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Bishop Volume Comparison

· Ricig) 1 . g => Vol (M , g) = Vol($2
, go)
↑

(Rickx ·

g) = Ric(g) ) round metric

Ric (g) = go
· Cheeger . Golding .

Perelman
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diffeomorphism ↓

rigidity

Thm (K, Fujita) (X ,
2) Kahler-Einstein

,
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positive RicciCurvature. (n+1)
Il

Ric(u) = w = Vol(X
.
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complex projective space
stillhave !

↑
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"

=
"

()(X ,w)E(PWFS)

ThmsY .Lin) Ric(w) = W + Vol(X
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=> Xeomorphic I



Thm 12
.

- Minol (X , c) KE (Ric (2) = 2)
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,
w) < 2n" < (n+ 1) "
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= " ()X = &

,
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I1)

& z + z ? +... +2 = 07 Spott

LM-z
Rick

/ Kahler-Einstein metric Futalei invariant
.

2. Existence and uniqueness
Variational Approach

3. K-stability

4. Volume estimate (global (

↑

5. Local Volume
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+ pat
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.
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T(TX) = P(T "X) OT(TX)
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=
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- =ghww
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↓ R(W :·Wi]2k
. 2j] ↓ def (6) def (g)
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P EX) : =

Span Sdzv-dz
d.d

smooth fur

Y= G15(7) 11 dayndeydo
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v = -Ea
17) = p
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F sili ... Eg !
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sclosed K-form !H = HE(X . 4) E gexact to form 3.
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Hodge Theory

= Geharmonic
(P,) - form

↑
harmonic k-form

*ay = o
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24j
= 245

Il
II Il
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(dd*

+ d+ d)
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*
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· v = [vi(TX) Wij
↑
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· killing vactor field E =5 + (* ) + real vector

field .
Il

u +
/

↑
232 = 0

[(5 - F53)
3+ JS)

Lie
derivative

( . %) -* J(5- 55) = F(3 - Fj3)
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#

=> U = (5- FJS) is holomorphic .
J-id .

( = 0) = Sgw = -
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=
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X Kahler complete Ric(Wl > 50
,
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H

bi= 0 * cpt ,
Diam(X , W) < + A

↓
M"((X) @Ho"(X) = HSX , () = 0

# Th() finite

!

Roche : T(x) = Se3

Kahler-Einstein Ric(w) = XW
,
XeR

· W : Kahler #)dw = 0 => [w] - H (X ,
C)

U

H")(X)
Ric(w) =

- F1 wlog det (gaet

=-Flugdatig did
=> [Ric(w)] = r"(X)

1

C . (x) first Chern class
n

don't depond on W.

Ric(W2)-Ric(W)
=

-Fizlogn

[Ric(w)] = X/r] Eating Ric(t-w) = Ric(w)

Il

ai Kahler class
(Aubin-Yau)

· X = -1 G
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· x = 0 G. (x) = 0 => Always exist Yar
Fano

· X= -1
.

G (x)> =) I obstruction to existence
.



# Kp" complex projective space F Kahler
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(
Il
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D
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- Soxx = P1-dim subspaces of IPH3

· [20
,
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.... [n] ~ [t20
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t2 , i to [n]
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=
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Thm (Matsushine) X Faro
,

EKE => And (X) reductive
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Il

?
27
GgSingi2
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. F

.

)
.
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.



auto = (ison) Filison) ,
U = Ug

,
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.
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.
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.
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Lecture 2

Recall : (X . W) Kahler mufd , compact

Kahler : W =F Jijdzindj
is closed

Hodge Decomposition : H= 20
.9

P+ q=k
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= 03 .

& killing v
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is d-exact
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= (24"+ 54' +64 -54")
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ap" = o

Al = 2A" -a
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Hodge theory
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finite-dim
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0
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= 52+
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0 = (22
+
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*
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2
+ 830)2

.

L

Kahler-Enstein with positive Ricci curve

Ric(w)= => G(X) > 0 (Fanomufd)
↑

E Kahler form wh

st
.
(wi] = G (N)

Complete Kahlen metric

> Diam(w) < Girl

Myser's
the · Th(X) finite H(X , () =



T (Matsushine) IKE => Antix) reductive
I

Sbihomorphic maps ?
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. f) = & killg ,vf)

P Ric(u) tw (t00)
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.
( +) t

,
of girf

GE =bj
reah operator

("=Dr"(
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- fil = -tijgi
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-R
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i

. e. - fiji + faRij = X , fig
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I
-
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tHf =
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Integral )Iizl" = (D . -t) (1 %1 => Ast

A
Ifi
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.

Ric() = W = X
,
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·
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I
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hol
.
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,
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,
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= (0 . 1)
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↑
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Il #
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=
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!
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Lemma F(Ker(0 +Dp
= Ker (041) & C

*

( X
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& Holomorphicof U Sit : In ot is killing !

Ker(8 + 1) = Ker(0+1) I

= ker (+p # (ker(0+1)p)
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v
.f)
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E. For P2
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, c) = Su(3

. 4) OF SU(3 . 4)

↑

Skilling "f . 3

Ex. For Blp
>

Aut not reductive => > FRE
Il

For Blp,pa Stabp
& KE



· Futaki invariant 9 = Shol .

v . f 3
.

Fut : g -> &
,

X : FanoE) C(X/30

↓
D

=> Kahler metric

r = (rihmsw w
,

sit
. [w] EG (X)

Ric(wieC(X)
H

Ric(w) -w =Fohw
Thm (Futaki) · Fut is independent of we < (X)

* KE = Fut = o

volume form dati Grat
If: 2 =

ghwm Richws = -Fo
log

Wh
localing

CEKf=Ric(2) = -F2log Jehrwa) global-33 -

<75B-A

real positively
oriented ·

huder 19r 2 150 0
.
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↓

R =Te

I = = det

alz()
*
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Riclehrwy = -Fic (hu + logwa)
I
R = Ric(w) - Frhr = W



Entre = ((Glogde) · Rich)* diff-form
- In
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- / doe we = /(wchult downo a

do wa = 0 .

2
,

= e2
.

t = ) Sulligat (Rice)" =e
Ou

It*

Sto + logto)

& Ric+OrnwF
Il

↓ We
vidi ((Ow= 9) wit

Here . W is a metric

Sort
,

" we
= O

but it's not

necessary !

- jvig
,
wi

Fut = /Or con Ou = So ligh = Lu
w = Ric(R)

= ((w + a)
↳ w =F Ov

#



(F : - (v) (w - 00) = -

Jequivaria I ↑ I

Go 7
~ localization formula

(Bott residue formula)
&

(5)
1) group

action

(
*

-X

(t , x) 1 + t . x

Ek
* 4 p to (z .. (2) = (t z

.. Ezz)

- (20 .

2
.. [n]) = ((20 .

+2
.

t22))

[ u = z, , + kz
,

- ↳ Inset Killing272
-

↓ I w =F Ou

12, / k1z212
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+ const

* Fan
, -Kin En

*

(
*

4(X ,

- kx)

to Jen---DOn) = t (5) 1 ..
- SEC).



Ho (X ,
m(-kx)) = Sholomorphic sections)

.

It

[ky)am

# H(" -MKx) = Shomogeneous polynomials
in [E .. Z .

... 2u]
④ I of degree (n

+1) m I
Ie IS

m

Um (d)
Il

⑦Um(X
Xi =2

&FUm : toF = t
*

F3
. Nm= dim Hip ! - mkx)

& im) Xm) - ... Xi = ((n
+

1)m
+

)
Another view

.

1155)

Fun (2) = Sow" =So ↳X

measure

RRx
Dwisternat - Heckmann

7&A

S'2(X
, W] Lgw =

do [w]

Fat: -> OW" indepent of



# Ikw"=lim5

#mp 8-measure/
↓ 111111111111111

(DH . Brion)

Fut(e)
=Lim

↑ M
-
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=-
drol M

= Six . Die(r)
-

-X >
- A(u)

at
measure .

↓ ma

v = (
*

- = Dupt -
t(z

. [2) = (tbz ..
thze)

Xim)
Ax(r) = 1+ 2 mc

- Ax()

= X . (drol(x)
-Als transport ?

↓

=>-xroe- S2-voes1dx]
- Airs

= An - + (Volp-1x) - xE)dx
3X

== vol(
k= 1.

.

Alvi) = 2 "
O xzX

3

AcVa) = 1sk
. = Fut = o.



Lecture 3 Veloc = Sw" = <Sw]"(x))

Assume

Fut(ul= Exc (Riccl)" e son volume form a

Im2 killing
H
=So wa (4w = F = Ov)

Or real

Luw = 0

=SXO & u
: X ->

# uj(0-)

Il

"
Limi W = &Ov

-

Assume Imv generates S'-action

O generates a
* action

G(X
,

- (x)
Il

↳* H°(X ,

-mkx) = Um
↑"ThooX

11

Il 7kx)m

Nm= dimUm & Vm(x) = SseVmit-s=3)
&

URiem-Roachf xim ...
mVah(w) + O (m"-)

Mm= din m++ n

= (0v (2) volios =

No

S



/Emma↓ weight

~ Hd/dings : Wx))meto Xa
S S

Il

v a
Fut (e)

Ex .

V = z, +kzez + (z,z) = (tz ,
thzz)

k+2

SeVm = Hi(X
,

-mkx)

e"-S
.. Sal

Wt(s) = wtif-thim
Acus

& g : Wtsxx)E) Sg :WitAX
N

Hox-mKp2) WtLzz = ijk

3
homogeneous polynome of degree

(3m)Ezz : ixj33m3 = inhomogeneous poly. in E
.. Ec

.

deg > 3m

Il

(3m2) - mi + ocm)



# Sitjk > my/
, jj23m) ~ M2 vel(5kx) - * v)

i
i

.j
X+ Ace .

-

Fun(r) = (-drolt-WxA
= Acus-T

*

vol)-kx - x'v)dx

3-

" E

*
ix

,

-
* 3

· (h) -E9(9-dx-13-B

KE Ric(w) = W
,
G(X) >

4

Wo

H2(X ,

1) G (w] = [wo] => w - w
.= 29

: Wy = Not Foot > o

WT Find 4 .

sit . Ric(Wy) = Wy
.

H (w) = 54 = COX
, 1)

, Was 07



space of Kahler potential (180):+c) : "of(wo)

↑

PSH(W) = S4 = ((x)
, WorFog + 0)

↑
wo-pluisubharmonic .

0 = Ric(Wp) - We
= Ric (Wy) - Ric (Wo) + Ric (W . ) - Wo+ Wo-Wy

Il

-Polog FortwoFozy

0 = - F )log - hu+ 3)
0 = F2f=

0 = g = f =t
compact

KE ES log-hw + y = C

wi = chroje W
M

O

I ↑

(wezy) Complex Monge - Amea

wh Fox
Max .Principle . Log -h =

yex. G(x) = max e
&



/ *
y(x0) =

- 2xx-)
log - h

You : Whelmy Max. anguement
doesn't work.

& Richey = w

R

Fw(g) =
- E(B) - log)(e) +ye H(cl

Il ↑
Fro > Y+ c)

Monge Ampere energy &
M

)Anbin-Yan) (w + Fxy)

& E) (84)= (54)we det /giz+)
3

dz
,

1-. . ndzn e d
, 1- 1den

& Sionio = Seoul (3fr) &
=

- ((54)as

Ex Elp)= S4 win wa

*Eig = ((wi



o= F(4) = -i w -

(m)ti)

Jer

&=4)X
Yt

Yo
w= KE-equ - (A)

CTicn . Dig-Tice)

Thm : IKE Si .
e ·

solution to ()) WKE = WeLICPE

=> WKE abtains the minmum of Fw(4) (Fr (Wel)

# /Uniqueness) KE is unique up to AntiN)

(Bando-Mabuchi) WKE = O
* WKE finite dim

Jr* Ric(w) = Ric)r
*W)) easy infinite

# /Bondtoson) Fr(g) is convex .

unbad from below

-0[Y== (1 - t)4 ++Y J

Thm (Tian) Assume Aut(X) discrete Add from below

i
~

J holomorphic rector field)

Then [KE <) Fw(4) is proper
proper

I



IS

Tian-2hu () Fw(y) is cercive

Phong-Sturm-Song Meinkore ( Modulo Antix)

Daivas-Rubinstein
Er > o

2

Fw(y) = &11 Wyll
- C coercive
-

I
Il ↓

Fw(Wg) Jw(4)

↑
Fr(y) > &Wyll

- C Stian)

J(y) = (w" - E(y)

=yu
up to a constant

they are
almost equivalent .

1541

=w(y) = f Y (w" -wil

= Joyny wati mig

E" Continuity Menhod

# Ric(Wyl =

tWp + ( -t)Wo
,

o < + < 1
.

t = o : Ric(wy) = wo> wa=ehopn(
Yau's fields. medal.



S. Ste [0 ,1) , (A) is solvable 3

· of S

· S is open set (EX , (&wel +)
#

· S is closed ? Ric (We) +We

If , (t is solvable in [0
, 9) ,

0 = BC1 .

Then 11 Yallghid = C < + 0
,
Fteo

, B)
Mor no prove

=> (A)p is solvable

=> S is open
and closed => Se[0 , 1]

Step 1 F(Wy) = C < A

VI

5. j(Wy) - C
Coercive

1 =

bad in a
compatt (Wee) =

C + C,

&
S

set . = (Wy)
The unbad case

is impossible

# SupY--infyt
Il

Step 2 Osc(Yt) = c
, [(Wye) + G

Step 3 (C2-estimate) Calabi Ankin-Yau



118y11p = C
, e0S9)

Step + (CK *

-estimate) Evans-kylow
uniformly

bad
.

Step 1
.

· Sup y = /yw" + i V

3(x) = +)y(ydy + (G(x ,y))-0y(y) dy
V < n

w+ azy > XyG(x , y) = G(x-

y)

I

n + 64 > o

(x
-y|

-2

-Dyn

·
- inf= St9t) Wa + t=E - 0

.

E
w = Wy- F 84

= 30(y
- supp) - 15 - 1

n - 4
+y=

30
.

PoIl

&
We

((("D = e= wic(n +3)"we n)pkw
n-19

- (4624wi = (24k
+

14 w !

(pp=
p2p2p

-

210412
,

2p -2 = k -

1

p== =Gi



whp ck= 1
,

p= 2) ↓
wi- Vi

1)I (Duij
cre

=> I

E+ 1

GRIP) 1141+

"right"

~ 11411
/ = G14y

14 forw = (4w
Il

X (a) t - 17 1 - yw

: infy' = G)-ywy + C

Osa Y copy +

- I
C Iw(p) + G



Lecture 4

Recall Thm EKE) Fr(4) coercive

(modulo Aut(X))

Thm Fwly) is a convex functional

-> WKE minimizer Fw(g)

unique (modulo Ant(X))

2(W) = 3 YeCTX
. R) , was . (y0' =07

(Mabuchi)
↳ >P

.. Prop
=

(4. Pr Wi #↑

COCX ,R)

2% . 4) = 4
. 342 .

43) + 4
:
%

.
4

9. = 4 5-44 .

4)

Yt = 4 + t Y
,

= (42 · 4We fixe

ie .

= St · 4 &4, was

& .4
,
04

, We
-

& 4: 420 isWi4: 42)



=>2)(4 . 3424 Wa

=> Jp = - 34 :04

& = (y(t))
+ 2

geodesic

i + Jjy = 0 =) -1 Yoy = 0

local -jiji = Y(t)
11 Ye

in gi -
O,

Thm(X :x . Chen) 4 .

%H(), = (41) ot ef

serifiea Kahler potential
Y(t) is Cl

-

>usEny to sof

Summes
.

Donaldson

& (t , z) = (+ (z)
Geodesic equation

S'X]* X (t
*

w +Fx)" = 0

-

& (0 ,
z) = 4O = 11

. z) =

4



F = -E1)
,

(14) =
- log() Chri↓

Prove Convex

E = (3t)

= w = )[w + (inwiski
I

=

(1 - 1jp) wa
↳i wi
K

= 0 trup(Fig)
E(4)

I's regularity
t
Sie may

be not good
.

You can use appro· arguementdeal= See no
something teching with it !

2

=
J-((i)
Se

+

() r)2

de
= (ida - (5b + 1)3dp)↑

measure

(2-1) = (d + /Did

·Side -Side o

Ric (dp) = - Fazlog(e-2)



=

Fizzy
= Wy

Lemma du = e-fw"
, Richd w

Suicid
-1=> x

, (4) =inSund
Judp= 1

Ker) - (f -)
= Gue CY(X) , Uij

=0)

E
Ex

.

U= Recul-Fame
a Killing &Sit

m N = X - X
↓

Wit
*

w = W +#10: 4t Eyessit
· Ye is a goodesic

· Fr(e) =-Fut(u)

li
& Faceiw +

gam
mean

-2= 0

=- ((p - j)wi
=- ) 0.W = -Fut (2)

.



==> EkElf not coercive (E5 .

C su. Fr>Jo - c)
Jw + + 0. Frot to linear

Then I jj -o Sit.

WKE + Fago

Fastener-esof minimizer
.

↑

45
Sj:

·
4)

.Git]

J(95F(0) + >
-> -

Vj
length of

t

#) yet) = SitF(o+Fgeodesic
↓ 5j
eit) ↓ ↓

F(0) 0
.

For fixed to

F((i) = Flo 1 lover semicontinuous]

El (its) linear

& Fr(y) is coercive

#) E 510
.

s . F geodesic waylinFulls)-
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