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Introduction to Complex Geometry

Reference. 1
.

Hormander
.

Introduction to Several
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local theory
2. Kodaira

.

-

Spencer, Complex manifold .

Deformation of complex .

Str.

3. Daniel Hybreshts . Complex Geometry

Introduction

what we learn in one Complex variable

↓ CK local
property of feOSM) holomorphic func ·

-

.

R -> I is holo
if

it salistics Cauchy
- Rieman Equ

-
= h + Vi

,

↑

Ch

Cauchy
- Rieman formula for feOur)

f(z)=S Edu
24(7

, 9)

Properties of fe O(R)



· Maximum Principle
·

f
is Co

· f has
convergent Tay lor Expansion .

·

Higher
order derivatives can be controlled by 1810.

Global

Theory
: Rieman Surface. S

Poincare :

Topology
: Study TopologicalSpace locally domeomorphic

to RC

"

For Rieman Surface S,

we study holo-objects on S.

I' =

cusah
. EfEOCY ,

f
much be constant

.

↳ Meroraphic func :

Many !
W Prescribed poles problem.

↳ Rieman-Roth Ihm
.

H<s
. (1 - H'cs

.

4 = degl -g + 1

L is formal sum :=

Zaipi

↑

genus of
S

hie 2
.

PreS

degh = Jai
,
HS

. 7) is the dimension meromorphic

fine with prescribed poles at L



M
L

= P ,

ricS
.
L) is the menomorphisc fic ,

with

o most a Border pole at P
,

1 D to higher
dimensionn.

* local Theory of holomorphic fun
· Go OSR)

,

RCK

S
·

global Theory of Complex Manifold.

↓ ↳ Rieman-Roth-Hizbruch .

Sheef theory 11-dim-higher dim)
·

Obstruction

Why
? gluing holomorphic. objects ↑ some

weak
sense

non-trival Cohomology·



Lecture 1.

& Review of 1-dim Complex analysis.

Do e
fie

,

feprfeo

=) ,= )

dz = dx+

y
+ ). f

=

Ed ,

10 , 2) form

dz() =

1
.

Check : df =

of-of
↑

( , 0) (0 . 1)

Stokes formula :

(5(z)
=2) dw
+

dan i

-R

& particular , if feO(M)=
= 0

=> fizl =

z
f



Lemma : Given fe(C) . Def uz

=
fin don

then f ,

i
. e..n = fd

+ good estimate

V

R: Souling equation is one

of
the most important object .

*
k

: Solution to ju =

f
is far from unique .

&
:

ucz)
= findwd

[

= danS
&

By , fizkuddw -

z

choose suitable domain such that $50 .
I

on



5.2. Holomorphic fire of
serenel

Complex variables
.

and Carchy formula.

Fix notations : ↓CKY
,

(Z . . En)
.

zi = XitFy:

Izp
=
kit , zz .. zi

19) = [Xi
,

C= 19, En)
,

2 != d!
...

Eni

Bra,n) ae K

: = Gzck")(z - a) crit

polydisk . 4) a m)
,

at &" F = <
.

. ·

. M)

& las := SzeYlZi-aikr : !
.

Def Febr #)o i

=>
fi

= 0. If:
d

dzi - ( , 0)

df = af + if
.

differential form

Def
. Differential 1-form on R

1 form on 1 isZaidxi + [bjdxj ,

ai
, by are

fre



(0 , 2) -

form on M is X = [Cide
,

Xi is fine.

11 . 0) - form onth is

&
= Biday By

is fue

E. Any
1-form I can be written as

8 =

+B ,

d is 10
. 11-form ·

B
is 10)

- form.

in a

crique way

Cauchy
- Formula :

f = (d)
.

fizl
= ( 1 ... S

191 = r13Ez) =

22 19r-Enl = vo

+ (3 ..
-... En) db ,

... den

(5 :

- zi)

Pof .

Iterate 1- d Cavety Integral Formula

m

· Maximum Principle

·

Convergent Power series

· High-derivatives are controlled by 1812



&

S1 . 3 Martogs
The

Let &

*

be the 1-dim punctured disk.

# = 0150s
.,
=01 ** ) cannot extend

holomorphically to 0

& (Hartogs) Let RCK"
, K C & compact subset

,

such that 12)K is connected. Then FfcO(R(k) .

EF = OCR) and F/m
= f

.

Proof t
is

given
on 1)K

choose a cut-off function.
7

oLa
on M-Ja

Hence
, yf C+ &)

.

F

Il

56 = = (f) u tayf) = 0

↑

If solvable



If G
= 0 onPla

,

then F =
0 + 1 ·

f
=

f

almost horo ->
holo

, by solve on
equation

.

Lemma Leta be = closed 10 . 11 form with compact

-
support

in oh
.

Then EG
.

S .2 .

5G :
C = 5 :

de
,

Ji
.

If
are fire

& is - closed #) Ex =

0
.

paf
= >

=W
( da= 0 .

real case)

proof of Lemma
: & is closed is

necessary

G = 0>

If =G sil . G = C
.

->G = 59 = 0 .

Sat Gr= )
dwad

4 2 =w - z
,

4

a dandi

-

=

(wE = J
dunde

&
W

- z
, w - z

,

&

= Tz

G (E) is compactly supported.

17



Lecture 2.

Hartgs
Thm

Let&C
,

bad
. Ka & t

- /K connected.

(nx- 2)

then feOJR(K)· extends to &

Prof : Choose cut-offy and then solve ⑳
= G = 5(f) , F = G

-

yf = O(n)

varify F =

f
or &

IR,D

(n = 2)

Lemma let a be o closedyo , 1) -

form
and has

&

compact Suppin ,

then E
compact function a sit
. G = a

proof .

Def G : =

/
JSW

,
Z . :En) dwn dio

W - z
,

&

=> G
= a

Claim : ER S
.

T
- if /Zak E ,

then G(z) = 0.

~

Def Gizz- ze)
dunde : = a

I W - zz

= 16-5) = 0 mG- is holo
.

ER
,
if 17 , / > R

,

then G(z) = 0
.



& 12k R
.

12k Ra
,

both G and G are 0.

~ G = G #

Go back to F =

1f
- G

claim : G = 0 on Ra.

G =

acyf)
= 57 = 0

end)Ma

and G is compactly support
. 2+ G = 0 on Blis

Both F . f

> F =

f on Pilots . E
F-f on all

S1 .
3

. Holomorphic and biholomorphic Maps

De E , f = (f · fai fn)

we
say f

is holomorphic map if Fi · fe OC).

& f is Biholomorphic to f(R) if of is injective

and f
+

= O(f(m))

· Invense function
Thm

:

&

Let f :
-+ I "holo .

map
, if Jet is not

singular ,

there f a neighborhood of zo U
<

& and



f :

U
-

flu) is bihdomorphic.

Ref 5:17) =

/n
Prof

: It suffices to show that
f "Exists

E If f "exist ,

then " is holo
.

reduce

= JRfizos is non-singular

& jef
,

f
= <fi .. i fr)

.

=

(Ref . Inf)

JPf is the Jacobian of (Ref . Imf)

corit. Variables (X ..
"i Xn

. Y 1.
-

. Yn)

Claim : (et]
*

f(z))"
=

detfRf(z) - 0
.

↑ need f to be holo
.

proof of claim : Set U = (Refi .Refu .

"

: Reful

V
=

(Imfi ..
--

, Imfu)

·

(et(



det [Pf = det

( den
J

&

f claim

X

~

LetFde

~>

detjetti
dete)

Il

det JPf . det JPf = /detJ4fp

· Implicit func Theorem

f: -"
,

man

It rk(j
*

f(z) = n
,

zo
= (Wok" vot Kin

EnbedU of W
o

and
g

: 0 ->
*

holo

g(Wol
= Wo and

fiw . giws)
= f(zo)

#
Poincare : B1) x Bus is not Bifolomorphis to Blo . C I'

1)

↓im = 1



9 . 5 Domain of holomorphy
,

holomorphic convex domain

and pseudo convex domain
.

B we

say
In CK" is a domain of holomorphic

if FR & R . EFCO(o)
such that

I cannot extend

1

holomorphically to /

.
O8

=> Convex
domain is a

domain of holomorphing
l

pick peoR , pick supporting hyperplane at
p

& Zaizi + Ziti
,
put f

= zazi = O (0)

&p
= 0

.

me cannot extend
f

Def
: Molomorphic Convexity

Let Ka & upt . if i is also ept
in &

they we

say
it is holomorphic convexity

S

k
==

(z = d) (f(z))
=

Supifi , fle) ?

R

M ⑭



&
Let p

= SzeQi
, fEd

< 1
,

f
..

:

. foO()

P is holo convex

proof . Fix KC & opt .

Set:= Supif : 1 <1
.

-

claim <S1f : (z)1
< E

, Fig=B is opt.
in 1.

pick WAB
-> If
,

Wik If
for

some
Goal :

w

=

spitil Wer

# ↓ Garton-Tullen) Let & < &"TFAE

(1) Domain of holomorphy

(2) holomorphic convex
.

3) Ef = 01d)
,

sit f
cannot extends across

any

perc holomorphically
.

&ma
: Ifih holo convex ,

then E Kic Oh
, opt

Kickin -- satisfies

Di = : 2) UKi= R3) Kisc Kot

homma :

12 holo. convex #) for any
zi-er

Ex
Ef = 612) St

. /fizi)/umbdd .



Prof 3) => 1) Trivial
M

1)
=
2)

and 2) = 3)
. It

#2) :
Fix K Goal E is

opt

Def : ( : = supSaeR/Xpek , Dipal
> 2)

.

30
.

Similary def Ji

-

claim J =&0 we K is compact
.

Argue By
Contradictive : If

it is not
compact

, ↓ feCOR)

st . f
extends across om

Idea is to estimate (This contradicts domain of holomorphy)

convergence of
radius.

If Zick .

aR

10 fizill
<

splot f
has radius of

convergence.
"Almost"Ok

-

~

abmuce" dist <K.2)

I

2) => 3) Sept : pick zi-uh
.

Sila oh

Step 2 : pick Ki=: Kit = En---

jUki = R



2) Kicki

3) peKin) Ki

Step
3 : For each2

, pick fi satisfies ) filpil = 1

.

.

Pith M

=

(m)
& Sup

2-i
Pa

ki + 1

· Pi

Mi

Ki + 2

( by log - (

Step f= -f:
" checkof converge

·

f(pi) = o with order i

- If f
extends across PEUR

then f =0.

·

f
o -> contradiction

Fix asuitable compact set. B
. Suit

:
1-2

:

if 0
.



Lecture 3
.

~

Y

Recall Domain of Holomophy

Molomorphic Convex domainI<

Pf :
&SK"

,

Or 19% We
say

&

-pea2 ,

Fix anbed Wep
and geGBIU , M

( Defining fucties)
S .
t . M & 0 : = 54(07

4 = 0 on at

We sayIt
is pseudoconex if &C

? (FC5 ......En

satisfies 3
.

= 0 (=:
-

We have

(p(4 .

51 := [S] Dijonk
: Pseudoconvexity

↑
is independent choice

Lavi form
Dij=E

of y

&m
: (Levi) Domain of holomorphy => pseudoconvex

=> is the famous Levi Problem (0Ka) .



St Complex mufd

Ref
X is complex mfd if

X is a real manifold : SU :. Gilien

O

I : U. -+
"

homeomorphism

and

Die"
is holonphicD

sir

Def holomorphic function
on X

-
O(x() fe( : ) ti < foReC((il)

D : (M
, N) complex mefds f : M -> N

when f is holo and (M . N) are holomorphic equivalent
.

&, f +both holo.

e%%.
Torus:·/ .

A is nank 2 Lattice of is

&
Zeros of polynomials (generic)

f (z ...... zu) is polynomial if (E) ,

then Ef- % is

a complex mufd.

&
f(z . za) =

o near

WLOG o , By Impliant for (a . b)

= D
, g

: U+ sit f(z , g(z)
=

o
. (oz =

gl

St
= 03 is a grapt f(z ,. g(z))=o

↓ EUGab
. Sf= S has

4 coordinate I
,



e .

g. p=
(1
/ (Z.-. Zm) (Wi

.

. . Wnt)

it E =X
.

XtK
-

X

Gover By Wi Kientt . j

Vi
= S[z)eP)zi + 0

?
-Y

Define Ye
:

Vi-
h

as

(z]...

Def
: Complex submod Ye <x

"

& Y is closed 2) locally URX :

=
z

,
= z2

:

En-m =

0)
.

where E.. " En is coordinate on
U.

J need holo
.

Coordinate)
.

& Complex analytic subvariety
As XM

D) A closed 2) locally
A is common zeros of holomorphic

fun UnA
= SzeU/ fi(z) = 0. i

. fi < 060) ?

E
: If X isopt Complex mufd , nonconstant holomorphic fre

Ex

E
:

#Cpt complex submanifold
in is

!analytic subvariety (strongers.



# Given X Go mfd .

I ? complex structure on X.

(S)) has complex
str ?

Def
: Almost Complex str

. J of a real mfd X

(J : T*X -> TX bundle
map

Jp
: TpPx -> TX

Linear

2)j = - 1
.

a

& : Given X
,

EJ ? continuous

w

TEX/
= UX"

,

J
locally

is family of Matrix

satisfies J
= -1

=> J is a topological question
has a "good" answer

& If X is a complex mufd
.

choose. (Ez .

Ec
.

"

: En) on a
shart

.

U < X

zi
= Xi+ #Yi

↳ J =

Ey
,

JEy

#K
: J is independent of choice of holo coordinate

.

Def
A almost complex structure (X . J] is integrable if

J is the complex str
- of a complex mufd M

. MEX.



&: When an almost complex str
. J is integrable

Def : + x : =

+By
*

↑x = RS). ,
TX

= S* !

We
may

Extend J to T4X < TPX -linearly

=
- 1 still holds

Def : +Ex =

TXT*
,

dimT"x = dim"X

↑

Feigenvale
-

# eigen, space of J

of J

&m J is integrable eff (TX .
T

"

X] CT"X

(Newland-Ninenberg(

# If J is the complex str
. of complex mufd M

TX = C(z)
,

Then [*j)
= 0

.

= It suffices to constant in
loca func · f .. fo on X

1) f ,

= 0 Fi 2) Jacobists
#0

construct
holo. coordinate (Hormander)

.

P
:1

TX is the bundle fiberge sparned

by enein-.~B--p



ad
.

+
*

X can be defined similarly

Lemma n
**

X= NP9T**
P +

q
= t

Tax
= 04995X

.

p+

q
= k

Def .

For an almost complex J

=q
,

Tpq
:

& get =

T+1
. q

: daP-9

# If (X. J) is integrable , Eg is the standard I

fpdpnd)=E didd is

E
. (T"X . T

*

x] cT*x
# jo

= ·

almost complex str case
.

jT

cannot



& 2
.

2
.

Vector Bundle
.

-Kole6 linen
space.

in some

way

We
say
EEX is holo

.

VB of
rankr if

& E
.

X are complex med ,
it is submension

Ep
:= i"ip) has K"-linean str.

2) locally trivial
:

ESUil,en
cover of X

Ye
: (tyWic)

hol
, ViX &

+

PEN
,

Y:: Ep
-> Sp3xK* is linear isom .

Er

*
we call(41) is a trivilizationof E

Of

UX VX

Ref : S is a
section of E on UC X

if i S : U
- E is holo.

2)Tos= id on U

SEP(U
, E) If

choose U = X .
PCX ,

E) is called global

section
.

P :
Let UcX

.

EX holo
.

VB
,

rank E = r

Se ,
8

,
"er] is a load frame of Eon U

. if



1) CE PLU . E) fi

2) e
, 1. Grip

.

-- -

erips
are knearly independent

at

any
peo

.

Lemma Trivilizationof EonU <=> Find frame on U.

=>
Yo

:

Elo-UXIV ,
pick standard basis

Bi = 10 , 0 -
"

,
150)

Keem, and pull it
back to

↑

Els gives frame
ith

= Given basis - find the coefficient

Given 5tEp ..
W= ipip

Cer is frame

De
is trivialization of E

P
. Ge

:

EU
:

="(i) >

Wix

Y
:

Eu Pur

Mij" Vi luy
< GL/r , C) is defined as

the
unique map

st
.

(2004) p .
01 =

Up .

4 oU)

Ex
. Pij is holo.

map .

-

Yij is called transitive
map of

E



Properties of Hij
U

:

D Pij Aji
= Id

.
III

N

Y

2) Pip· Pr Pa
= Id

.

Uk

Conversely
:
If given PijU : nUp

-> GL1r , 4)

satisfies 1) Pijiji
= Id 2) Pijo Pjk Pqi

=
Id

.

then
may

define E : = HU :
x/ as

holo
.

VB

Pere ,

sp . r)-cpcs
f

W
= U.

correction
. Ex .

y) , 20 youto

Implicit func · Locally X =

g(y) - x = g(y)

and S f
= f(x,y

=

0) = Gg(y) . %1
.

Let f
= 121

.

En
.
"En) of 0

,

then
fr

defines

a complex mufd.

whoa
.

Fo
.

zgze ,
--- En) locally

and (f = 0) = Sg(zz
-

En)
,

Za,
"

, En)



Lecture 4
.

R
Almost Complex Str. J : TBx - T*x. J = - 1

.

-
* = T

*

xaTo
=

X , T
**

x = T
*

"

x*T

*
*

X
.

↑

p .

9yX and Pt*&X -> Eat = Tpqudat

The <Nirenberg- Neward) J is integrable()
05 = 0.

J

# [T, T
**

x] < TX

Vector Bundle
:

Transition
map Nj

:

Ure GLIr
. a)

over complex mufd.
satisfies :

1) Pigo 4g
: Idholo ·

Hij

FixSUiSiey
over X.

2) Pyo4je Pri = Id. I .

j .

&

E = Huix(Y/
U.,
i A

(P . 2) E U : X" Spr)eUpan, if Hyp
: w =

e

& TX .

X is complex maefd

Howmorphic Targent
bundle.

peX . TpX :=D .....p
where. z

,,
.... In is holomorphic

coordinate near

p.

check TX is holo
.

UB.



Let pe(U . z)
. Pe(V

.
m)

v + TpY

v = [aZ = [bj

30
: TX/0 -> Ux" Pu : TX/p - vxe

pey v (p.(p)
I

veTpXi ip
. Tip

.

ApeV

=hi of complex mutd

Similarly ,

TAX
= 15 dz , p)-

... dznP1)

Defines holo
cofagetbudle T

*

Y

· Topological line Bundle OC-11 >p

p = Sk
*

%03/
[E]

Oc
- 1)

= =

5((z) . 8) eP
*

x(t)v = (z] or u =

0.)
.

& 11/2 is a linear
space

. (1-dima)
.

Recall # has a
cover Stalpient ,

Ne
=

Szito)

on Wi we have coordinate [...

Suppose. We (E] V = C. : Ura)

3
:

07/02
-

U*



e
1 (z] , We

3 :

Otto
-

UX

u = ((z)
. Vj)

Sike
=

of s holo
.

"Since
. (E) Hij .

Bundle Operation

# Ec
.
EQE2 .

E*
,
SymE

,

NE
,

HomIE , Fel

Ex : If E is holo VB
on X

.

Then all Bundles above

are holomorphic .

Pull Back Vector Bundle
. F :

X

10
%
y

↑ ↑

f"E((p(X)
=

Efip) .

fE
- E

E. Check f'El
is holo

.

=
01-11.

O(1)
.

-> D"
hyperplane

bundle. Mensor product

·

OL1)
is the dual of 01-1) 0(m) := Oct if mas

- S - m

·

P =
is transitive

of 01-11
( O - 1) if mc-1

line bundle



Fij =

E
is transition of O()

eya
Given a holomorphic Bundle E

,

do
we
have PCX

.
El ?

if ms

,

# dimTLp? Ocms) =

&nin) ifis4

General discussion Fix [Uilien of X
.. Suppos L is

line bundle
,

es is a frame of 7 on each We

Suppose SETIX . 1)
, Sly

= fier
.

fitO(Wil
,

th

Slufeg fie-fie

=> fi = Pijfj

To give
SeP(X . L)

EX give a
sequence fie O(Ui) .

Sit
.

fe=ijfy

Let mao .

Pi=

m

To give
SETII" O(us) # give

a

sequence f t0(vi)
51

=

m

fiz = fiz Such to
gives

a holomorphic fuction

** /zzF0)
.

on
&

/



By Martogs Extension

F = f ,
z = Ejz holo

. function on GVT

Actually fi defie
on ph of homogeneous degree m.

Conversely ,

if F is a homogeneous polynomia of degree m

on put -> FitOIVil Vi
and

f
=(

precisely define fi :=

&: m+
variables m degree ,

how
many homogeneous polynomial

A : (a
+

m)
M

.

E if mao
,

then no nontrivia section of TCP" O(m)



5 2
. 4 DeRham Cohonology

and Dolbeaut

Cohomology

In general Given a complex of group. Wing) (C:1)

...% Ccy---salisties dini = o ti

Then we

may
define whomology as Mil:5)=

Her (8 : ) &

Im (i - 1)

Let X be a complex mufd

Def : DeRham Complex (Aix1 .

d)

* (x) =

5 ,

with complex
coefficients

↳ (A[X) , d) define DeRham Cohomology MOCX
.

4)

Dolbeaut cohomology (APX) · 5) p
is fixed

· = P = m

AP9(X) : =

0 ifqao

S
co , pyq)

form on X if quo

!
colbeata

C

To : A

% *
(x) + Ap

- 9+

(x) &
Dolbrand

z

10EX)
who

(Poincare , -poincare) If X is complex Ball

Then HEX.
zo H

= 0

P31
.

741.



53
.

1 Basic Concept ofShort Theory meromorphic

#ration Let X Riem
, surface..... PmEX

↓

Atm
loaly .

Yes on
open

set D:

If not
very locky ,

f+ fy
or

Viru

fij
:

fi-fy on

UDV
satisfies

1) fij + fj = 0

,

2) tij
< fjk + fke

=

0 .

Some hope findh (i)
st

.

hitfi = li
+

fi on

Vinu

hi - by = fji

Inmm
: Given Fig satisfies 1) and

2)

can we find hi sit
. hi-hj

=

Eji

~ Cach Cohoomigy of X
.

Let X topological space .

Pe : A pre-sheaf of is a rule assigning

an abelian
group &(0)

to

any
openU <X.

and for each pair VCU ,

a

group
homo.



n%: F(0) - F(r) (Restriction) satisfying

-
ri = ed

2 wor = m
for
my

CVCU .

· an element SeFlU)
,

we

says
is a section of of on U

↑

· Op stalk at
peX

Fp
:=

him F(d)
a = F(0) - bef(u)

=Finy if zkU
,

KCV
.

St-

rY( = rib) .

ef
.
Morphism of presher

of G

f() + G(0) VCU .

rut ↓ r ·
-(v) -> G()

Pe
:

Shef : we

say
a pre-sheef I is a sheaf if

) Given an open cover(Ui) of U < X and
I

SieF(U :) satisfies VY(Si) =

N
Vieuj

the SeF(0) St
. NS)

= Si



2) Given open
cover 50 : ) of U < X

If SeF(U) satisfies ↑15
=

0
·

then 5 =

0

29.
let XC

,

Fp(0) : = Sbonded folo. fuel .

r is restrict. func on O to V.

2. in moncpt locally bad global
lodd

,

It is false. )

9 is not sharf.

e .

g.
Given

any group
G

Presheaf: G(U)
: = G

. V := Id. G + G

211
= G

. r =
Id

. V = Id
.

If UNV = 0
,

take a Gi0l
= a

a= b

b = q(v) = G

V

roas
=

rpibhinfinds
ESEG (Unv = a)

sit. S = a. S = b
.

Impossible.



Lecture 5

Correction : Last time Define prespect -

> sheaf

JK
,Opt is not sheef .

Constant sheaf G
.

SG is a

group

Def : G(0)
: = 50 + G

, locally constant)

If U is connect
,
210)

= 9

G(p)
= Se)

.

NU is

indentity map if
+ V C U

Ex
: Varify

G is a sheaf.

egi
E >X holo Ve

sheaf of holomorphic sections ↑

g(0) := ST(0 . E)}

e
.

g. locally
constant sheaf in

group
G

+ y
+

Y

X
f

, y ,
X .Y a mfd , f is submersion OXXy

-

Define a precheat R*** (0) : = H*) ·

Ex)
"Echanges

on Y
/

MucY I
stalk

.

each other Hifi(0) .
4)

-

stalk
do r

I f
:

x
-> Y is good fibration ,

then (R
*

Ex/
=

His Xy,



Def Morphism of sheaf F ,
andFe.

F
,
(0) · F2(0)

nu ru

~

~

F
.

(v) >

92(V)

of . (Ker +((0) : = Ker[F , (0)
- Feld]

Ex : Ken Y
is a sheaf

* (my) col := Im [17 , (0)
E %107

In general
: Im14) defined

above is NOT sheaf .

gx
= k

+

0,* 0x ,
X

=

0
, 00

f of U
,

= X( + a
.

%)

Uz = x)(0 ,
+ 8)

.

z
= Im (exp) (U .)

z = glog, on U

ze Im(exp)((z) .

U,

Tuinuz(zs
=

rou
,

(z)
.

me cannot log

If Imlexp
is sheaf .

EF-D( et
= Z

on U
. rUz

& By gluing properity of sheef).

Contradiction !



Thm)Sheafification)

Let of be a presheet
,

then ! sheaf oft
and

i =% + It
,

St . for any sheaf G
and &G
.

= q
: 7 - G satisfying

~ pre
...

↑

i

, +

-que
is sheaf

morphism

Pa
heaf

pres
hisa

&exhotproof calistina
EqCVcW

and fe2 seF =

s]

where F : V
< p

defined as Fap =
the stalk of IfS

at p

.

Ex
: Fe ,

t

,

Foto

S + 3

Ex-verify &" is a sheaf

Seft(U)
.

SEFCU)

5. =

S on ofjov) => I FEFTUOV).



Fip =

&
Si if per

well-defined
.

5. <p if peV

vUv-
ge UoV .

M

EX :

VerifyIt satisfies the universal
property .

Im1y) denotes the sheatification sheef
.

Hence
,
Im(4)(0) = %(0)0.

E
.

()0 - F
,

G
% Eg +

wheref and
g.

are sheaf

morphismeng ,

Kenhe

We
say

(* ) is exact
.

8:[migh

In general ,

0- 1C ,
...

-.. exact

means Kerdi = Im die

Ex : (A) is exact E) Induced
sequence

Stalk's
complex ?

0 - Fip -+ Fop >op
> 0

↓p + X
.

is exact



33
.

2 Cach Cohomology

Fix >X
,
9) open

cover U
=

Sualien of X

Define H
*

<U
.

FC is defied as the cohomology

of
the following complex: 0 - CY4 .%) -oc'14

,
7) - ...

TE

where (4
.

7)
Fittin

& Ji e Vi
,

e Vis --- Up)

satisfies D --ip0 if
Em = In for men

2)
Fo-ip

=

Ema
..

51) " where te gP+t

n =)
... ip)

P+ 1

If
NeC"

,
(or) = (1) r M

is, .--
p

+ 1

is ... im - ip+ 1

-S'(4
,%)

.

- Now .
Yonw

.

Yew

W =nu-Nonnt New

Ex
.

F& = 0
.

(Check ! )

E (4 ,
f) = Hi

.7) = G- (x)

U
,
Y are different open covers

.



i . e. Ho is independent of choice of cover

for Ex1
. Hick

,

4) depends on
the choice of cover.

If K is refirement of
y

,

then =

>

-th
which smuch

= Uis)

Ex Is independent (1 .
&(

4
G

*

K
.7 open I

V

ofchoice of jiil ↓ R ↓ o

set

depend on Usius.

[*
+

(4 , 5) > CP
+

(X
.7)

i "

General theory
:

H1
.

%)
->1

·

2) for
any

p

choose an
element -> HE

.

E)
. Explain

InPenBe

General theory
#T

mix .
2)
=

Mu .)
=My



& 33 The most Important Theorem in Sheaf Theory -

Let 0 + 156-1 - o
be
exact sequence

of sheef

then we
have the follow exact

sequence

0 - H >x
.

7) <HiX. 6)
-> H

°

(X .
2) -> H'(X

, 2f)

-> H(x
,
6) H'(x - () +...

+
H

*
xx . q) + Hix

. 9)

-

> Hx
,
2) ...

#p: Let of

59
+ Ge

+...
+ En +

-

↑

k:

-

K,**12

be exact
sequence of sheaf

.

If Hi (x . Gj)
= 0

,

fe1
,

0 = j = n

RHS

then Hi > X .
7) Hi Hsx GolfH'(X 4

,
) z ... -> HX · Sp

↓
Global section In

Gi(X)

sheaf cohomology ↓
a

Go(X)

I
-> ...

)

global
section's complex's cohomology

proof: Let
: = Ker (4p + Gp] no No= %.

Step
1

.

0 - Kp ->

Gp
-> Kp+

-> 0
.

Hi Gp)
Il

Ho > kp)
+ Ho(p) +

Hiskpy)
-> H(xp

->
0



=m Hip)

Ker [6p+ (x
-> Sp+

z(X)]= HYX . 9p)
.

H(Kp) =

Hokpa)
-

Im [Gp(x)> (+ (x)]

-(P
*

(RHS)

Step 2
. H'(Kp

= HEKp) = HcKp-2) --- H
**

(Kol = H

**

(OF)

"

RIS

Claim H'(Kp)
- H * Kp-1)

-

0 -

Kp
-> Gp+

-> Up + 0

=

H' ( Gp)
-> H(kp) + Hikp + ) + HGp- 1) - HEkp + ...

--

! -
!

iso ?

Def
: We say

7
is acyclic if HisX

.

71 = 0 Fixt

Def
: Fine sheaf : o

We

say
8 is fine if for my open

cover

U
=SWilien

.

we can

find: % - & Sit.

(i) For each t
, Y

: Fp-
> Up is 0 for p

outside

a compact
set Wc U

: ⑳Nynzer
(ii)
I

=
Id

.

Ex· fine sheaf is acyclic

e
sheaf of cop-form. on X.



% Ox sheaf of
holo

.

func is not fine.

Def
:

Flabby Sheaf
: Of :

We
say

a sheaf
I is flabby if for my

U <V
.

then NY FF(V) -> #(U) -> 0

# Flabby Sheaf
is acyclic .

DeRham Thm

Hi(X
,

(X) = Her(X ,
4) = [Asx

+A(x) ... ]

Hox
.Al rix

.At
Do I beaut ThmI

Il I

I
H
·

(x
.

2
%

) H(x = [Ax = A= ... ]

proof : o +

Ex
+ A - A - A -

... Why
exact ?

-

-

By
poincare Lem)

At denotes The sheaf of
smooth p-form

At is acyclic
! #) M

*
(X

,

di) = 0 fix, I

o +rAf
*

E

↑

· The exactness is Poincare Lemma

·

AP
. E

is acyclic

HEX
.
2P =

H
&
LAP -AP" - ... ]

.



Lecture 6. 53 .

4
. Applications of sheaf cohomology

0 > To > So
< Ge" - Exact

Sequence
-

acyclic H

*
(X

, Gy)
= 0 + 1

.

Then Hx
.

ErcTX . Sp) +x.
- P

. G....

H

*

X
. (x) Hi (x)

H
&
X

.

2 /A APEx .... )

o - 2 - fi - Am

cohomology of Ex .m HiCX
, Ex)

* Hing(X .2)

= ↑

algebraic
Picard Group : H(X

.
O

,

Of is the sheef of nonzero

topology
IS holomorphic func

[2 .] · [22] = [2 ,@L]isomorphic class of Line Bundle L.

· Given Line BundleL + & open
cover

->

ti
: U

.
U
,

*

- H(X
.

Ox)

check : Independent of open
cover

· Given an
element
.

Independent of trivilization of L.

HsX
. :=H



-> Arep[fij] = VieOpholo , p
*
- glue

to
line bondle

.

check : Different (fij] gives isomorphic Line Bundle.

Divisor Class on a Complex mufd X
.

Def : Prime Divisor DiCodim-1
. Subrariety of X , locally

definedby
reduced and irreducible holomorphic functions.

X

U
= SUi]

.

-D

= & &Ue
=

(f :
= 0) fig OSVi)

fact .

*

g(11)
· (i=0) Since line bundle's rak= 1

Def (Divison)
= R-linear combination of Prime divisor

ZarDi , &jeR . Di is prime

Def D
.

-P2 Linear equivalent if ge M*x) St.

D
,

=Zai Di (g)
= D

.

-

Da

D
=

= zbj Dj

= j= on (8)
=

2(z
=

) -(2
=

-=

& roficientDivisorClass S"7 iso class
of

Line bundle .

Sitf
inAl

· Given D is a
divisor ~> DnUn

= < fi
=

0 game

& is
open

cover & + some poles .

=

holo

>

why it's well-defie? ↳ glueto Line Bundle
.



· Given a line Bundle -> pick a rational section & of L

- D = (S .) - (So)

&
First Chern Class of a Line Bundle

0 -

Ex + 0x
-

0 - 0

f
- explaitif)

... H'X) -H(o)"nH(x , zx)
--

-

(4)

· GLL)EH
°

X
,
Ex) is called the first Cherr Class of L

· Pic(X) := Ker (4) a Insi > degree zero Iha Bundle.

H'(x
,

0x)/m(Hitx
. zx))

H'(x
,

O

In fact
,

Pri(X) is a compact Torus



· 4
. Differential Geometry of

Vector Bundle

Ref : Hermitian metric
hon E-X holo. of rank of r

a
smooth family of Hermitian metric hpcpex) onEp

hp(4) for U2 Ep

If
choose a local frame Jea

.

1xxr) of E
.

than haer
, eja-

: big

E : Prove d exists .

Def
: (connection) connection D of E + X

A connection D : CP(X
.
E) < A(X

,
E) satisfies

1) D is -Linear

2) (Leibniz rule) Dife) = Ife + f De

- is Co-fuc
and e is C

*

CX
.

E)
.

local form of a connection : pick a local frame of E

B

Now
->

Of 1-form

Dex
= pe

B
&

De is I-form

Tcolumn

(Da .

Den .... (Se
.

% -

4)i
3 = CP(X , E)

D3
= D(33) = dee +3"De

= d52 + 35099

= dee + 3
,0

= (d5 + 30) es
.



CurvatureG ofD
: DOD

Def : Extend D : A">X
. E)

< AK* X
.
EL

degs

D(y . e) : = dye + cynDe
X

↑Local section of E -> is well-defined
.

k-form

⑰ f.() : = D .Dif
. 3) =

Didf3 + fD3)

fe(Y)x,
() =

-D+D

Sec ,
E)

+ fD . DS

= f(s)
Mance

EAX,Edsoundle
.

local form of ⑰ In terms
of OS

Ex
:= do no

<form

go ( = 10 .

%I

E
: If
=Rep ,

then E =

a a

↓

Chargetransformation) uxe matrix.

E. = 110

From M =

a a

5. S. Chern Some invariants of D

Ref : det(Ir)
=

I + G(E ,
D) + G (E , m)

where GiCE
.

D) is 2i-Chernform
+ + CLE . D)

(the class of CiCED) is called i-Chern class) depend on connection ??!



&) 4
.

2 Connection Chere
.

Thm (E .

h) -> X ,

I ! connection D satisfies

&) Metric Compatible

d(s
.

t)
y

= (ds . +))
+ ( , d))

Xs . teCYX,E)

2) Compactible with J i . e.

if s is
section

of E Jes =

0

then Ds is E-valued (1 , 0) form

i .
e. Seas is holo frame

Des -> &P is 11
.

01- form
,

no 30
,
1) component

.

D = D. +D
j

#
= hig ,

Here hijhie ,

ep
, Jea) is holo

. frame .

R = h2h

=
Ch

do + ano .

Le particular ,
if E is a line Bundle L

.

then D= Glogt f
= hie

, a)

=
-

2 logt



F
Chern Class of Line Bundle.

det (1
,
+)

=

1+ + 0

-

↑

First Cheon form

J

2 0(1) < p? Defrehw =

v

I

1"x qu
+1

V
,
we 01- 1) (az]

(275 , 2)/ve2z] ⑭ on Wo
:

= Zo + 0)

onWo
,

we have coordinate (5 :== . Kixn)

We havefocal frame of 011)
,

e

=
7
....

hie
.

e =It s

-

1+B

Q =

-alog
(1+ Z

,

1
:
1

Chern-Weil
Theory

Th. Chern Class is independent of
h

GCE . -GiCE .
hal is d exact



5) 4
. 5 Some properties of

chern class
(Both)

% .

f - E C If+El = f
*

c
, (E)

↓ ↓+

X >

Y

&
Gleaf) CLE) und CCF)

GLEF)

G <L .h) H"(x .R)aH+x . e)

Pembad
C

, (4) = H3X
. 2)

are they
same
.?



Lecturef

1- 1

Correction : Divison class>
class of Line

bundle

On a compact complex mfd X
.

·

If X is projective X SKPY submod

· If X is not projective ,

not

necessarily
true2 V

.

Reason : If X is projective ,

rational section ofL always exists.

Last time: Chern connection of (E .
2) -> X

·

Metric compatible.

·

J compatible

546 Hermitian metric and Kahler metric

#
X TX real

targent
bundle

holomorphic tangent
bundle ↑PX complexified tangent

bundle

II

90 : )
.

+"XT"X

p

2i 2
;

(X , J
. g)

be complex mufd

with
if

be a Riemometric
g

:TRx *
+

*

x
-> R
.



We
say g

is J invariant if g(5X . JY1 =

g(X ,Y)
,

X .YETRX

Extend
o
C-linear to TPX

Then we define a Hermition metric
h on

TX
.

> n
.

>

: =

g(u. )
,

n
.W-TX

Conversely , if we have a Hermition metric h on TX.

-> J invariant. Rie
.

metric on T*X
.

Ex = g(
+

+

, pi) =
0

=

g(
+

)

, +7)
.

Def
: Kahler Metric. If g

is Jinvariant
.

w( , ) : =

g(5 : )
S

w is a

h-formI symplectic
We

say
(J

. g)
is a Kahler metric if

dw = 0.

E : Set
giz

=

g) a+, Ej)
, then w = Figdzindj

E : dw = 0E)

O
=

GiE Nic
.

#

giz =d
W = 0 +aw = 0

.

Ex
: du = o = Enormal holomorphic coordinate at

p
. Y

i .
e. I a coordinate (E

.

Z2 .... En) at
p .

st . dgig = 0.



-tenson

Gor
.

LX
.

5
. g)

is a Kahler mafd -T = 0.

-

whereO is Levi-civita Con
,

J is complex structure.

i
.e. -[J()] = J(TX) = 0

Prof
: check

using
normal holomorphic coordinate

. (EX)
.

2

g Fabini-stundy
metric onP

pick [z] EKIP" Tczy= Sue ( < u
. z7 =

0)
He

(a) t
is also

right

( .

mq
= u . E

WFj
=

g(5 .. )

(4)= log1 ,

IZE=

Zit
not well-defined

Xo

Eat :

vologa
= cloghifit , where is folomorphic.

i . &
. ologIf = o if f is holomorphic.

On U .-= (Zoto) , Wes=Gog(
= En Glog (HZ :1

where=



Ex
. Verify WFs

=

g(j) is indeed of form (*)

'dwfs= o

e

. If (X , g .

5) is Nahler
,

then
any

Complex Submetd.

is Kahler with induced metric

i
.

e. (Y . gy , Jy) is Kahler :

If UETRY
,

then Ju-TRY
.

E :

Wy
: =

gy 15.j .. )
,
check

Wy
=W ,

1 : Y- X

Let (X
.

J
. g)

is Kabler
:
Levi-civita Connection is the

same as Chern Connection.

·

Let T be Levi-civita connection do K-l inearExtension to

-OX
.

And, then we can restrict - to Thx = TX .

&f : · T is metric compatible. ~

· T is I compatible.

i . e .

Jewi
=o
ij ·

5(i)
= 0 (0)

=

FXza
E -FJ

=
2)

5(
=
(i) = J(0

= aj)
= T

= (5aj) =
-

FJ
: 0



->

Jewi
= o

, Joj
=

0
.

& Djai
, Fog may

not zero
. )

.

Set -
, 2

= Niclis - Define Tif

# Ti =

g.
=

g

it
Proj , up)

=

4 gu
%

II

achit
= 2 = (ej , p)

-

(ej +
J-p)

!

Currature of Kahler Metric

In general , for a general
bundle (E .

D)
.

Q = D : D
,
Q : PCX

,

NT
*

MQ EndLE))
.

E R1JX . JY(z = R(X
,
Y) z - R(gi . (j) z = 0

.

R(0T . Gj) Z =
0

.

Riche := [Rei .zilcn . 2)
E

&

19prel-1 T
:

2
... an

(Rijk
=

Rijm .D-linear
↓

enti-

=>j(42p , we]
[ ... ) 3 ... 3



=> [OT)pe (Ex)

Ex. Ric(X ,
Y1 = Ric(JX

, JY)

Similar to
g(X,

) =

g(5x ,

JY) > Wh .

065965t

& Ric form Ric(w) : = Ric)J.. ) is a 2-form

Ric(Wg)
= F Rijkzindj , Rij

= Rie (i
, Gaj

E Rij
=

gkRijkt =

-Willog(detgiz)

->> Ric (Wg)
is a

rep of
First Chern class (TX)

?

Ex ( ,
(TX) = G

, (NTX)
.

(L , h)
,

Rischs = -osloghcees ,
a local frame of L.

- z
log hafe.

fel

= - -log[hee)]
=

-

-Eloghees-

independent of
choice of frame.



95
.

Hodge Theorem
dimp
↓

Let (X*
, 9) Rie . med.

Sheaf Theory
HisX

, R) = HYR(X ,
R)
.

Find a canonical Rep of Mir(X .

R)

& p-form in 193 -> a

+ 7
-

(p-1) form

[[a]
.

Minimizing (energy of rep
form in [x]
.

Na +

dy
+
p

= =

)(a+ dyt .

a+

dyt)gdVg .

= F(t)

More generally· for
any

2-form
B .

8.

5 B . Vag can be

pointwisely
defined

Suppose 111p
is critical

. (or minimal in [a]

Fo
=

2/sa , dysdig
= 0 d = 0

.

&* is defined as (d*B, 5)
= <

B .

di)
.

Def
: < AP(X) is called harmonic iff

dw=o and dtw = 0.

Def
: < = dd

*
+
d
*

d xAPform-d+:
AP -> AP-

=

T

Hodge Laplacian .

A
*

(X) -> A*X) .



Fact Na = o if da = o = d
*

2

(4x , a) = ((dd
*

+ d
*

d)a . a)

= (dd
+

2
, a) + (d

* da
. d) .

= (d+a. k
+

a) + jda
, da)

.

What It ?

Pef :

Hodge
* operator AP- > A

- P

(i ,

. . .
p
.. .... Jn-p)

* (dx +, xdxix ---ndXip)=0 dyy
,
ndxyx - - NdXin

-p(p)
.

21, 2 . . . n)

Suppose (
is

a

orthonormal at
p

w Ex
.

* is well-defie.

Properties of C
.

E ·

CB Bd
if ap

a -onas

· ** = (1) P(m-p) on AP

· ( * n ,
*

B)y
=

(
, P)y

· d
*

= ()
+

xdx- EX
.

·

(d * = *

Xd
> d8d=

2nd
,

d
*

8d=nd
*



eff .

(IR"
g .

flat)*

** fina -pdxdXinn--
- xdxp

=

Gp define in dxndxin
-

-
-

xdxip)
isiip)

=

GMpE
fi dxirdn

...

ndxip))2X
;

= Ca(n . p) [ofix)dxin * (dx--dip)
=

Cyc .

" dxin
... And

#
Officien

... ndxp)
=

pdxx -

de

smothp-form

HodgeThm (x2 . 9) <APX) ,

then
.

a
= 1d . a = H(a) + (d(Ga) + dd

*

)Gx)- 1d - y =

09

5
where Ha) is a

farmonic perform kernel of
D.

G is
the Green operator : APAP = Ker

& H14 Ind @ Ind* & operator Kerr-

= inverse
.

↳ decomposition < = H()@ImdImd
*

d : 4 +
Y

d: 1 - 4



Lecture 8.

Hodge
Thm :

(X . 9)
Rie

. mfd .

Let seAx)
.

then a = +(a) +
dd

*

Gal +
d

*

dG().

G A -> AX) = KerImd Ind
*

Indeed, It is anorthogonal decomposition w
.
r

.

t. C
.

(inner

product on forms

↳ (X .
NT) = KerdIndolmd

*.

&
- Ker = 09(a)

· if < /ker 6)

Glkery
=

o

,

& elkero Im

Gera+i = 1

- 1
.

Ga : = 0
-

+a

4(4a) = a

Outline the

proof

Step
1

.

Let
g = whx

,

1
*

T
*

X)

Define 1181
e

=

(3
,
31 + (d

,

d) + (
*

3
,

d
*

9)

Garding Inequality
: 1131new-W" norm.

Define a

quadratic
norm O on W"22X ,

*

T
*

X



8) (5
. y)

= (5
, y)

+ (d5
. dy) + (d

+

g
.

d
=

y)
=

(S
. y)

+ (5
. 8y)

= (3
.

(7d +

0(y) .

Sp2
.

Fix yeL(X .

NT
*

M)

Let 97 AP(X)

(7 ,
3) =

Dy11811 =Cy119 k new

where

by independent of 3.

->
y

defines as functional (Bounded + Linear)

AP(X)cW" 2 x** X)
-> 4

91
<

(y , 5)

= y
: =

T(y)
= W"

2

<X .T
*

x) St.

& by .
51 = 1

y
.
5)
.

(Riesz-Rep ] .

It

8 JT(y) ·5)
embedded.

T : ((X . nPT
*

X).
-> w"(X

,

NP +*x). Ex ,

NT*

My

T is a compact operator .



T is self-adjont
i . e.

DSTc ·
3) = 0 (4 . T(51)

11 Il

(y .
5) = (9

, 7)

Step 3
By Spectrum

decom
of T

((X
,
NPT*

M) :

=
Em

Emi
=

eigenspaceof
with eigenvalve Im

20 = 1 - 2...-b = 0

Harmonic form isEo

-Em
=

(int) Eo

GEm
=I

#
.

(1d+ b)T4)
1) By def of y

X
19

. 7) ↓

(Id+ 0)T = 1d
.

↑

- (1d + 0)
- 7



55 .

2
. Hodge

This in the Hermitian case

(X
,

J
, 9) Hermitian metric

In
hodge Decom

if
a is d-closed.

a
= M(a) + dd

+

G(x) + 2.

The
.

Let &A
**

(X) ,

then d =

<(a)
+*
G
+*
a

Here
z

= =

*

+*.

"T"replace
the role

of
"d"

(e
*

c
. p)

= (2 , g)

Az
: Ap

. 9
, +z

E = /V , g flat
metric
= dzd]

Compute
To and

Do (d
, (a)

Generalization : VectorBundle Valued form .

(X J
. g)

Hermitian refd .

(E , (E) ->

X holo VB + Hermitian metric
.

Inner product onE



E with inner product~
*

= e

Ex : De
is an elliptic operator .

Thm Let de APE)
,

then < = <(a) + JEE
*

G(a)

-EG(2)
.

·E
: AP

&

(El -> APAA(E)

95
.
3 Applications of Hodge

The

Real case.
· Poincare duel (X

Y

(

H(X
.IR) HR) ()

* An (x)
-> An

- "

(x) 1
Ex : ① is well-defined Q =

A g
= *
924

Once① is well-defined · Kodiva-Serve duality
(** ) = 1d -

(n,i) + 0
.

HOEcE) FE
, pypn-E(E*)-

2
-

Anti-D-linean
2

↳ * is invertible
iso

E. Ef
is well-defined



5 5
.
4 Hodge Decomposition on

Kahler
rufd

(x
, j , g)

- wa , ) =

g(5 ., )

#
Better !

Kahlen) du = 0) = holomorphic normal coordinate

Fix
p ,

ECE ..
"

. En) near posit

gij
= (oi

, (5)
= J : at

p
.

dg
=

0 a+

p

Kahler med
has more

sometry
on Hot

Ref
: Lefchetz Operator (

Ly
=

ag
+

y

2 AP
.
2
-> APt2

,
+1
>his real operator(

Def
: n

=

L
* y

=

27

Pet .

d
=1 - a)

Check :
Edd" = Fas

*

Kahler Identity

· =

24z
=

24a
.



· (d
.
n] = 0

.
[Od

. L]
= 0

.

Lemma
On Alix) form

,
we have

[1 , 23
=F

*

Take conjugate [N , ]
= -

Fo
*

Sketch of proof :

#
1 : K2

, y flat ,
w= dzd

g= (xdx
+ dydy)

In this case prove
the Kahler

identity
2 n

.

2) =F
*

(EXj

Step 2 .

Using normal holo
.

Coord
,

at
given p.

W(p)=dznd . [N2]
*

can
de reduced

to Step
1
.

Essential Pont : [1 .c] = F
* involves at most

1st order derivatives at
Sij ,

which is o

under normal holomorphic coordinate at
up



#f = 0
=

20
=

=

24a
.

*
d

= dd
*

+ d
+ d =

(0 +2)(
*

+ 2
*

) + (2
*

+ 2

*

)(i + 2)

=+
a

*

2

tett

= Az + Na + 1)

&aim1 : 50
+

+ 27 = 0 .

#) [N, ] + [NJE = 0

e gr-erts-an = o .

Claim&
:

As
= Do

.

=* +=

+
=

-F(n .
a] - Fo[n . a]

=

- Fil No-one + na + on

Take Conjugate. F (180-Ena + and + 25n) =
a

using
wi = -52

Di
=

Da
.

A

Them
. Hodge Decomposition

HER(X .
C)= H& (x) and

p +

q
= i

HP<x) MAX)



prof : Supposea Hin(X ,
4) is <d harmonic

rep

- a = 5 aPit
as a form

P+
= j

->
da

=

Ed (PE)
= [ 20-1989)

b p
+

q
= i

Note -P is still a (p . 1) form 2=
11

= 0

i
.e. XP

. 9
is

-

harmonic

-> HER(X , C)
=

HP (X) . CHodge Down
. (

# Hodge
decom is independent of

metric
g.

Take&e H*(X) is
2

harmonic
rep

& is a 19 . P) form
,
Did

=0X
= 0

& is also harmonic
#
j

= 0

I

(2)x)=x

IS

HX& ) Hix
,

29



(elemma)

Let W is real (1-1) form and dexact
,

then

=> yeC
O

<X
, R) st W =

04 .

= d(din)

Prof .

w = di = 2) + aga
~

↓H"g"
+ GT

used

= v"=* G(("

Im 2

(1ma
*

#Hz)
+=

Ima

=* G28" + (4j = Ha = Hz)

W = 87

--

*(8"%
.

=) + Hamornic (d
,

E
, 2)

m
-

-

H

Ima
E

*

(G(y))
= 0-Gy

*

a(y)

-> =

(9(y)
=

02
+

GaGj)

+

oGly
-



Lecture 9.

105 Lemma)

I w is real (1-1) form and dexact
,

then

=> fecO(X, R) st. W =

Forf

Prof
:

By assumption w =V + 2097 8 = 8
%

+ j
!

S
w = dy"+ dy011

->

So
w = 58" + 28

%

8 To
= 2Re (58")

By Hodge Theory,
* div"

=

&(0") + wa
*

Giv" + 2
*

2618"

By 28 " =

-2
*

2668" = 0

U =

H
11 "+a

%" = 52(d" taza+"

By
Kahler

, Hp =

=
=Hd."

=
0

V"= [2*G(8"] =Gog

W = 2Retad") =

2 ReFr(g-()
= 2F [ResF(g] it

& If
W

..
wa Kahler metric in a I "(X, )

,

the W
. -We=Foy



36
.

Kodaira vanishing
and

embedding ((X . W) Kahler)

R : HEX, ) = H(x)A:
E a

unique
farmonic

rep
, of

P ,
E

H
= (x)

.

↑PX , E) , His hand to compute.

IS

HEX
.

DEED) It's good to
know when H(x) =

0.

Bocher technique-
Harmonic

rep
+ Curvature assumption

Force the vanishingof
harmonic

wep
to be 0.

SRoughly sayi
).

Only
discuss E is a line bundle.

I

curvature
.

# = CL
.

2) be a
Hermitian Line bundle.

=

-colog
haees

We

say
<Lh) is positive if JQ30

.

Ch
is positive if
E metric

.

su- FQ0 .)

(Kodaira-Nakano Vanishing)
Bundle#k

& SIP mufdI PETEER

(7 . h) -> X is positive i .e.F
> 0.

(X
.
W) is compact

Kahler mfd .

then

HPE (X . 2)
= 0

. if preyn
.



In particular, Hi(X
.

KxQL) = 0
.

10
.

Kx = &"T
*

X
conocial line bundle.

=2

↳ma : Let L : APTE)PHE) be the Lefsfetz operator

N L*, he be a Hermitian metric on E -> Chern Connection

D =D'+
Then [M . ] = -Fi(D")*

[N , D"
=

* If there is no E,

this is Kahler identity D = E

Ex. Prove the identity.

T Normal holomorphic coordinate of W
.

And

normal holo . frame of E

↓
-

Consequence
: 2 Laplacian Comparison -Apro

=

[F .

n]

#
: There's no

curvature
of (W) involved.

Proof of Consequence
-

FOp.
=

- E(D" (D"
*

+ (D+
+

D")
=

D" [h. ] + [M] D"o



=

-DIN + ND"-D

#Az
=F(

*
++)

=> (ND") + [1 , D"o]

=ND" - ED"n + ND"2-

# Az
- FO

p
. o

=

ND" + DI] - [D" + 5D"] n

[D" + D
+

= = (a + D
+

)" =

p= ⑪]
= (N ,]

-> As
- *DoF0g

.

M It

Proof of Kodaina

Vanishing (FQe 0)

.

Let w =

Fie be the Kahler metric ,
on X

.

*
b [FiQa .n]) (AzS .S] ([FQu . n] s

. S)
where s APEL)

Suppose S is harmonic (-valued form
-> 04 ([FQ . NTS

. S)

The
key

is to compute [F, n]

E if his Live bundle
,

W =F Oh ,

then [F2 .

n]=

/P+ g-n) Id .



Kodaira
embedding

(X
. W) Kahler (L ,

2) positive
,

then

=> m

large , ((2) : X > KIN is

embecking

N+= dim
,

HoX
.

6)
.

Suppose &So ,

" -

Sv) is a basis of HEX ,4)

We can define .

a meromophic./(2) : X
->Y

a is a local frame ofL 21 [Soc) ...., SiS

: /M is not well-defined at SSo(x = S
,
(x = ... Sw(x)=0)

1(3) : X -> KIV is

embedding
1 : /b) is

everywhere defined
i . e.

Ho(x
,

(b) < H°X
,

L* 0Ymp)
:=

Lp surjective

mp
is sheef of

hoo- function vanish
at

p

(stronger +has) .

S -> Sip

↓

2 : /( = /
*

/19) for
any <P .EL

Hi(X
,

(
4

) -> LOLg is surjective

It

Gropy sheaf of holo fue.
HX

,
4***Ympql

vanish at p . E)



3
:

1441 sep tagents TpX at p

Ho3X
,
(2) -> H2X

. LBOOX)
is surjective

Sketch the proof 1 . shef
=

HoX ,
(1 -> HoX .

LM /C is surjective.

Consider 0 -

mp
+ 0x

-

Dymp
+ 0

.

0 + Lamp-( -> (* 9/mp - 0 .

Ho(X . (2) -> HSx .50/m)
+ H'x .Lamp + ...

If suffices to show H'LX
, (*Qmp)

= 0
.

Recall : H(X
, kxQL) = 0

.

Trouble1 :

Mp
is not a line bundlelocally free sheafs .

Vaira: Blow
up
. = X holomap .

Sit

-

at
p

it is iso at (*/itip)
X

Em
andThtip) is a divisor.

Fat:OrGE)
=

up
,

RITOte) =

0
.

11.



Derived

push-forward
-> RIXOxtE)

=

zp

-> LiC
,

*

LOH) -> H'sX
, LQmp)

↑

Trouble2 : *L is not positive

(**L
,

T
*

h) C.(
*

)
=[

*

Fwlogh]

But
*

Ficlogh
is not positive

EH"(X
,
m)

Pull
back

a+ E
V

1 Somehow make if
Worse !)

&

~
Cline bund(e)

Kodaina Lemma : ⑦ admits a smooth metric he st

divisor.

FQ
=

-Fligh
so in a

neighbour of E

i .e. E-line bundle is positive neighbor of E-

⑤
E : It's related to the construction of Blow

up
.



T
*

(ML) (E) is positive for may sufficiently large.

why ?

H
, hmQe)) =H*

Eve
If imL@(E)

@ Ky is positive, done !

Adjection. u
= m

*

kx + (n
-

1) - ky =

π
* k
,

- (
-

1)E

- #
*

mLQ(E) Q k
= m

*

(m(k)0( -nE) > 0

Matt
num

mx Curr Curr . fixed

m large enough It can be positive

Another Method :

Direct proof H
°

<X
.

mLd -> H
°

(X
,mL00Y

to

Suppose : a local frame of near p of ((p(U)

Let

y
be a

smooth function supported. in U.

ye
is a

smooth section
ofI and

yesps
+ 0

60 . 1) - Involved

t

&ea : Find a solution UECOX
,

1) St. EU=
<yel-

But not clear
if

->

U-ye
is holo

.

(U
-ye)

<
p
> #o or not.



Gestimate of
0. For example up= 0

· perfect:-

11 u11p - [1124212

Sol
·

is not
enough
. also need some

good
estimate

Tm (X
,
2) Cpt

Kahler
. (L

,
2) is Hermitian YEL'SX)

.

Sit
.

F
+
cap > > where sho constant

Then
g

+ ((X
,

n

*

+*xQL) ,

Eu + [(X,T
*

X & 2)
and
g

= 0

st
.

JU =

Eg
and Moreover

/IUdVIginged
key

:

Y is not C

& FG
+ Jerry > nw holds in weak sense.

R : Define h = he'l as singular
metric on L.

# Fin + izag >

Take F = (xkx - 1**X= F

+ q((X .
N
*

T
*

XQF)g , 4

=U=

g. Pullp
- +g)

The Key Curvature Assumption for F is



FOW
To

↓

F'spower
&

large wony

· Take
p

= 0
.

Take
y

= log/Z/" , Nlarge

-Y = q-logizi
=

& MR09S +r.
->

Up
= 0

.

Sketch of pf

=u =

g
! () (4

. 8)
=

g . B)

E (u
.

*

f)
=

(g . 8)
↑

A

find given

Define Linear Bounded. Functionally: Im*< 4

?

=*B
-

(9 . B) (well-defined

Extend Ig to 1 <I

Riesz - n =

Tigh St
. (4.

*

B)
= (8.

,P)

Boundedmeans

(9 , 8) Engli Gallag
positive -> 11B1

*

= (IB12+ 112811)Y



Lecture 10.
. Deformation of Complex Str.

· Given a Complex mfd (X
.J) .

E other integrable

Complex
str

. 5 on X St
. (X .5) and (X .

5) are
not bibolomorphic.

·Gan we find a parameter space for
all different Jon X.

GModuli)
What's property of parameter space

.

· Do we have universal or (semi-universal) family2
-> S

Ref
: Deformation of X

We
say
Cf > A holomorphic submersion between

(t)

complex manifold stco = X
,

X
=
JEF)

diff
R

n+ 1

&k :

b XX

Suppose - (A
,

t)
,

A is a disk is a deformation of X.

Suppose we have
open

cover I of Ct
,

↓ =

Sushen on each Va = (Zzzit) are tolomorphic

Coordinate of Ct.

From 1-parameter Def
we can have cech

1-cocycle
on X

on Val UpeX , Gap
:=Est where

z =

fyp( , t)
function vector

.



Trivialcase Ct = XXX
, fap could be independent

of to Dap
= o

Ex :

Pap
+ Opp + Qua

=

O

In fact , if
on Un define 7:=

on VanUp , Pap
=

1
-

%g , cya
=

Ye

->

Sp - HX
.

TX)osed
(TX valued 0

.
1 form)

con

somehow R*] Complex Str . deformation -

all to Zero.

Def Kodaira-Spencer map
:

T trial. - 0 -

↑

injective-everywhere
.

Suppose (t -> S a
holo submersion

US :

ToS
HXT

Another point of
new

.
A deformation of X .

is a family

of integrable complex str
. on a

fixed mufd . X.

Almost complex str . J : T
*

X + T
*

X
,

J= -1
.

= Tex

=o=



Integrable (Nirenberg
-

Nilander

[T, J = T on Ej
= 0

Suppose
X' is new complex str.

TQ
= TX

,

T* only depends
real str

0,
1

+4x =

max
T

↑ x
=l

Def
: Let itto be the projection of T

**

X
to

.

r
and
Mi

#"i

Hence

(i) -ri

Si) Risi

If X
=

X
,

S = 0
. I ris

S is a CB section
of

TX valued

10 ,
1) form X

Conversely, If give
a TX-valued ri

R



10 ,
1) form S on X ,

S determines an almost complex str.
-

In the
following

way63

define
"

= (a , -Sia)
,

ae M
X

and define to be the conjugate ofM

S - almost complex str--
What's the integrability

condition

for S.

Legally S =SijdE (where Z is holomorphic coordinate of y

# dzp-SijzpdSidF

Dis
new (1 , of form.

Apply Nirenberg
- Newlander

J is integrable #7 dop
isnopartwi.a

reduce

S (EX)

# (Cartan-Manner) & Labore)
↑

If aGo section ↑ of TX valued (0
,
1) form gives

a integrable complex str
. if P +

- [0
= 0

.



Thm /Kodaira-Spencer) If H*(X ,TX) =
0

,
then

it
> Bm

,

m = dimgH' (X ,TX)

1) Cto=

X

3) KS : To  B- H(X
.TX) iso

armation
- -

3) Ex -> T is another
def of X

,

then ED
:T

>
B&

y(0)
=

0
.

St 5 =

y
+t

y*
=5)

↓ ↓

TP ,m

Sketch of proof
:

Suppose B . ---Pm
is harmonic

rep of
H'(X

.
TX)

-

H* (X
,

TX

1) construct TX valued 10 , 1) form &Ct...... tm) =: P(t)

P(= 24
K ... km
t ... the where

I
k. . . km

are TX

k1 +... #m1

ki = 0

valued (0 , 1) form .

P(0)
= 0

S =P + ESp .)
= 0

,

-t
= o

=

Pi

How to solve ?



2) Post) ->
Integrable complex Str

↓ Kodaina's student

Auraish's proof). Get

Consider Equation=

↑ (t)
=

q(t)+ 9 [P(t) . PCtI]

git) is the
given first

order term.

& (t)=)+
*

G[P(t) , 44]
has a fund solution

.

recursively given O 20

Elliptic Estimate gives
a

convergent
solution

↑ it
=

Lemma : (Kuranish) If 2[]
= 0

,
thend+ (p. =0

.

↓

TX valued 10 . 2) form-

&
In particular, If H

*

(X
,
TX) = H* (x

,TX) =
0

.

&P . P(4S) = 0 always true
-

proof of Lemma
=
( P+

= P() +E+ (b ,

4x])74(4 - 43) =
0

.

= P+ [P , 4) =
0



=(
. =P

=E
*

G[P( .PL] -> []
=a* [

.
P

I

[P .P]
By Hodge theory

& [P . P] = 0
.

and

*JG[4 .P] =0

->
Suppose P(t)= (t) +**G(p

,PJ
·
(((P , +3)

= 0
.

-> =P-E [P . P] = 0
.

(11811 is small
. if t small)"T

Goal : ↑st
= o

5 P1
= 0

.

~
I=* [0 . 0]

.

= E((p .P-* G[4 .P])
=

-

4 + =p
-E* G[b . P]

->

P
=EG(p

,P]x2

=

*

G(4 +[ .] . PJ

=

*

G[4 , 8]

i .
e

. 4=* (4 ,
%

. >4
= 0

.

-

Since small
I has

very
deformation.

small norm

141
gra

*

GPgin Pa



= (4) = 0
17

#hm6Kuranishi) When H2X
.
TX) 0

.

= Ct + S. S singular H'(X ,
TX)
.

5.
+.5 - T is another

def of X
.

then 14
:

T +

S

c =

y

+

z

(Bogornolov -Tian-Todorov) X is Galabi-Yau . Kx is trivial

line Bundle
,

then the deformation of X is unobstructed.

S = H(X .TX)
.

In other words
. H(PC) ,P() = 0

always
true :

R : H5x
,

TX) is not necessarily zero.

(Magicial !


