

10
Mo= W

.

N(d) = z

: [0 . 0] M2

diw
. z)

= 2)4sds = 2((f(w)- 7(r) &s
[s10) = X

.

[Ids) = +(s)

= 2) ? (f(rcs - f(x) do

·
= 280s .(d

=2

[0 ! [s] (215)

TV : (0 . 17 x ( +
, e) -> M

,
VI , O) = OH)

,

U : geodesic

(t , S) XIt)=VIES) aloga

1(Usit
=

Vies

· Is
=

0 (10s) = <x
.

Vid)-(X
.8 J



Lecture 2
.

hyperbolic

Thm/Cheegen-Gromol , 1900) (M2.g) complete ,

Rico.iG
icom

if Mr admits a line
-

then Mr = RX N

g=
a + edot

O : R- > M" is isometric embedding
trival bundle

map

key
: Find a function h : M" -> R.

① distance 1Th1 = 1
-> sink-y/2Fies. (NFIE)

ERE

② harmonic -h = 0
-

CRO
Thm (Rademacher ( Let f : B

, 10) + R
.

Lipschitz. Lipsifie. Then + is

differentiable almost everywhere.

cheeger (1999)
-

einfhax = h Lebesque Poni

*3 I
of B*** Th2 Blow-up.

fxo
.

r(y) =
f(xo+ry) - f(x)

M

-Y

reo
.

Fx
.

iR-R still Lips. func

P

Tagent map . 15Exol = Const
.

if Xo is a lebesque point .

128 Df1 37 Lebesque the ) .

=> Tagent map is harmonic and distance function.



Thm (M2g) complete
,

Ric 30
, PEMY , UpC = distIP,

-rn
- 1

Up

"
= "iff B

, (p
= B

,
10) IR"

not cut point

Lemma (MP · g) complete g
= dr + first if I smooth

functions F
.

It Sit
.

JF =H . g
↑

matrix

(if I = dr+ firh , FM="fitde
To

=
"

G
.

= dr + v
-

q
Sn

-1 why?& -
- X

↓ (r) = zrXr + 2 = 2n

I
-m = zror

= Okin) = 15531 + <500
.

Dr > + Ric Dr , TR)

& (**) = 15 21 + Ric Dr2 , 3r%

4n >>=
WTS EBE

(xi - 2) = 4 + 4 -4X = 0

=> jr = 29

Hence we have go
= dritr'ggnt



Cor1 Ric - o
· Volg (Br(x1) = Vol

.
>Br)

"

= "iff Br(x) = Bren

Core Ric-o . Or) = VolgiBrix)) as &
Vol (Br(

Further
,
if O

,
() = Oxira) for some o < R

. <I

then Bra= Br, 1 Re

me can get a come structure

Em Sheeger-Coldig)
Rico

. Volg(B) V 30
,

Vaso,

= N =N( ,
n

,
V) < o

,
st

. except for at most N bad scales

&
gi
[Br(xs

.

Br(Z
*

)) < Er Br(z
*

)[((z)
↑

Come
.

Define (x(r) = - In VolCBr
G(n .Us, Wxst) = (xcros- Wysri + Wx x ..

= 2
- => (wxro - Wx (n)) + (wx(n) - Wy( )) ...

Wire-Wrt
]2FJNFE5LF

#* Ex, non-collapisR I G514



Z: compact metric space. A
.
B2Z compact .

&M <A . B) = inf9rxo .

Tr(A) &B
,
JrB) 2A)

Lemma. Spa . B = o = A = B E
Thm (Blaschke) if z is compact ,

then (K(Z) , dr) is compact.

Def (Gromov-Hausdorff Distance)

*, Y compact metric space

dan(x .
Y1 = inf& dn(4(X).) isometimes)

z
, 4 .4

Met = set of all compact metric spaces

Lemma (Met .

dan) is a complete metric space.

Theorem (Gromov) &C Met is precompact iff

(1) ED To (large enough st . diam(X)[D .* X = 2

(2) FE > 0
.
EN = NCE

, 2) < o if any X C

has an e-net X(E) that satisfies
1

# (X()) - N · g,

d(%0 ·

9
,) = 2

*got-ER#
·

. Fates
.

2xj/j
, 0



& M (n .D
. k) = G (Mg) :RiceD

is precompact in (Met
.
dare).

↓net%
.

dxx +x,
&TEE 17 .

Let Xo MP(E) be a point that satisfies N = #M"(e)

Volg(B) = min &Volg(B) : iN

Volg(B)
= Volg() > NVolg)Beol)

in NE Volg (By (xol)

Volg(Be
= C(D

.

E
,

n
. K) Th

Q: In what sense is Xo closed to a manifold ?

# : In general ,
Xo may

have no manifold point .

maximum

↓

Thm)Colding - Naber
, 2010) If Xoo is a Ricci-limit space, KEN

then ES < Xo
with 50(S) = 0 S-f. JE

& limitifin***2 Zfh ↳ of
1375

-

* XeX)S ,

its tangent come is isometric to R
Y

K= dimess(Xo) Remark : Pan-Wei dima (Xol & (2 , 3)
.



& FIRELife-
Example: Xp = +

3

D3xS' SchwarzschildA -*
(Sx(+P

: ))Di Es R3xS'
A

Rice o E

topology : S'xs
- D2xS

(Riag= k

&H1-F (nBE) FARREE .

Mi . It to NETFER*593 !

Thm /Cheeger-Colding) Given R, 2. > 0.

Ed = ((n
, 1)30

,
sit if Ricg * -5,

# *# &an (Bo + (p) .Box
DAN

then = a harmonic map= th
,

... h) : Byp -> IR
"

St
. (1) /Thal = 1 + e # n = x < 1 in B

,
<) .

(2) f(ha.hp >
-ap)+h

B
, (p) B

, (p)

differ
4

Example (Toub- NUT) X =I* Ricg O

17(

It csaid (1) j2x494 > IP"

(2)x
+)k circle bundle over a flat base.



XIE geodesic (3) (Rm/ #0 · /Rm) = 0 (r5)

it hasathe sit
a SIRmi= Si

x
*

14 A Ryefeat

metriaeol !

(1988) collapsing fibre thi

Consider (M% (2) /Rig ,
1 -

MIGH, N : Simply connected
differ

Then B
, (x)* IXIIN). wilpotent hie group

in franilmarifold ↑CAut(N) XN

1- L + T + H + 1

Ogh
=

0 B -zu = guij + 4y(Xy/4)
O

Expxy
·

Blos -> B
, (i) Schanden estimate.

E%13 A

Th Kheegel (2) ~

what about R" ? Smooth mufd ?



Thm >Fukaya) Mar , M , 1mg 1.

Then I a fiber bundle
map Fy : Mr -> Ms st.

(1) diam (fiber) -> 0

(2)/ #Fiber/ = C(n . MB) my

Each fiber is an infranil

E (S
,g) S s +3(4

↓
53aS8( S

invari g=E+- Lie-algebra 3 *.

P => seag ,

"

o

seag ,

* 4

S'iFit
12 ,

12+ 172)" = 1 0 . (Zi22) =)eFa )
: (E ..

E
2
) It JUi . Uz

. Us)

u1 = Re(z ,. zz) ni+ u2 + us = 2
Uz = [m(z , zz)

Uz = (z ,
i- 1 - 12

2



Lecture3

ThmsFukayal (N · 3, (M . 80) · Right
for any large j . I a fiber bundle

map

In
- 2

> M Fi Ms sit. ****
↓

(1) diam .
(Fe, o TC Aut (N) < X

(2) (Ffnfl = Cle .M ,Gromov-Ruh
nt
= I

(3) Ei is an "almost" Riemannian submission
.

E 1S'
. Get Osec4 , SSU

153 .g) (S) · Go

& SU() 34 R35% U
.. Va

. 53

9 =
= = ri + r2 + u

Lie group
action no fixed paint

H
I do Moser .

iteration
limit space

no singularity.
need Soboler Constat

covering equal GH

space
. E (STi) - ISS) butJes C may

-2 . be to zero or in fly
# gitipia

-

↓ ↓
Th < St /Ta

GH
, ga

(k + 0
.

dense in si) ↑

Land space
D



# 19.9) .
=Gizze 12+ 119

.

(0 . 4) · (7 .. 2) = (eFn)
D
E

5 -> [0, ]

so As I↳
Lemma Mig)

,

T" : efictive actis on M2 Sit
.

each orbit

is positive dimensional

Then M" admits TK -invariant metrics
g, sit

.

(2) I Rmg
,

1 = C

(2) (M . ge) (M/K. do)
(d&ah collapsing Fiber must positive dim )

Pf:**HCTh dense #
= Egg

+

<3 Birt..

E - 0

(Rmq = C
.

Tart free

-
oc frame . / if has exed point

(F(53) . TY(
>O

St A
c

↓

s+ S/2 fact not free d

has singularly
t = Id.



(F(53) .
0131) =

(0ca/ gxs:

* ↓

(04(+2)/0(
limit spaceFeedasmooth

ThmsFukayal (N · 3
,)(X · 80)

% Right .

for any large j . I a spossibly singular fibration

M Fi Xs sit.
-

V

(1) diam .
(Fe, o

(2) Each fiben ison infranil
-Ent +

34E = smouth

(F (Broc. & · (s . jo) + ToT-E
regularity.

lift) ↓ ↓ 6 .9

Bro(Pj > BrolPal

(F(Brold) , T) eqt , (Za
.

To

↓ ↓ 18%,Jan.
F(BroPil) > Yo

~

Smooth
.

& Bit . E 12 quiote )

Furthermore
, Fy lifts

to an Ocul-equivalent fiber

bundle map E : F(MY · Yo



Sit .

the following diagram commutes

smooth

(F(MYL . OCH1) EGY 1%
o

·

On

↓ ↓

(ME . 9 : ) A > (X* ,

do (

C fibre is new ? ).
d

Con If (R") = 0
.

then N-structure can be reduced

to F - structure .

P:
Yol-MINE)
-

abelian

=> T isabelian. => N is abelian => TIN Yo
Ex

Chern-Gauss-Boret : (M+, g) Einstein , compact unboundary

O XCMY = SIRmgl" > o

M4

Hinzebruch : 12 NIM) = S(N-IN-14)
↓ M4
-38ki

b" (MY-bM")



Rmq = WgD(Ag0g) , Ag= (Ring-Sclag)
2A(M4)30(MP)

Hitchin :

"

= "if (Mg) , up to a frite cover
,

is isometric to (T4 , g) on
the Ks surface .

compact.complexse
a

firstChen class varite.

Thm /Minchin) (9) : TTFE

(1) g
is Einstein

(2) Ricg
= o

(3) g
is Kahler-Einstein (Ricci-flat Kahler)

(4) 9 is hyperkahler
hamonic 2-form

balls) = 22 bt =
3 6= 19

x(k) = 24

By Gauss-Bonnet CIRm = 192

#so Tip collapsing - curvature uniform bod.

if it's right. SXKs) =SME-0 .
XK = o · X



Bando-Kasue-Nakajima

(M , g
:
)

at
> (X

,
do) Enstein /Ring13

Ring
Then") X has at most C(d) orbifold singularities

(2) Gl Ck outside the singular set.

fk=-

(3) for any singular point Po ,

Eto > O,

and a finite groupP sit.

Broo = Brpal/+ and

-

is Emstein on Bro (c)

(including Pol

Lemma Erco
,

= = =(U)
,

St . if (Mig) Einstein , /Ricgl * 3

Vol (B , cp) = &30
,

then

I supm7 Biops
S
#Tay .

Frie by to Gut%2



&Rm = Rm * Rm+Ric

-IRmy = - CIRm/

& U = Noncollapse is necessary here)

high dim is not right.

Cheeger-Tirn : It absolute constants10
.

20
.

St
- if

(M* g) Einstein /Ricg) = 3
,

then

= Sup%.
scale
invariant .

(Volume collapse is allowed (

2+ 2B
.

It
R .

Cort (MI , 8
:)

ar
, (x

,
do

Rog ,

Then ,

amay from quiea

many points. (M19c) is collapsing
with bounded

curvature
.



Example (Gross-Wilson) (K . (e) (X
,
da)

Calabi - You IS
2

All targent cones=
structure. ·

g. is collapsing with (Rmg, 1 < I

away from 24 poinsDecorate
Li-Yang . regular

fiber

#Cp z + zi+ zi + z + Zittz Zp
=0

. *
↓disie 47:15.

.
%ESE I WXiG TEbY TG(

bumble Tomb-NOT - Song Sun & Rohing Zhang
complex Sturture.# /-Elsonifie

KaA*

-

-> EJ5 (W ..
Wa

.

Wal

Hyper Kahler structure.

(W .,
We

.

(b)HYM xHEMS) xHYM")

· winwi = Jij(W +Wi +Wil

· dW .
= 0

fix Wi
.

Kahler from
,

Wa +FWs -> Hollomorphic
structure.

*4-dim Einstech

metric -/ hyperKahler metic

Gibbons - Harking Ansatz :

** Fat OI is S' bundle ?

(Xi .S)) X*(g)(f(a+ 2

hyperkahler m harmonic func.
matric



VER
. &V = 0 on U.

Monopole equation Hodge *

do = *p30dV ,

V > 0

g = Vgy + v+

↓

IR3 EETJes

Taub-NUT :

U = R3/i0s. V=n + 1 (Green fuc .)

- V = 2π5
.

#3

Ev = V -

gps + V
+
02

(2(50) = 10 . 8) xg3

# loga
at 0.

3

Vol(Br wr ~ large.
critical .

V

if two point .

critical point.

V= + **
lift is] izymsif


