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Lecture 1
.

S1
.

Smoth Manifold.

D
- Suppose M is Hausdorff

. In Topologicalspace

with
5. Yosen

i) Susan
is a cover of M

(2) Ya : Un- > 1 Comomorphism

(3) For
any UaRUp #0 . Up

·

Y: Ballad up
->

Op(anup
isCh

Then M is a
Ch mufd.

k = 0
- topological mufd

k=
s

smooth mufd.

k = w anlytic mufd.

Remark : (11 (Whitney)
C-mufd admits Co-structure

(2) (Freedman
, Kenvarile) Topologicalmufd may

not

admit C

*
-structure .

(3) (Milnon) $ adimits 28 Co- structure.

(4) (Smooth Poincare Conjecture

* admits
unique

Co-structure ?

or infrite



IM
t

is called
germ of

funcs at
p

Def 1 . 3 let 31p)
= &

Equivalent
class of smooth fine defined

on U
. pec .

U is
open) .

"M"
:

Away F
:

. g
: V + R

-

PEU .

SV .

fug => zw < nev
.
flu = gw.

Def1 . 4
Let
ep

= S germs of
U : R + M2 mo =

p3 .

[pM : = Up/-

~"
: emere tectors (f)= 0

(f] =Esp) ,

n
. +Up

(c .

Ye
.

(xi)
i
up .

38
.Eys)

= ... sp

basis
.

i.

* += to,

↓

PM
= U

- ** UTMU

*** TM
.



Def 1 .5 (Vector bundle)

CE
.

B
.

iv) is called a rector bundle

E

Liv
(i) E is a topological

manifold.

B (2) a Cimap ,

I : E - B

(3) F bel
,

I an

open
set UCB and h sit.

① h : UX ->

"

(u) is homomorphism
② hib .. 2 : /" => Fold) is an isomorphism between

restor
space

. Def section

Ih is called local trivilization(
(E ,

B
, TV) is a

restor bundle
.

S is

E is total space ,

B is
the base

space a section
of E

i is projection map
. To S = ide

PE) is the set of
smouth sections

Def 1 - 6 (Connection) It : E -> M
Vector bundle

XX . Y - N(Tr) and S
.. SETCE)

,

f . geCYM

& is called a connection if XSETCE)
.

,

and

(1 *
xqS

= fxys
,

TxyS= S +

Tys (f-linear)

(2) *x(fs) =

x(f)s + fxS
,
Yx(s,

+ S2) =7,S+ 7,Sa
cf)

Et



& 2
.
Riemannian metric

.

Defe
., MP is a

smooth mufd ,

g
is a Riemanian metric

on M if
g

: TCTM) xTSTM) <R is an inner product.

> u . U) : =

g(uv)
,

U
.VETpM

(DU ,

40 "
=
"holds if to

② <u . vy = <V . u)

3 canobu
.
w = a <. w > +

bar
.

ws)
.

I sua
. Ya , Exist is a load chart

.

S1 is a basis of 14a .

Gij(x)
=

>Eri ,xi)

gij
is a positive definite , symmetric

matrix

u =

TpM ,
Pull =

Jus

Example :

(R"ge) &
= dijdxidx , Gij

= 9!
= =xi)

Eat
:

Any
smooth mufd admits a

smooth metric

1
= %



(a
. So . Gal

. g=[
n -m

Fa
: If &: M * N2 is an immension

,
(N* gn)

is

Riem , mufd
. Then

o

*

ge
is a rem

, mufd on Me

(
*

qu
(n.r =

gp(Eu) . EN nWePTM) (

e .

g-
&) < pr

,

S = S(x , x2 , .... x
* +

))( %... + (xn
+y=

1)

R. GE)

Def1 .

2 & : )M2 In)
>

(N*,gw) is called isometric immersion

if E
*

igi)
=

Sm.

If foC
>M

, c
. (M .. g .) (M2 . 92)

are two Rem
,

mufds.

We can define M
, xqM2 .

= (M
,
XM2

. 9. 792)
↑

It is called warped product . [p = <X
.. x2) = M

,
x M -

f(p) = fix , )
. ↓

Let
pe

<X . x1) < M
, xMz

,

n
., UzT

V,, Uz E
TxzMa

9. 792kxx (C ,
Wil

.

(2
. (2))

=

(9 . 1)
,

1
.
m + f

1

#xq S (82)/xe'V .. (2)

* new restric . Carv .

T
.

0
, 2.

May
not complete



& = 1
.

(M
, x M2

. g , 09 ,

] is called the product of

O :
M

has metric . NY

(M
.. g .

) and CM2
. G2) (

Abasic
group

act on M .
+ some properties-x

it
I

&
2

.2 >Riem . Coverings
R =
m"

it : M2 + N2 is a

covering

map
.
Then for any gy

on N
.

E
*

g
is a Riem

,

metric.

(MPg)
is called a Riem

, covering map
.

R
S > RIP 2

↓ 22
.

↓

S

Def2.

4 (Riem . submersion) ↑ : M" > N a submersion (nm)

Th19N)
is not a metric on Mr

Up
= Kerstellp & TpM is called a vertical

space

at
p of I.

(M . GM) is a Riem
- mufd.

VpQHp
=

TpM wrt-gm
.

Hp
is called the Horizontal at

p of it

# : <M
, grd a (N

. gu)
is called a Rem

.

Submersion



it

Emlrp
=**

grup

· Connection of (M
. g)

Thm 3 .5 let (M2g) be a Riem
. manifold.

Then I a

unique
connective - on M Satisfy #X .Y

,

z
.

EPITM)

4)(g
=0)x(y .

z) = (*xY ,
z) +74 . 5xz)

2) [Tors ionfree) OxY- JyX-[X .Y] = 0
.

&f
:

x < Y .

zx = (*xY .
z) +14 . Jxz) &

Y(z , x) =

(xyz, x) + z
- Jyx] ②

z
xx .Y) = (*

z ,x, Y)
+ 2x

. 827 ! 8

D +0-
,

we have. use 12)
.

<Y . z) = t(x(y ,
z) + Y(z .

x)
- zxX ,Yz

+ ((x , Y]
.

z)
- <[Y .

z]
.
x)

+ S(z .
x)

. Y))
. L

.

= and

uniqueness follow from (* 1

1
.



Def The connection "J" inThmes is called
.

Levi-civita Connection
.

In loc
chart , us

. yoxi

(x = +(TM)
.

X=
= Exci

Dai up Pop

Th
is called the Christoffel symbol

o

Remark
:

() N is not
the entries of a fasor

pl-Tip is right

(h) Pick de,e

For X
=

IxGi , Y
= I Yie ;

* Y
= z(x(yb) + xiyi

+ )cp .

YEPCTM) not pointwise. defined
-

Y(p =(p) Xcp)
= <
+

&Y
I *Ylp=*Yp. YETMS

* Fv
=

TM . -Y
: =

*Ylp XeT
.

5TM)
·

Xi
=

e



Furthermore
-

For

any
Smooth carve U : 1 -> M.

(( = = Vec

Tr inY
is well-defined for any YePCTM)·

(: *).

Def 2 . 7 O : I + M is smooth curve. A vector field.

Y(t) along
J is called

parallel if JyY0
bel

1st order
one-

sei?
0 .

r .

B
.

-

sein 0 -N -

B

-&
I

Dysli , u)
.ejit)

> = 0
.

& -B***. ABE

D

=
0 god

wi
JBSAY

21525737328-Esp



-

Lecture 2
.

Defec
(Covariant Differential(

For >5 .
01-tensor ,

we define covariant differentiations as

*: T(QTM) -> T(@TM)

* (7 ,
QZ20-7)

:

=-
zi-

-

07s

For (S
.
v)-tensor &

,
we define co-diff

.

as

↑ (z ,
0 .

-
- 07r): = Xy(a)z,

x -
-

xzrl)

-
z...

(S
. r) (S

.

r + 1)

= a +
JX

(Tx)(X .

z ,,..., zr)
: = (xy 9)(z ,

Q -
-

* zr)

Def 2
. 9 For

any fe(&M),
we define of as

< >f .

X : = X f

in
Local Chart x Er

-f
= [(f)"wi
↓

< >f - coj]
= [(f)" Scri . With

= Ef)" gij



By
the def of of

>5f . (j)
=

Grif <giv) is the inverse

=> (f)" =

Egigif matrix of (9ij)

-f
=
gif wi

(RG) g die
, If

=

zwi

f
df

"b" b:
-

zin ,
u(w) = Su

, was

Wit v

#" # TPM
->

TM Sc
, v7

:= w

w
+ w

b

(f) = df
.

(df(
*

=

of

of not
,

but . Of
.

b. #depends on

a

·

Hessf : defined asof
=

- df

Hessf(x,

Y) : =

< *x 0f . Y >

= x(sf) -

<*Y
,
jf]

= (cdfi) (X ,Y)



=

Xx(df(Y) - (xY)f

I Il

x(Yf) <*xY
,0f >

In local chart
,

Hess(oi ·

0)=
-I

·
dir
of X T(TM)

div(x) = = trace (y ++ Jyx)

in local chart
,

ExisE
Ex

*

Twe

X
=

Exi bi It

- :x
= 00Xws)

= 2)xGX
*

80
: 0s)

=> dir(x) = [(XIX)

& Ti=g=

↑
Note : for a matrix Ac =

(Aij)xn
G

= def(is)

↓ logdetA
=
(

+

)indAi
O



① + ②
,

we have
YS

div(x) = [stax
2xs ,

X =

Exa
Y

· Laplace of f Af = divi>f)

Af=g)

(IQ" . GE) gib = Gif ,
Ja = 1

.

4 f
=

zp

3 3 . Curvature

Def3 1
Riem

,

Curr .

Tensor 61
, 3)-tensor

,

defined by

R(x ,Y(z = 0x yyz
-

Jy7xz
-

Jaxit]z

↓ X
, Y .

z
.

eP(TM)

Remark : (1) RufX ,
Y(z = R(X , fY(z = R(x

, Y)(fz)

=

fR(X . YI z

(2) R can
be regarded as 10

,
3) tensor

R(X
,
Y .
zw) =

< R(X .YIz
, wa



Thm 3
.

2 ( Properties of R)

() R(X ,
Y(z = - R(Y

,
X)z

(2) R(X
.

Y(z + R(Y
,
z)x + R(z

,

x) % 00 .

> 1st Bianchi identity (

(3)(R(X .

Y(z
,

w) =

< RCz .

WIX
.

YY

(4)<R(X ,
Y(z

,
W) = - (P(X ,

Y)W
, z]

(5) (xR)(y .
z)u + (TyR)(z , x)u + (zR)(X ,y)u= 0

.

) 2nd Bianchi identity(

Prove by direct computation.

Re3 .

3 (Sectional Curr
. )

For
cry peM

. UETpM , LeTpM kunt
-

< R(u . e) e
, n) k(u . v)

Sec (4 .

u) =

11 uxull

=

Klull Dell?- > u . 2)

sen (u . 2) is called the sectional currature of the

plane ospangu
.ul

.,

secure
. (not defined

- u . w)

↓ k(u+ Sz , + tw)
#mark : (RCU . VIW .

27
=

tod
s . +) =

10
.0

- k(u+ sw
.
( + + z))

.



Def
3

. 4 For peM ,
Ricci curvatura tensor is the

trace of R
, R(U . U) : = trace (x + R6X

, US 2)
.

IfSe .

.... en3 is 0
.
N . B. of TpM

Ric (n.)= <R , W , ei

= Ric (W
. u)

Hence
,

Ric is a bilinear symmetric form

Def 3
.
5 (Scalar curvature)

Scalar curvature S is the trace of Ric

in local chart.

Sip
:=

E
see Lei ,

el

II

Rio Lee

Def 3
.
6 (Curvature Operator(

NM :

space of
bisefors

If Seilo .

N
. B

.

of TM . Senelity form

0
. N . B

. of NM



&& :

NM
=

NM R

13
.

:
=

RX,

W2

(by propertis ,

it's

well-defined

using

Gip ,

we can chage :

NM-
NM

P

R is a self-disjoint operator.

In some meaning,

it's stronger
than section curr.

likethis 1
.

R 30. We him

R (w , w) -o
.

2. secto . Rolli
,

9
. ej

. i) > o

=> Reinej . enej1
> o

↓ X
#0 -

Riw . wlso· weaM

("X ) * ))0 posite define.



2. Existence of
metric with constant curvature

.

dim 2

..... #

S
.

Ric

,

/
= 1

"
En

k= - 1

n = dimp = 3
.

· Yamabe (Richard Schoon)

For
any compact (MP 9)

·

EfE(Y(M).

j = eg
.

(M
.g) has constant scalar curvature.

· Konjecture) Any compact manifold admits a metric with

constant Ric
.

i

. e
. Ric= Xg for XER.

(n 3
.
if feCOM) · Ric=

fg => f is a constant)

Kahler case compact 54

S
S

. (M) < 0 Aubin
,
Yay San = 1

.

C
,

(M) = 0 Yau = Einstein metric

9 (M) > 0 Y
- T- D

not unique fro n 1
-



# Curvature and Topology

·

noncompact
+ see o => differto

"

seaso = Soul theorem (Perlman)

· 3D compact
Riaxo = Differ to 9

% (Hamilton)

· -D curvature operator >0 => Differ to 54/
⑨

·

nx5 -------- o = Differ to SY (Biln-Wilking)

·

see
curvature -piched => differ to go

> O

Xmax
E (1 , 4) (Schoen =- Brandle)

Amin

· seaso + compact ?

5
,

Kp

=

· Hopf conjecture) S'xs"
doesn't exist a

metric with
positive

sectional curvature.



Riem
. submanifold .

SPIM A
**

~

-[M2
· g) (

, 5) naN
,
4 is

an isometric
embedding

i
. e. 3*T

=

g

identify M with Y(M) via 4.

Let UpM
=

TM

+

be the orthogonal complement

of 4x <TpM) C

TpT ,

5 = 414)

ii

PM

-T
=

TpM@UpM
wr

.

t
. j

VM :

=UTpMt TM
=

TpMV

u
= v + u

+

M4)

Thm37 Let J and To be the Levi-civita connection of

(MT , g)
and (M . g)

,

Then XpEM
, VeTpM . YePCTM)·

( JrY
= (5r]Y

(2) I a symmetric bilinear
map

# : TpMxTpM-> VpM

(u .u)(n
.)



#

sur
= (5nY)

+

1
where Yep

= o

(3) Ig (. ) : =
< I(2) , 54

Se
:

(Sg() , U)
:
=

g(u . u)

Then Sg
= -EnY) ,

Yet<M , Y
=

3
.

=Fn
.

Prof
: (1) (5) T =

51Y
-

(4) is

JuY.

Let DuY
= Fi)-(Y) * Ther "D"satisfies

① Dg
= 0

2 torsion free

Dis the Levi-Civita connect. of (M , g)
= D =

J
.

(2) n .EeTpM ,

X
.

YENCTM)
· Xips

= n . Yep= v

Y(x ] =T(TM)

#( . 2) - #( . u) =

(Y)
+

-

(Y)
+

= (xy
-

5yx)
+

1

= (2x ,y7
+

))p
= 0

.



(3) u . 0 + TpM , -EVpR , YEPCUM) , Yip
= &

ZET(TM)
. Zip = U

.
= < Y ,

z) = 0.

- (e)
.3

=

<nz) +. 57

=

sEnE , Ya Ip
=

Jusz
.

5

-

Sz
. JuY > /p

d

=
-

Sz
. (nY)T
>

=> Sg(
=

-[Y]π
#



Lecture 3.

Def 3
.

0 The
eigenvalue X .

Ja
.

"

: An of Eg or Sg are

called principle curratures W .

r
.

t

. 5J

Thm 3
.
9 (Gauss formula)

Let R and E be the Riemannian curvature Tensor of

(M , g)
and (g) .

Then XpeM,

y .. w
. zeTpM

(1) Quesw
=Ecursw)" -

Secon
u +

St(v
.

w)4
.

() [RiGw ,
z) = (Ec . )w · E) + /E . z) .

#(0 . W(7

- #(u
. w) ,

I (0 , z)]

(3) Sec(ur= se(uv) +

< #(u . u), (0 .
U > - #(4 . 01

*

Dulo12 - Su
,

0 >

2

&: ( (Eur
= (Juw-Jow-Tun)T
= (u(0vw+ ( , m)) - 5(Daw+ ( .ms)

J = 5 + E

-

c .

U >
W - # ((ur)

. w()
T

=>Pow
+ (

. Pow))+Tr. w)

-

-

#10
.1)

-

Fr #(U .w)

-(v)W-
ur

. w()
T

-



=> Rcur .w)
- Sicvw)" +

SIMMO 1
.

Example (Currature of Sin)

Sir =

3
=1) (R* GE

↓ PESYr @R**, UpSirs is 1-dim vector
space

↓
spanned 33p9E

p =

Xp , .... x**
p)

I p = [xi wi

shape operator Szp

FY-P(Usin) p
=

Sp
, Sepslp

= -Ews) " Ip
WE TSTM)

·

Let Y =

= (x, x .... )=
XG

,

W =zw

Y/p=

30
connectionn+1

& = WY
= W =

S

By
Gauss

formula

< Ru .W 0
.

47=( , u) <n . u) - > a
,

0) < U
.
U >

=> Sec(Sir) =

i



j
= 0 geodesi .(

*
ve VM

,

UEUM . Ye=

fit YOU

Y
= Epe5(r)

JAssum
= 1

.

-

Wi = 2

So
,

cost. byt

o=
5

.
87 = Su+. v=

II

8(7) 1 j(t) = fit)
. Vie

·
---------

..

j f(t) = - E
>, = v2

-

i j(+ Sit = 0
.

Je VM

j ETM
.

T = <xit.th .

--

..
X

***

Ct))

=> Ult
= cos( + sinc

,

I
,
1 = Itzl= r

.

F + Ge

J
radius = v

. large circle)
ESP, r)

(M .g) (F . g) g(p
= T

J yt

-
=

TpMVM

VM

=
YM., X(y =

(x)
+

ESEX .



By
Gauss formula ,

we have

# (u . Us < PCUM)
·

Thm 3
.

11 ) Codazzi formula)

(F(ur(w)
+

=

(i)(w) - [+#)(a . 2)
.,

u
.

W
. weTpM

where (D) (v . w)
: = On #20 .2) - #(5n0 , w)

- #U . TW) Ex 17
.

· Geometry of
level set gr= c)

,

I is a
distance

func.

Def
3

.

11 W : U -> * is distance func if IM =1
.

[E(M,
I an

: =

Op

# Sr
= 2) #P ,

then it is a submanifold of M

11 Jr + 0 (20
.

3
*

g)

ig

Example

2n
level set ②(I2 , 9) O

H e

rexi = di
. xi

jo x

= II ill=F**

(p(x
= d(Q

. x)

\n = c)



# of (2c . gol

UpM spanned by Scar? .

V = TM

#
a

= (b) t = <Tat . Cord for 2n + Um

& JaW . Gr> =

In 30
.

00 > - SE
.
JuTry

Il

O

=> Hess (u . u) Siul-Julr

Further
. [Sarlu ,

v) =
- Mess viu . v

Sc := Sark
,

<Sus
.

WY = Hess (U . U).

open

Thm 3
.

12 (Ricatti Eq . of S) UCM
,

w is dist formula on U
.

/

Then GrS + S
*

+ R(
,
ar) Gr = 0

Pf
: -X N4)

(orS)(x) = JorhSm) - S(JorX)

= Yan(Txar)
-

Ta x  o r
Q

S(x) = S(S(x)) = S1ywr)
=

Ja
②

①+ ,
we obtain

(0ans)(X) + S(X) =

Jar(Txer)
-

Jaxiany
or

Glaim : #xTorbu
= 0

.
i . e. Typor= o

.



-Y [ T(T0)
.

& Jorda ,
Y7

=
Hess ror ,Y)

= Hess JY
,

wry

=

<Dyar , ord

=

Dysar
= 0

.

Remark : Jan
= o = The integral

curve of

Tr is a geodesic

Example : curvature of warped product

,My·

g
= dr + Yin ggn+

(We can

get K = #1
,

0.

M(x) is a
natural distance function

Gr = rol groR
Y

<X
.
Y)V

.

W) = yet, g sxnYun
I

Ero
X Y .

V
.

We PCT. Irod

fecim) ,

2
Messf

=

2099

# = Hessr =&er &

= Ler(dr pir Sign)



#dr enging
=>

yauying = gro
Il

U . U PSTM).
& /IroXTEr

.

S(x) =

EX - XeTE

If X
..YEPPIr) By Gauss formula

,

&
(R(x. Y

.
x) =

1- gIxNYX

By
Codazzi formula

g
(R(X.

Y
, z)

,

cr) =
- (x#)(y ,z) + (Tyπ)(X . z)

X,Y
.

Z = TEr

It depends only
on w.

x =
y

= 0
.

By
Ricatti

Eq
and Sax =

X

=> R(x .
car =

-

Ex

=>Sec(X
,

fr) =

-

Ric(X
,
x)

=

(n-2)/-XT



Ric(cr . or =

(-1) or GT]

5
- 2(+)( + (n

-

1)(n
-2)

-

3

Sec(M) = K

- G ,
Yat  0.

sinhair) < 0

O

M k =
0

k > 0 Af

·

matt k > 0

4 . Exponential Map

exp
:

<M
+ M

Def 4 . 1 A c-carve 8 : [a .
b) + M is called a geodesic

if J
=

0 for all +

In localchart, (xt
--

, x
*

(t)) =

(x((8)) , .
-

,

x* Ditch)

↓ 0

geodesics satisfy a 2nd order ODE (non-linear)

Given Y(al = e
,

((a)=

p(
*)

=) a unique geodesic Ult with
initial date (* )

denote by Posts + [a
.
b]



·

Exp . Map

XpeM , Up(m
=

SreTM/1 = 1) = go
+

= 5 =Tip ,

Sit
.

Ught is well-defined for all 5tUpIML

- (5
.

5) expect)
=

Uy(t) It = 1ge Blop ,

5

S

#
Pr

Def12 For PeM ,
define

exp map

↓

expp
:

Blop
. M

2 - Just #
B1op .

5) = SoeTpM/110118)
.

(expp)x(op :

TopTpM)-> TpM
St

TpM

By def
...

(xp)x(()= (exp(tu)) = o

=(
+/ = 4

.

"Id
+
pr

B

in

= 200
,

expp/Bcop .

22

is a differ onto

expp(Blop
, 2)

(B , y) becomes a local chart
,

y is the inverse
map of

expp .

SB
. 4

.
Sx's) is called normal coordinate



Lecture 4
.

1410 .

(expla : TyCpM) :
Prac it

Fix & > TuSTpM)

1 : S + u + 55 a line in TM

Define x : Co . 1] x(-2
,
3) M

St
. 5) 1 - expp(tcu

+91)
·

Fix St79
. 2) Gil

= X3
. 5)

j,,a = u + 59

T
Fix to eCo , 1]

,

to -

>
is rector feld along Outa

it

Y(t)

-
-(tu

+

s=
-x = (xpp)x(n (3)

FFEETS - 1423 liJ .

Y (t) =

(expp)x)u( +9) =

t(expx)
=

(3)



·

Equation of Yit)

I
Des

: Suppose < : (ab]x(-3. ) -M is C

For
any

fixed St(E
. E)

,

Gh = <( : 5)

& Cs] is called the variation of Co via s
.

)
I Il

E

& ] =

0. = [5)
= 0 ①

② X
=

Ja
*

-T**-
*

"cerrature term
.

Citi
=

exp(t
(n +59)

,

Cit) is a

geodesic . T &H =
0·

Cslt

= Y(t)
-

~

St =Je
=

=

D
=
> R(Yi

. Ju(t) Unit

Y( + RCYit)
,
ji) Unit =

0
. (x)

2nd order Linear ODE
.



Def 4 .
4 If Yie

is a mentor field along With and

satisfies (*)
.

Then
Y is celled

a Jacobi field
along

Unite.

(exp)(19
= E

Remark
: ⑦ (expply is non-degenerate at th if for any

-> and Yet with Yo=0

. -Pos= 9
,

Yet* O for to
.

② dim Jaccul = 2n
..

Jaclfu) is the set of all Jacobi

Y(0) = a = 0

-

field
along

On
.

initial data

③ dimSaisul =

n ,

Jasioul = 35eJacins(510
=

09
.

Def 1 .
5 If On

is a geodesic in M
.

and E Jacobifield Y

along
On

,

Y10= Y(K = 0. Yet#0
·

Then we call Jubi is

conjugate to Unlo) along
On

if Back is
cong

to Jos
.

then Unos
cong

to Jack
.

By Remark O and ⑤

Cort .

6

(expp)x
is

non-degenerate at life

p
= Ousos has

no conjugate pant along On
.

RIT

of the condimper[expedthemultipl
1



j(t) + R3Y()
,
Uri) Unit = o

j(5) Units

Yet= Y
,

+ Yz

If ZCEJac(On) ,

Zit =

fits Units

Ect) + R( f(t) Unit) · fits (it) fits Unles = 0

[it) = 0
.

↓Since Jj ,
Y = 0

.

Fit =
o .

↓

fit) = at + b

Lemma 4
.

8 If EC//ult)
,
EHEJac(On)

,

Then zi = carbes Jules

& Ecos
,

Jnos) = a. zos.10 = b
.

Lemma4
. 9 If Ties = Jockful

,

shendYit
.

Outs = a +he

·+
=> (Yits

.

Oult)]

<Ye.

U

=> SY
.

Y = -GR(YI) .Us) .(
=

0

A



By
Lemma 4 . 8 and Lem 4 .9.

Prop 4
.

10 If Yitz E Jacial
,

then Yiel = Catbe) (1) +Yits

Yets tiSpits for
all to where a= > /100

.

Unlo
.

b= Yos. Yulosy

Def S .
11 JantcUnl= GJeJan(ful/Ju + Gues +)

.

& Je Jascul
,

J is called normal Jacobi field.

· SecIMI = K
.

R(v
,

x)j = - kX

Let Seists] be a O
.
N - B along Vit and parallel along Use.

whose
.

2
,

(e)

=We

If Joe Jacin
,

then J
=
J

ja + kj(t) = 0
.

=> Jact) = chsn
,

Ht) + danyh), anpit
= sup(t)

·

Tay lo r formula of Jou .

" <J
,
Je

"

Recall for acts)
=

exp[ + in +sg1]
p

Yitz =

Elo
is a Jacobi feld.

and
Yiel =

-xpplykn
.

19 >



Yo =

Sim Yo
=

lim Expl
=

Expop 191
= 9

.

We get

En
IfYou = Janic

,

then

Y(t) =

jexp(x))euoitY

Let v
,

weJaciVc
.
Via =

Xp-TM .

Whos = YpETpM

f Iti
= < Vit)

. Witl]

Fla = <Vir
.

W(d) = o

fin =C To p  V i e,
wo+ Vie . JpWis] = o

fo =

>DjoJunio . Wo + 25 Jj
,

Vie
.

TopWay

↑ < Viol
.Jj , Jo,

W10s]

=

2(Xp . Yp)

fo
= (3) (JBv,

1 = 0. Wil = o
; 1

= 3
.

Vid = o.



1 = 1
. Jj]jV = v" = - R(V

.

Vy =

0 (Va = 0)
.

1= 2 Similar tol = 1"

f(=WY

l= 1
.

3
, may

not zero

=> 443 . JW +

4.T

-j]jV
= R(v

,
)

-j(0jTjV) =

Jj(R(v ,

v)()
.

H

--V-RR
-

R(U
. JjV)i

=

0
.

f 10)
=

-

8/RIMOs . Xp) Vos . Yp]

Heace <ve. Wit =

fit) = <
Xp .Ypt

&

- ER(U0
, Xp .

Vos
, Yp)
ti

Vitz = With
, IIxpll= 1

.

↑ Oct
*

)

11vitil = t
- R(Q) · Xp .

Urs
. Yp)t

*

+ Oct 5)
.

Thm 3
. 13 In the normal coordinate of 4

g(x
= Tij -

-Rekjsxky0 +
0((x13)

.



Prof
:

Let
Xp

= Cze
,

& xig is the local cordinate

Bits = ctctc-
. +c)

d

i - Th

&
It , s) exp(tc-t + s) ,

t

Vests= o

is a Jacobi field.

Vist) = 05

g( tc -... t (= i
. 023 /ra YM

= Es Vit?ViV
=

(t) =

expy((twi) .

= (Tijt-tR( &, Xp . Gj .Yp)tP+Ot

=> Tij-JR(0· Xp . 8j .Y)t + Olt' (

=

Jij-R(bi 2 . 0.web) (ct)

+ o(tS)

let xi = +cr
, J(0's -.

+ki = 1
.

=>

gij(x! ....
x =

dij- Rikje xky + a)
#

Cont .

14 Jdetgij) = 1- * RreX
&
x + OlkB) -

normal

Lord
Cor4 . 15 Vol(Bip. r1)

=Whrch- + Our

Il

Scop
.

r) detig)
dx ---dx



Thm 4-16 (Gauss Lemma

jnits is a geodesic
with Unio = U

.

Then

& (exploits ,U = 4
.
9 Y

Prof : Git . sl = exp[tin + se] ,

Yit =

&diss
,t

=> Ye Janus
,
Ya= S

By
Lemma 4

.9
,

> Yits
.

Unit is a linear function

=> < Yie
, Units = + 55

,

u >

(expp)x(++3) = Y(t

I

texpens => [px13s .

Viey =

19
.

4)
.

It

in
201 exp

-> still2

RemarkD18 .

4) = 0. LoBip .5)Unit
-

-actually ,

It's a

where Bip .

51 =

exp (Blop
.5) geodesic ball

.

② (expp) * preserve moro along U



·Length of p

8 : (a .b) -> M
.

Smooth curve (DUIK0

↳=9 vide =

Sbd

Sit)
=

Vide is the arc-parameter.

Length can
be defined on piecewise smooth curve.

↓
<p .

q
=

inf9h ,vi) Vox= p .

Gibs= & ,
J is piecewise smooth)

.

Prop
4

. 17 (M2d) is metric
space.

① dap -

qo
E"iff p =

q

② dip .

q)
= dig.p)

③ dip . q) + dig.ri depri .

B(p . 5) = Sxem) dip .

q <8)

YM Sx1 .

. . .

. x2) riip

expx(z)
= 0r

.

r(x) = d(p . x)
.



Lecture 5

Prop 4
.

18 (Lo minizing(

C : Co
. 1) -> TPM

with Ct = th
,

ne TpM , exp definedon

open.

G. (20 , 15) < U .

Let
p

: [0
,1] -> U

,
Y10=Tpi ,

&1
= 1

.

Let In be the geodesic expect) ,

↑ it
=

exp(yies). Then (10) = ((ful

↑ (
is

regular)=" O is a reparameterizationone

Proof
: Les ran = /61 ,

then of
ratects

↓

& = M()e(t + r(t) ect)
e(t)TpM

# elt) is
the radical deviation

.

By Guass Lemma
,

<

(exp)xy) , (exp)(e))
=

se
,

ext) =
0

.

1) (expp)x(y(( = 2) = 1

1) cell = 11 (expp(x)yy(4)/
=

Il(x)x)y(z6r(yet)
+ r(x)eit)) Il



=> I (*Pp) x/y ,+]cte(t))x
= 1n(+))

L = S! definde
de

...

=

= Lidu)

r(t)(t) = 0

=>
e(t) = e

-

=> y(t) = r(t)e 3.
A

A
yeodesic my

be
notshot
a

the line
:

S
C 5. Variation of Length and Energy

J : [a .b] > M

↓/LH) = C ... d

Opq
= 9 piecewise ,

smooth v , from ptog) Ca
,
b]

(10) = [bldt

Ensu
= I w de

By Carchy ineq. = 2b- a) E(V)

~

- (b- a) [bU12 deLiv = ().Wide)



="itt (Uct)) = const .

Prop5 .
I VeCpq minize Early -minize Liv and

IV) = const

Thm 5
.

2 (1st Variation of ESs)

Given

any
variation e of a

smooth curve
J : Cabs +

M

&(a.b] x (t , t) -> M
.

Act
.
o) = Vit)

,

act
,
2) = Osit)

.

* Els =E

=> (b >Tad t

=1b

=

1)-7
de

=

↓=Elis)
=

-[u .
Ju de

M

it)

a

Vit=0

- Sucas
.

(a) + < Vib)
.

Ulb>>

%

Consider 5
. Val =

V(b) = 0



if
<19 , S = (a)

,

alb
.
s = libs As

Then

Els
= ·

Elds) = -jbsvits ,J
d

V is critical curve of
EIUs) if JoUt = 0

·

Et.

ihm >1st Variation of Length

Given

any
variation

2 .

0 : [ab]-> M

Is Las
= -Savi .T

de

- (Via)
,

Vid
.

in

For a with fixed endpoints ,

then

Is Las
= -Savi .T

de

Ti

Cor 5
. 4 If

J is a piecewise Smooth curve V : /a . b) - &

i
.
e. a= to < te ...>try-b

& is smooth [ti .it]
,

act
, 5) is a variation U.

St - Usct =

alt,s) is also piecewise
smooth for all s.

Stact
, s) is smooth. Vie= Actio



↓ lEUs)
=

-Sbsuce · Dude-V ,+b ,
is

-
Vitic

, rct-iti

↓L =-I d
(E)

+ Vib
.-Nin

where
icer

= him vie
I

t+ ty

Prop5
.
5 If O is a critical curve

of ENVs) for any

variation acts) with <19 . S) = Scal
.

Lib
, si

= Vib)
.

Then Diss is Ct and is a geodesic

1 Prof
:

Step
1 : Choosea St . Vitil = 0.

for
any

Vit)

·

==
T

=> JapU
= 0 .-(ti

.

tied)

Step 2

By
the result in step

=

k

·
=

-

Els) = - EnVitel
,
Vitl-iti)

i1
z

Choose Vit) .
Vi

= Ves-ULt



=>
jctF) =

UctE)

=> V is CF

JyzyUe
= 0

fte(ab] 1

B

-> geodesic

A -

> - but BA-c is not
- geodesic

-c

#m
5

. 0 (2nd variation
of ECUs) .

Suppose V : (a
, b) < M is a geodesic ,

variation act
, s) satisfies

2 it
, 0

= 0
.

Then
↓t

v

EN=RV

=

( > + V
.JjV (*)

- [V . -Riv ,

v) Us de

If a has fixed endpoints. - Vay= 0
.

Vibo. V= lita

=>dE=Riv+
=

(bV -jyVm + R ,
v

,
v)u)de



·=(b de

=

1+T de

=

I[B] de

+[
.

(1)

+

1
de

#-
de

=
When =o

By
D
andQ

,

>
the first equality of (*

).

# /*- ]] de

=-

By
D

.

O ad - the 2nd
equality of

(*).

Thm 5
.7 <Synge

theorem
(

Suppose (M
.

g)
Las positive sectional currature

·

Mis

compact (1) If dimM = 2n and M is oriented. Mis simple connected.



2) If dimM
=

2n+1
·

then M is orientable
.

Fact 5
.

8 Suppose (M . g) is compact mufd
. If It

,
(M) is

-

notrival E a minimal closed geodesic
ii ***abbulg

JET8]
, if [b] + 0.

Thm 5
.

%.g . ↳
2 (s

. t)
= exPy(SV(t)) lo

= Vit
->

(c)
. geodesic .

Vies is a

parallel
rector field along

Y

.

↑
Ut = 0

. Fixed t
. Je 0

Lemma 5
. 9 Suppose (M

. g) is oriented
,

V = (a .b] -> M smooth Loop

consider the parallel
translate : PV :

TpMTpT

Then det(p) =
1

&of
: PaseOSTIM => det(P) = 1 or -1

.

Ta rge t.
des (Pako .

(M , g)
is oriented => In-form W

.

St
. Whe

.

· - en) > 0·

for peM 59 : :en] -TpN

Let &
:

(t) = P (i)

Then W(e, ()
,
·enit) =0 for all t

Whe
,
L

.

-..

,
enit) Smooth and is positive at t =

a.



Notice webs
,

-

... enibs) = 1 det Pay (Wie," · en

> > 8

=> det (Pa) > 0
. A

11) If M is not simply
connected

-minageodesic
U

.

V (0 .1] -> M

2

By
Lemma

59 def(p = 1
..
PESOLTPM)

.

all real eigenvalve of Por is 1,-1 or imaginary
roofs

-

even-dim spair
wisel

POVs) = U
, Vid

is an

eigee vector of

dim
(eigen space of -1) = even

Xp
+0

=> dim
leigen space of 1)

= even EXp . Xp
is also

an

eigun
rector of 1

.

Let X (t) the
parallel translate of Xp along

0

act
,
s) =

exp(sX(t)

=X-R
=> [ < Riv

,
x)V .

x) de V + X

< o

Contradiction !



(2) If M is not orientable, ESe
,

1)
,

.... ents)

&
, (1)1 -

-
- 12(1) =

- 2
,
(0)1

- -
-

1en(0)

71)2n
+

= -

1

let ()
= b, (e, 10)

1
... Eph) = fit) e

, (t)n--neniti

diam H = 2n + 1
.

Assume

=> dete) = -1
,

Pary is minimal geof
Pa)= U

even

Y

EpP((ol]
=

TpM
-. - imaginary

roofs.

pairwise
.

odd odd even

Expo Ep .

Xp
is the eigen

vector of E
.

T

25.0 (M .

g)
positive sectional curva

.

dim M = 21

M is not oriented. Then it
,
<M) =

&
.

P .

*

ITEM Ze-covering map .

↳

It .
*

g) onlented
.

+ Seco
.

She
py
connected



2n

52 1 RP

quito
.

Space
.

Remark : RXRR
doesn't admit a metric with secso

its
↓

fundamcital
group

&2**
2

Lecture 6
.

-

We consider a general
variation Us

.

r

= d(t
,

s
.
r>

Xi= /it,o .

Yo
= o

. 0

)Elis
= (Rx ,+xT)

=

S Rid
,

xU
-

X
,
Y)dt

+ SpX , Y7/a
Hession of E.

&
5

. 9 /Index Form) J : Sa .
b) -> M geodesic

Up = Sall piecewise
smooth rector

fields along
VI
.

The



= x
.
Yc = (((R10 ,

x)8
, Y + <yX ,Jj) de

SRIV
,X0-YX ,

Y9 de

+
SoX , Y)16 - ESTati * -

Jaex ,
Y

act ,c... stop ab

Let Vj = SxeVp) xa = x(b=

0)

Lemma 5
.

10 Let VeVo .

Then VEJac() if [lV .X)= 0

+ x = vj

Prof
:
"

> "trivial

E"Step 1
. Suppose f

: (a.b) + R
.

Smooth &30.

fity = o

,
fats do

. t tp

Let X = fit)P(r ,vie-JoJjV)

Then X V:

=> o = 1(V . x)
= (bfIR( ,

v
- JjjjV/12de

=> RSVU-JjjV = a

Step
2 Choose YeVi ,

Ya=Yib=

Yeti l= DisV- Jo ,

Kick



By Step 1.

=> o = I(. ) =-V-DeVI

=>
DictV

=

Juti
V

Vec

=> Ve Jansis
.

It

func .. ↑ (Jf(p = 0)
.

① Messfl
p

30. => fip is minimal
.

⑳ EX
, Hessf(x , X) <0. =>

-

is not a extreme value

p p

③ Messfl
,o.

EXF0
. Hessfxx

= o = Unknown.

Thm 5 . 11 Suppose V
: [a ,

b) + M
geodesic from p

to
q

= is the index form. Then

(1) #30
in VP=

y p
has

no conf . point along

Y (a ,b]

Moreover
,

I is the

unique
minimal carve from p to & "nearby"

i
. e . E230 · J is

any
piecewise smooth from p

to
9.

: [ab] + M

↓ (Wit. .

Yes
-
> 2

.

Frelab]
,

then L (10)
.



(2) ExtVj , [(x ,
x) <o <=> EE

,

Ecla .b)
,

= DiE)

is a

conj point of p.

Moreover. I is not a minimal geodesic .

3) 130 in Vj and I nonzero X
.
I(X

.
x) = 0

b

#) I is the first cong
point to

p along
U

.

Prof
: (2) "Moreover part" . If I(X

. X) Co
,

then Evariation

a it
. sl = Usiel
,

o

Eliss so
.

Let fis = Elds) ., fists = 0 L : geodesia l

-"iss=.
0

then
fist s fios sel-E) for some

to

ESSssEsUs J is not minimal

"If Esc . q
= VIEl is

cong point
to

p

Choose a nonzero
X + Jacks

and X19= XIE) = 0

X + 0
.

Choose Y along
V
.

b
Yas = Yab= 0. Yat=

-Ju

Let V=kaes
.

Va = Ple
,
b)

. YoY caes
.

Yu=Y/d)
.



tyso ,
Let

Zy
=

&
=

y
= X(t + yYt) ,

actE

zj(t)
=

yYa(t)
Est = b

=

(Ey
It)

·

Eyct)
=

-

71e
X11*+ y2z4(Y ,

Y) +ye%)

&
=

- (11Tex
- y(1" + 18) y

*
o

1
+ ot

2
.

50 .

small enoug

1) "Moreover Part" If p
has

no conj· point along U .

= a partition of [a . b]

a = t < t<... top
<

tre
= b

=>
Visope) 2 tpM .

[ti
.] God a Wi

For small a
,

me

may
assume (It .ti]) <Un = exp(V:)

p

Define
+

= (expp)[Et)
,

ti
to fith

Y(t) is a curve in TpM ,

J =

exp
(Y(t)

By prop 4 . 18. => (10) > LSiC

⑱



3
.

"E"ce(a ,b) .XeUj X= [xe
,
xt)

.

Let Set] be a 0
.

N
.
B

along
V sparalled

rector fields)

xin =xi= 0 .

Let Xit) = Xij
(b

--a) + a) ex(t)

v = Play ,
XE V .

X +
X when ceb

phas no conj. point along I

By(1) = [0X?xi > 0

= x
,

x)
= lim

Vib) long to
p .

#) EJ
,

Ja= Jabseo
,

Inonzero

↓

1 (5
,
5) =

0
.



Cow5 . 12
/Foundamental Index Lemma

V : (a ,
by -

> M
, geodesic ,

p
= fas has no cong. point along

U.

VeJac)i
,

Xe Vi .

Va= Xias
,

Vil = x(d)

I (V .
v) < [(X

.
X)

.

"
"If X= V

.

: V-XtVj ,

ICP-X , v-X) o by
The 5.14) if r x0 .

= (V , X)
=

0

3 => I(X
, X)

- [(V
,
v) > o

((V- X
,

V - x) > o

A

&5 . 13) Geodesic complete) (M,g) is geodesic complete
.

if peM , WeTpM ,

the
geodesic Joits

with Vocal= p
.

Jaco
= U

.

is defined for all t -D .

+A ).

Def514 (Metric. complete) .

(M , d) is a complete metric

space
i
.
e.

↓ Cauchy sequence [P)CM ,

there exists a point

PoEM
. Cindipi , po

=



Lemma 5
. 15 (M . g) for P

. qEM , 7830

(expp)/icopa
differ.

Note (expp) (BlOp .5)) = Bip,
8)

.

Then%'ebBp .

Es St. dip .

q
= & + digg)

Note depaie
,

for sales

o· E .
qz

minimal

Prof
: By Prop 4

.

18 dip . x)
=0 . zeBip,

5)
·

P

yeadesie
Now we

show dag , CBG) = dip.q-8

A bipids is close
. Ege aBaptl , dig . gi

= digcibipal

dig , q) > dipigs-dipgic = dip .

g
- & Q

#axo, piecewise
smooth J from p

to

g.

Lois - depigs > a

= ce(a .b) Ucce GBp ,(

↳Okacs) + (10kobs) => dpq) + 2

1 VI

& dig , wip . 2)
= dag . q's

Let 350
. It dig.git = dipgl ②

By
D + ② d + dig .ge

= dap ,

qu

#



homma 5 .
16 If any geodesic through peM is complete.

-

Sie. Oct is defined for all + + -u . +11. if 201 =

p(

some
p

Then for any GEM ,

I a smooth minimal geodesic from phoge
.

Prof :

By
Lemma 5

.

15

dapqu = dapig + digigs
and dag,gu = &

where q'EcoB(p ,
2)

Suppose11W11= 1
. UETpM ,

V : Urss) geodesic Yo= 0

Bos =

p .

A= supStrol dep , g) = dip. (t) + deVit , g) :to > depg)

Need to show A= depg)
o Can do it again ?

Suppose As depogo. Lat A = to
.

&

Il
·

ge

distor
. fl

= dipge-depositorsmin
By

Lem 5 . 15.
. Ige" and 9

,

30

j
-Fic

dist
, q)

= dcVcto
, g") + dag" .

ge
Il

20
.

dep .g", dap -gs-digi , G

=> [dege + dep . Etol)
-

[det . 8)
-

decto
-g]

= dip . estoll + diviator
, ge"l

=> dipog = dap . estoll + diviator
, ge"l



Let o
be the minimal geodesic realizing divitos . Gic

& So
,
to]

&o
.try

U w reading dep . gic

By
the
1st variation

of 1 . 2 Laity/so=2S

=> 6/20
.

toUw
is a Cl geodesic

supts
...

35 A+ < A . Contraditiona A

Th17 (Hopf-Rinow) (M2 , g) Riem-manifold (Connected)

The
following

are equivalent.

① (M
, d) is metric complete

50
%

↑ i

② Any geodesic through p
is complete E

③ (M . g) is geodesin complete ↑
>

Prof
: ③ trivia

i
de

·
PEM

② O Suppose 5919 Cauchy sequence

Let Vi = /Vill = 1
. VIETpM. Up =

Im We

JSi = G

1Si-Sjl
= /dip . Visic) - dip .Ups/



55 :
2 = d[Vesic , Jajs]

vince

"Corhy
ser

=

dige . Goj) Carchy sequence
.

Es =

lin Si

=> V(So =

lim
Ovi = lig,

① ApeM . NeTpM ,
11811 to

(ct) geodesic Uco =

p
.
Vol= ~

A= St > 0) Oct exist) Need SupA=+a.

It

A is

open by
the short time existence.

supA
= to

=> to =co
· tol

,
toto

,
Stil is Carchy sequence

.

By
metric completetim Until exists

t- y

i

&
devitic

, (sty) = LJ0lttys) =Hi - + j)]
=> to e A. - 7930

,
totazA

.

=>

supA
= to + 3 > to Contradiction !

11

cong
point
.

---

SXIR

= X . x0 .Wit
geodeine

no minimal local

but to is global.



Lecture 4.

· cut hocus

Def5 . 18 Let(M , g) complete
Riem . Mufd .

per ,

O is a

geodesic (col
=

p
. Let to

- sup+/(([o .t]) is a

minimizly geodesic)

If to <+ 1
,

then Octo) is called a cut point of P

Catcps = &qEM) G is a cut point of ph is called the cut locsofg
.

Example (1) (D" · gz)
,
cutc

=

303
·

(2) <92 . G
,

2) cu+

(p)
= S - p)

.

(3) $'XIR p
= (g

: 00

, z)
p
.

cutcp
= 5 (gi(0

+i)
, z)/ze)

.

(4) ( "ghn)
,

curcps
=

50)

&
mma 5

. 19 (M
, g) Complete #qqCutcp .

I a unique

minimal geodesic from p
to

ge .

Proof : Suppose & and r two minimal geodesic from ptog .

-(8) = (10) = dap .

q)
: = 1



fiss ress are- parameterization.

By def of cutips ,
75so

.

U = Co .

C+ 2] -> M still Minimizing
JastE(

& >8/20
,

e + ay) = (Ul
,
13) + Life mal -G

pl
H

↓ (cos ,

JSc+as)

=>

(wlo
,
es1 + Life mal

· les U Ulce
, e+3] realizing

deces
.

Ple+ 2) minimizing

By
1st variation

of L(V) (ECO)

~o
,
es Voleness is a C geodesic

=>
of

zoez
= 0120

, 12 A

Thm 5
.

20 (M , g) Complete .

0 : Co ..4) ->M is a geodesic

Vitos is the first cut point of p
= Nos along

U
.

Then one of
the

following holds

(1) Octo) is the firstCong point of paling
o

(2) UCto) is the first point along
U with

property
:

= another
geodesic o from p

to
g
and Lir) = to = 40/co

,
tos(

T

X:+y

Prof
: tod to

& ·ti

Of
be the minimal geodesicfrom toDitto



=>

a = J
.

Si = ( (r) < (30 /
.
ts)

=

top

opcos =

Wi
,

11 Vill = 1
., by taking

a

sequence Up
->

Up

r(s) = Usp(s) .

Then a is a

minimizing geodesic from p
to Ustol.

(1) Up
= Ve

,

then r = 0/C
.+]

So E ja #

exp(S)=
Si=i

=expif
=>
expe

is not a diffe #f

By
Lem 5

. 19 ,

Thm 5
. 11(2)

C I
GEJA , to

-
2x

. x) => Olso
, z]

not

minimizing
*

o conj.

(2) Up
Vol ↳

By
hem5

. 19
· it is

unique (lot] +< to

M



Let [p
=

SU-TpM/0 , Catc EeR or E Th -
.

exp(Te)
= catpsy

explzp is diffeomorphism.

exp([p)
= M)cancp

Fix peM . (p(x
= dcp : x)

#21 vex is smooth on M)(CurpUSpi ]

Moreover
, FGEM)(CurpUSp1 ] <By Lem5

.19) = a

unique

minimizing geodesic V from p
to ge

- r(y = V/nq)
.

Prof :

exp([p(Op) = M)) Curp10Sp)]

rq
= ((Virg = 1 explagell

smoothhe

p

Ma = 2
,

00 = z . Let Jo be the

minimizing geodesic

from p to 51s)

19 is a variation of U
.

&It
. s) = USS



p

.

V

=
Ush
Val= z

By

Ist
Variation

& z
, Org==
~

=

z
. ra
-

17

Cut(p) Ng()

IUgx- ray/1doxys => Ug is hip-fune.

=> Cuecps is zero measure.

Ken
= P

For XEM)(cutcpUSp)) ,

r(x) is smooth

(3r)gXq ,Yq)
= <(*Tr) /q> Yg]

= S &xqV ,Yg] YqETqM.

Jacobi 11 goal

X It) is a restor
-

field along
U

< XyX ,Yq)
= 1(X

, Yg)

X(to) = Xq
.



variation & (t
,
s) = Us(t) =

B((S)((x) = Yo(t)

Xa
& act) = 0

.

=& (t)

p

& it .

s)
=

exp(t)Uc(s))
Vir +Sis = S

,

M
.

=>

J=

=> (
-

r]q)Xq ·
Yq)

=

(pX ,

Yet

Thm 5
. 22 Suppose & CutcpUSp)

,
v : 10

. rg]
-> M is

the unique geodesic from
p to G .

X + Jac(8) with X10 =

Xcrg
=

Xq.

Then

2)
-

r)/q3Xg ·
Yg)

=

(Overiq *

Irgp : YgI

Moreover

(7) If X
= Wit

,

then

Dir)/g1Xg .Yq)
= (p /r , Yg) = 0

(2) AX Jains ,
Let Xq

= X creqi) ,

then

(r)/gXg · Xq) =>
virgi

*

legs ·*97
= 19x

.

x)
.



Thm 5
. 23 <Cartan-Hardmard(

<M . g) Complete ,
seco

(exp)
E

(1) ApEM ,

exp
: TpM

+ M is a

covering map

(2) If
M is simply

connected
,

then
exp

is differ.

Prof
: Ep . p

has no long point
.

Suppose p
has aconj point go along Vit , G

= Vit
:)

-

& 150
,to]

first

& 10
.2) 115 . 5) . JeJacid) & Vi

-0 .

J & 15
. 5) 20 in Up- p

has
no corp point along 0

=> nonzero JeJacIV) DVY
,

Jco = Jctol = 0
.

=> 15
, 5) = St(R(U .

5) 8
,
57 + 11505119) de so

.

-

o
Sine Saco)

:

Since J is nonzero .

=>
Tjj

+
0 contradiction ! T



56 . Comparison
Theorem

# E

⑳
Let (M . g) , (j) Riew Manifold.

8 : [0
.
a] +> M

,

F : Co
. a] ->F geodesic

((0 =

p. Va=

Kit
= min[Katcl/ Fra &TpM is a 2-plane , Oct-iTra ]

#it= max SUITE)) Free STEM is a 2-plane , jcts-Tra ]

De XeTrM
,
YnE Typ are called almost

the same
if

1X c 1 =

11
,
<Xc

.

U =< To
,

Ee]

denoted by Xc = X

Lem6.

2 NeJachd) .

* -Janic
. [ Xc01

,

You = (10)
.

Fa>

If x(9) = <(a)

X =

(+dt)v + x

+

,

y =(+) + +

=> c = c
,

d=d 4. 501S Late



Thm 6
. 3 <Index Comparison Thm(

X JaacIs , = Jach6
,

Xc01= 10 = 0
.

XCasa)

IGos has no
cong point in [0

,
9]

,

and E*Ct) = Kit) .

#te[o , 97
,

they

1(X
, x) = 1), ) .

="it
*

= k + + = (0 , a]

Prof :

By Lemma6
.

2
,

We

may
assume XIV

.

[1

Sees
, See ,

be parallel. O
.
N . B

. along
& and I

-

with 2
,
14)

= Wct) C
,
(t)= (t)

S S
-22

=

and
=

1) XcasIl = 11 cal /l : = 2
.

Then x(a = ji = 0

,

Xia= a)
=

G.

* its ='t) = 0 #t

*(t)=<Eict)

/

Y(t) = * it) 8
; it)

Y10 = 0
. Yas

= X(as
. By Index Lemma

& (x
. X) = IsY ,

YI



= (Y.
Y1 =

(110:
Y + < RA ,Y)( , Y) de

=>

(E)
-
(i) Kins] It

k(inY (,
K it)

-

+

(t) .

-> (
.

9([ ...) -

[i]*its) de

= S
.

"

115
:
12 + SEV .) .* Y de

= 1)
, )

.

17
.

Thm6. 4 (local Hessian Comparison(

6: Coal -> M
,

E : [0
,
a) -> M both minimal geodesic

Var=

p
.

Jia =

to
#= kit)
.

+ -to
, a]

.

Fix becoa)
, grabs , Grass , Xqq ,

The

Drp6Xqe ·Xg)p ,Eg

f .

Xt.
X(0) = 0 X(b) =

Xg

x() = 0 *(b)=
g

-

rp(xq .Xq)
= ](x

, x) = ](x , ) = 5
=p
.g) .

1.



By taking
trace

.

Org
=

F

Thug5 (Rauch Comparison

XeJass
, YeJacCE] .

8
.

5 one two geodesic

o
=

Xa = [10
, JaaX = JopY · Suppose I has no

cong
.

point
in Co , 9]

, Fi Kit) #teCo ,a]
.

ThenG has no
cong point.

1 xctl) = /I Xct)
.

Ez-Co
.
a]

.

Prof
: By

Lemma 6
.
2

,
we assume X1 Vit.+it

Let Pati =xit Pits = Il cell*
· lin

↓ has
no my . => Pit0

0
·

By Xct =

+Jo
,

X +Oct= TaylorFir ,

(t) =

tJ + O(t2)

timm
15/

= 1
.

/1 Ju11** 11 Taax12

- (E) Pit pot) - pit) jit 30
.



Note X(t) + ((t)
.

X + (t)
.

inco

Let C = supStedo . a]/p2430 .7
.

↓ b = (0
,
9)

, Xbit)=l -

Y=

By Index Comparison.

[b
*

b
, Xpit]

= [(Xp(4) ,
Xy(t)

= I (Exct) . [xit)) =

<J
*

b . Ybid

↓
TimX .

X
=

[X(b). X(b))

) I
t=b

30 b = ( . c)

=> l * (cill
=

11X(x)) > 0

Since 1X(t)130 for all t Co
,

a].

=> c = a
.

I

Thm 0 . 6 /Ranch Comparison -#

Suppose 0
.

G are two geodesic , p= Vis
. P= .0

. XpETpM

*ETr . Xp
=

X . Suppose
O has no conj. point

in



[0
.
a]

·

E
*

[Kit) feelo, a]
·

Then

1) (explv4
=

11(XPp xe/

& By taking
X(x = (expp)x(

=obp))
.

Lecture 8.

(M . g) S
, j(

p
P

-

rp(x Min

By Carton -

Ambrose
- Hick's Thm

($2 · 9gn) (IR . GE) (IH" ; gN(

I > 0 O <

· Less Up
in MY

Let V :

to , 97
-> M ,

minimal

810 =

p
.

Je =

g · &cutcpUSp3 .

# XqtTgeM . Xgt Use) · Xght) pralled
rector field alogy



By
direct computation for JCEJaiIVs with Xqe)

= Xge
.

=> Titl
=SiXgit) .

Jill := Xg .

For Yg-TqM
,

#rp)/q(Xq . Yep
=

> Jocel/ze · Yg] =

SeX .Yo

Take
.

O
.
N . B

.

Sei 3 at

g ., e =W

12

=

52rp)/q =

GNKAg-dr.
.

Hope-(1) = 0
.

g.

Let Si
=

Stsupctide . Sist .

Crit
=1)

Sek(t)

By
direct computation.

->Spcrp) (Xq .Yq)
= Sp =

(rp)/q(Xq . Yq)
I

Chile)

Spices
& (Xq . Yq)

+

grp [vi) ,Xg] < vie .Yg]



= Skrp [Drp) (Xq . Yq) + Guide <ices . XqSvce .Y]]

Def6 .Y (Barrien func) Suppose f is a continuous func on

(M , g) 1) If bes 4)
.

L open . peU .
s .f.

haps = fep)
,

high figs . Age U

(E)

then his called an
upper

(lower) barrier for of fat p.

2) Let Se
, If F2 > 0

.

Ebarrier func . He of
at

p

st . Cha = C + 2.
support. fic.

Then we

say
SEO in barrier sense

C

Il

3) For

any geodesic o with vol =

p if (402)"los-G

in Barrier sense.
,

then we

say
normalize

X

11 :coll = 1

62f((q) [Cg
in barrier sense .

Remark: If f
: (a , b) -> Q continuous

6) If fec
,

then filto = C in barrier sense

() futo) = C

(2) If fitol < C in barrier sense and
attains its

minimizer at -to
,

then axo

(3) If fits -0 in barrier sense
,

then f is a concave for



6) (Hopf-Calabi . Strong
Maximum Principle)

Suppose UCM
, Uopen ., feC(M) ·

Xfo
.

on U in barrier

sense . If f attabs its minimizer at XotU => f = c in U

Thm 6 . 8 (Global Hessian Comparison) .

Suppose (M . g) satisfies sec(M)YK
.

Then ApeM
-

complete.

7 (Sorp) = Gn
+. g

in barrier sense

Give
i my

not diff in cutcps)

prof ()
. Suppose Up

is smooth at
E.

Let U : Co ,]
->

M be a minimal geodesic from p
to
7.

It suffices
to show

l = dip .

za
= v(q)

(Soupor)" 1) & GRALL

o is

any geodesic N10l =

p . IFc11 = 1 .

(Sporpo E = -Sporp)
(Dios

, Wal

=> Sues (rp) /g 300
.

Vis + CR
,
12) <ices.

Glossa

Compare
O with a geodesic of in MY

=. Jil=



** Xq , Xq
=(

By
Loca Hessian

Comparison

(Sorpo r)"( = Supe(5)
+Che)n

.E

=(So
= Copies /R
=

Chill)
.

(2) If E
= · for

any geodesic 2 : 70
.

+ 1) -> M

Mo =q
=

p , locall = 1
, Sporpois

= Spit) = Sp(t)

=> (Sporpot)" fo
=

Chpbol

13) When ge cutsps. ,

we
need to construct barrier fas.

Let J : Coes -M

.
Voc=

p .

Joel = q.

↑= [0 ,
+b)

-> M
,

+10) =

q
11 Fall= 1

.

> 0 . *& (199
.

Econj pict. * NOT
minimal(

K > 0
.



TRemark : Thm(Bonnet- Mayer((M ,

g) Complete, EK 0
,

Ric > (n-1) kg .

Then M is

compact
,

diam(M) : =

sup dip .

q)
PEEM

Can Be Proved By
Thm 5

.

11
.
(2)

.

[CV .

U 0

.

Let

2
=

y
+
dex

.

rep) ,

yo
is small

,

to be determined.

cutg).

For

430
.

Nyx
is smooth around

fries. z

We will show ↑
(Soryor) on =

Celest a(y)
Fi

By
local Hessian comparison

1 Spray r)"col
=

Sn(p) (q)
. ro

+ CRK(e) SVce)
,
Mos

* Sakcel .

Senate
-

&
+

101
= Flos - < =Los

,

US17 Uses

=> Spicy) jotos) + Cr
,

Le :

Snk(l-y)

TRemark : Thm
(Cherg · EBEL. (M .g) Complete. Ricx(-1)Kyo

I
diam (M

.

gl=,
then (M .

g)
is isometric to

$2



#6
. 9

.

(Coshe Thm in Mic)
. C

B

(M . g) il

q
=

LetABC be a geodesic A S
X

b C

triangle
in Mi. The sides

Mi
"X-a

.

"

ab,a
corners LA

,
LB
<

a
.

b
.
c

<
if Ko

,

The

Chc) : = Chp(a)anib + KSM)SM L0 .

Prof
: Let J

:
20

. a] -> Mi
,

V= B
.,

6
,1

= 0.

U2= Co
. a] -> Mi

,
U

=

0 , V=

A

Let yst)
=

Sporo Ogits ,

They ↳Je

Y(0) = Sacal
,

y(b) = Sk(s)

Recall JK
:

B) (q
= Cn

, (19) g.

By def . of Sk . Cit
= 1-K . Spit

4"(t) = 1- kSx(tB(((t))) = 1
- kY(t)

Thm5
.

21 pico = Saka) <Jas
· Yo

= -Suplay as <

=> y(t)= y(b) = S
,
3)

.

=> CD3) = capcal cribi + K seas subst c.

.



Def 6
. 10 Let <M

. g) complete

(1) A geodesic triangle
LABC consists of Vertexs A

.

B
.

U

and minimal geodesics JAB
.

BBC
.

JUA
.

(2) A geodesic angle
<BAC consists of Vertex AEM

and two minimal geodesic JAB .

JAC.

Def6 . 11 Let (M
.g) complete Secm) > K

(1) Suppose
< BAC is a geodesic angle

I is

easy
to check the Existence of geodesic angle

LBAT in My with the same degree ,
related sides

with the same length .
CBC is
calledparison angle

(2) Let DABC be the geodesic triangle
in M

with Var
.

Joc
.

UCA ,As in Mik
,

LIVB) = ((UABI , (IFii) = (GVrc)
,

LCTT= LIOcA)
.

&A5T is called comparison triangle
A If Espe1. = ESEN

Thm 6 . 12

(Toponogov Comparison( #-E

Let (M .

g)
be complete Sec(M) > K

(1) Suppose < BAC is the geodesicangle ,
LBAT is the

comparison angle
in
MY

.

Then diB
. c) = (5

.

5).



(2) Suppose LABC is the geodesic triangle LABE

is the comparison triangle·
Then LACLA .

LB > LB.

*L
.

Lemma 6
. 10 Suppose f : [0

.
1] -> R is continuous

, (10)-0.

and firsEo
. If ko

,

me also assume E

Suppose fit) + K fit)O in Barrier sense
.

Then fitio. t = [0
, &]

Prof
: #So

.,

Let fact =

fit-9Se,,
it

Then falos
=

fios-9SDK10

& 10) = f(a - 3(x(0) = - So
.

For of small , faits
so .

It remains to show factio. - - [0
.
1]

Let to = inf(tec ./ fact)=oh

(1) When K So ,

suppose falco
, to]

attains its

minimizer at te

fact + kfq(+ z) = f((t) + kf(t)) - 4(Sn( + knpit) -o

By Remark (2) on barner fure. fat) < fast) so

in barrier sense

-

kfactl- fgiti ) 30
.

Construction !



(2) When K3o
.

we may
assume to<l

.

(to = 1
. already true)

Fix & >
Co . to] < [-5 .j - 8]

.

P(t) =
-

sin(d (t +51)

=>p" (t) + (k+ )P(t) = 0 , $40 on $0 . to]

Suppose Fotos
attains its maximal at to

Let
Jay' be a barrier func of fa

at te.

i. e.

82
.

git
= fast)

· ga)
- fact) nearth

&

&
c ..

(t,) = -

kfalt)+& ②

P so - gad also attains its maximal ant
+

he

S o

==
GastPt-Gaditt

laq7(t)

"
t + (k+El

P1t)

By
the fun offoit,

&
5' + 892

,
02)

① E
P(t

, )

Hence
.

50 d + 5 ga, stil >0

5 + o
. gatK,

0
· Jaltik, 0 .



Proof of Topongov

Stpt
.

4
-

↓ Bl

By (1) [ (Bic > kB
, 6)

-

#
= d( , )

.

la Ada
and ↑

c
=> -

also
in Mi

V

Step
2

:
Prove 1)

A

Jo
My

B 156
Smooth

Vo = YAB. V = UcA catea
si s

Vo minimizing
9. 0

. facts = d > Voce-3)
.

O
. cts) ,

te[0
.

1
,
]

Vola = A
,
Jocel = B

.

Etto
. Batt

is Smooth

a
mic

t + [0 . 8]
Balo = do-S .

Bria=

- G 10)
,

5
,

10) y
= - asa .

By
Global Comparison (Spota) "(t)

= 1-KSpofa't

in Berrier sense
.

Similarly
on <BAT ,

We define Egit) = dE182)
, F(t)

.

Ezio = lo-a
, Jaco = -cosa .

(Sota)"H =

1- kScofacts

Let fit =

Spota-Spota ,

" + Kit) 30 in Berrier sense.

f 10) = 0
. f10o

=Cast fait 9 to
. =fitit) I



Lecture 9

Thm 6
.
14 (M .g) Rie . rfd

,

U : Co
.
1] -> M minimal geodesic

Je =

p , RicIUE . UD) > in-1) K
.

Leto be the related
.

geodesic in ME
.

Then XPSO)
-

EF(ct) EEfoe]

"

=

"

ite
t [o

.
9)

,

RicJUit
, Jit)

=
In-1) K

.

For

any
JCts = Jactos

,

Jct) =

Set

ect) is a parallel
rector field.

Prof
: Take bae

, Seh
,

Sect de parallel OMB alongdi

e
,
2t) = Wit)

,

e
, (t) =Eit)

For i 2
.

Let XyceJastic with
X ,0 = 0

.

Xi(d) = ey(b)

↑ Jani with ice
= o,b

=Eba

By
the def of A

Arp1q= (p)(8(b) · (b)= 2 (XXi)

Since i = 1. [ (ict) · jt)]
=

0

In Mis / Ficti = Sit
Eit

SMkby

* st) =

Sekite

=> I(Xi · Xi) = Il
,

Mil



&I= CIR-R( ,, c) de

Here ( + fi
=(e)

=> +) (SSR(t)]
= 1. (n-1)[S2Snnkx]

=1
+ R , , ,is) de

= F(Xi . i)

"
=

"

E Rich+)
= (n- )k

.

Xi = Y ,

2xin
.

77

#
z = z(u . V)

.

Area(5) =

[ds
=

(sunuldadr .

Inl is area of
the

parallelogram.

Higher-dim .

case .

(u
.
b) (M

, g) Volcul

=
Save

(X .

.

. .

. xi)a (a , ... 2n)



=> lusanwanneel/op"dx'dx ... dxx .

4(4)
de+ Al=Jegic

Natural
requires

.

VIps@net-Nend
= 1

.

59 .

... en ? is
.

O . N
. B of TPM .

wrt.

gp

Suppose 2 = q
depend on

p.

Then Uplan
... non) = det jai).

Note gij
=

gaw , Gj)
= g(ep , agent

= alaj = (AAT)ic ·

A = (a+ )

det
(gij)

= det A de+ At = (de+ A)
<

=> Ide+ Al= /de+ (giz)

Vol(U) = 95504-dxdx ... dx

9(u)

&Sua . Yad cover M
. 59a3
. [la

= +

Vol(M)

=Jdvol
= J Pata) odx: x
YalVal

expsip)
= (M) catcp)

Identify TpM with R", G(xix
2

, ..., x
*

)h

r = JE(xi) ,= x
, .... ESpM ,

101 = 1

& x dxz ... dx = ut dr di ~ Typ.



Ve(Bipril
=

[Jaxp(r)) r drdG
Bp(0p) Il

Mpir. D ).

Note: Ju = Jetgijl .

Better
rep

.?

depend on coordinate.

Prop 6 . 15 For ESpM ,
Let Vie =

exp(tQ)
. Suppose

SUc .

--Ur] is a basis of (80)" = GETpM) < 8
. 00=1)

Let its =Jason
,

st

Jojo =

E] .

=
.

If rElp ,

then

Mp(r, Q)
=

/de+ <Vain
, ...,Unin)/

/det (V .

-- k))

where /det Suziri-... Unir))
=

J detSee·

Of
jen

= (Vguen ... nVn(r))

Prof
: Let V = ⑪

,
then $5 . Uc

.

-

-.. E
. 3 is a basis of

TM

For

any YETpM , y
= yU ,

+..
-

you

5(y .

...

. j)] , Eg
= 0

:

↓ det [V
..

.... Un)/ dyldys ...

dy" =
dx

.

dx2 ... dyn

> U
,Uj)

= 0
. jY 2

= +drd

< G
..

U
,

x = 1 ↓ det (U
,

-..

, Un)) = (de+ (Ez
.

-

-.. Und

=> dydyd ...

dy=
/
dudi



In coordinate S(y ..... y
↓ j

Note Vjits
=

(expp)x(t (t (z)
=

+ (exppi)

TRecall &us .
H =

exp(tnts) ,E

Vit
=

iton
=> Vit is a Jacobi field .

Maybe
Vit= Expleghts) :

J

-y
= (c)
,

= (g) .

Gij
=

< .
) =

ja > V +. V(r) .

=> G =

det(gij)ij1
= det ij) :j 2

.

= p
- 2n+

2 da+ (V2() = ... Vars)

=> drol
=

Jadidy ... dya =

JW
ver

drd

=
Ide+ (vir .... Unive didig
/datcVz .

.... Un

Mp > rQ)
.

Con 6
.
16 For DeSpM , relp .

Then
K

u
=

( (p) (exp(t))



where
Ups = Appr⑰)

dr

Prof
: Let Vit =

exp
iti) ,

teSo , 27

Choose Se. ]. parallel along U
,

e
,

Ct) = Vct)

Let
VEJacIs , Y

= o
· Y(r

=

ejcr) .
FATE?

Atq = Uc
.

Arplq
=

(r)/q(e =r · eir)=
ICV

.
Vi

Let Act
=

(ii)( +

>x)

· Gijc =C Vit
,Vi

Then Acry =I
.

Let Ditto datActs.

Note D'(z) = Dit) tr (ATA)

By Prop
6

. 15

,
G(t)==

n+2

Dit)
Il

detc :

j
(t)

·

=> Mpit
, @) = Jan. =

JCTE .

#= D
= A s

=

=> SVicts
. Vice)

. I



In Mi
, by Prop 6 . 15

M ,xr
=

S(sint)
2n

+

/

k =
0

/warpedprobentric.) (Phij
,

we

Mans
is

independent of $

#op6
. 17 (M , g) Complete ,

Ric > (-1) K
. GE SpM .

re[p .

7
Mpir .G)

↓ 2) im
Mpir .Q)

= 1
.

Mi (r) n+ of Mp(r)

Further
,

we
have

Mpir.
) = Mpirs for all wo .

Cor
.

16 Mi

It

: InClogM-
↓

Laplacian Comparison.

(2) By TaylorFormula .

V(
=

t JyyY
+ Out'

By Prop 6 . 15



linMar

Thm 6
. 18

. (Bishop-Gromov Comparison

(M , g) compact .

Ric > (n-1) K
, peM , Spire and Bpi)

be the geodesic sphere and geodesic
ball in ME. Then

Area

(Sipirs))1 VLBPArea (SixH)n
+

Remark: For Elp , define put
.

0

.-

&p
=

catips (well-defied
since it's zero measure) ARE)E]

-

Y

In this
setting

Cor 6
. 16 still right if r XIp .

Prof
: Area)Scpr)

=
) Mpira de

Vol(Bipin) =

1. S
Mir

. Add a

AreasMind(Ma(r) d MK(r)



* blog VOLBs)) =

Area Spu) AreaSir
-

Vol >Bip .n) Vol (Bk(4)

Jo"(Area(Sipirs)
.

Area(S (t)) - Area (Spiri) Area (Sip ,+)]di
=>

VolLB(pin] Vol (By(r]

Cope) [0

↑ Lemma : fit) ] ,
tECor) ,

Sitiso . FreR

So fit Sctdt
-1.2 fit

Side

So"sitt de J.R siti de

proof of Lemma

Fix
=

So fit)Sitide

1 side ,

Fix

=Sa Stix-Ast

[0
.

Let Sc =

Spit) fit) = Mpit. )

L
.

Sk(t)

J .Mp(t,) de
=? Mpt⑰ I de

=>

"Spitde SoR Spit)dt .

=>
Mp)ded Mp d d

"Spitde SoR Spit)dt .

=> (logVOL 0

#



Remark :

"

= "holds Mpst . # =

Mp(t)
,

Dr = Fr

↓

sectional cur. Ric (is)
.
(H) = (n-1) K

,

↓

& RLJk
.

V)U
.

Ji) = K [ (Jacobiflt) . Jit)= ext
-

↓

a coordinate In gij
- E

.

u (Sp .

r>, g) isometric to (Birs. Jr)

Thm (Cheng) .

(M . g) Complete , RicY(n+1)K
. diam- * (M .g) gr)

·

# ApeM .

By Bishop-Gromov "dapqu=
= Byc(n)

Vol (Bip
.)

>

Vol (Bill)

Vol(Bi()
=

Vol)

Mi

VoL(BLE·)= Vol (M)

Vol(Bip
.
) + Vol(B1q.) Vo(M)

=> VOL(B(p,) + VoG (B1q.)
= Vol (M)

·

=> isometric
.



Lecture 10
. Ricci flow.

Hamilton introduce the Ricc flow 1982

cogit
= -2

Riogit2t

si/

Th (Hamilton) 3D · compact refd .

with Rich o is 3D space form-

constant sectional curva

key
ideas :

⑦ Ric-eSgp0
is preserval along

Ricci flow -

Blow
up

t - T
.

Sutto @ /Ric-55g1
E

1RmE)1 + +r
.

S2

#(Hamilton) 4D compact
+ curvature operator)0 => 4D space form -

Th <Bohs-Wilkeg) U5
,

compacts + curr - operators> Space form

59eigenvale son) 2-operator -0

Thm(Schoen-Brandle ( - pinched sectional curre compact

& - Differential Sphere conjecture)
WPIC ↓

sphere
.

o

(Compact Mofd
with PIC (

4D Hamilton
,

Chen-Zhu 4D PIC
FRFE

Brendle

>13
PIC .

uniformly PLC + WPIC

Chee >Tian'sstudent) 1,10 ·

5-9 still open
with PIC



· Ricci flow exists for a
short timeHamilton(

Similar result hold for noncompact manifolds
with bounded

carrature.
(W . Ski)

B. 1RmC ,

flow
= Bip . %) 18"RmI < Et

Example : ($! gits) gitt
= (1-2( -1 t)

go 9 ..

k = 1
.

exists
1-1
.i

#R& g() &
=

GE (0 ,

+ 1) Longtime exists.

If
the Ricci flow blow

up
at finite time .

then

lim (km) =

+A

t- T
git)

(Conj .
him Sit =+ a ? Open 14)
t =

T

- >

T
.

Pi .
ti)

, t -T

Sheager-Gromov Convergence ⑳
GG

(Mi · g:
4

, p.
) / (Ma

, got Pp)
if

① EUieM: compact
KCMo

.

Eick) . fiPick)
·

② : U+ i) C Mo
k < &

i
(Hi

pyg in k <K compact subset of Mo)



Remark :

I ↳MRk
For

any spirti) when / Ronkpictal
- +

1
,

Let Ki=Ron(itil

If (M , Kight) ,

Pi) -> (Mr . gy
+ Po)

,

te <kitc , o]

git)
↓

t= )
-4

, 0]

(Mc . Galt
· Po) is ancient flow

is called singularity
model

Key
:

Classify singularity
model.

By Perelman's noncallpring
.

Thm E (Mr
. got) is

Kappa.
-

Kenoncallapsed.

<Defof K-noncal lapsed).

mak :

If IRm/yBy = VlgioGBpr)Yx-re

K-noncallpsed#) (M , g() is

-function
C

Hence. (Mo . golt) is a k-noncallapsed ancient flow

-solution
.

Def5
. If EfECYM) .

JER (cost)



Ric + 1q = Hess f (Ric +Jof = IXg) .

then (M .

g . f) is called a gradient
Rica solin.

↓
o shrinking .

x50 steady
x10

expanding)

5
= -Ric

# generatedHexeof

(g(x =

g g(t)
=

( + 2xt) 9 g

2x0
+

z)
-

m
,

+0) (1+2xt) > 0

X
= 0 t 7)- b

.

+r)

20 tot 70 . -g) .

↓

generated by of

&mark
:

(M , g) complete => E is well-defined for tec-0
.

+ r)

flow's completeness
is good !

compact
3D

:

↳
-

compact
:

(Migi . Pi) > (Mp , gylt) . Pn)

Fori
large, >M

=

Mo

(4+x)

Chen 3D ancient flow See o
=> (Mo . golt) Sec 0

-

Ric > 0

.

=>

Rings
y
HattonMinis

(Mc . Jolt)) = ($3 ,93')/



Noncompact: see not

strictly (
°

XR
· 8

+ dis)/n

&2. only thisquot
0 = 3D Noncompact K-solut ion+secso ?

(*)

For ()
,

Perelman's claim and conjecture .

Brendle K-noncollapsed

Claim :

3D Steady Ricci Soliton is unique
.

-fly wiry

2013-

Conjecture .

3D noncompact
-solution (Lai 21]

.

+ seco is a flow of Bryat
Soliton

steady gradient Ricci

Brandle confirm
the
conj

.

Ixygn

&
Remark : K-solution, Perelman's over solution 93 . Bradle-S-D)

Th 6
.

For

any
3D (Mi

. gets , Pi) noncompact
K-solut ion

,

sec 0.

If Sipp
= 1

,

then (Mi .

g.
-Pi) (Mo . So . Po)

·

Solpa= 1
.

Sec 0
.

Sixidix
. xo) + + 1

,

asdix
, xo) -> + y

That
. (Mo . gol . Po)

= (5x
,g

+ ds)
.
[

Toponogov Comparison



3 types of singularities

① %.
--- - &

-

② x/ G
Blow

up

A

+F

·
Topology. -

Bryant
soliton

·

Surgery
:

-

$2xIR

·-M
.

M = M
,

# Ma

↑

Fir

·
Topology

don't change .

T

maybe cut

Bryat Cap
=

Bio . 2)

/2
inge
. XR/22

iso
.

#I*XF .



↳noncollapsed.

need witor

GOSurgery
Time ?

(M .

g(H)
-

>
T

.

curr .

blow
up everywhere. [S2xg

↓ ↓s

casel $3/ floca)
good things :

2
.

Rx2
& $x5 .

3
.

Bright
solitan

by
Ras
.

③s' L
4
.

#x/ * RP#RP3

5. 1x

$2
+

Bry .

R

finite topology.

Prime Decomposition of 3-dim manifold

Me P
,#P#P#---#Pm

P
,

is
prime if P = M#N

↓

Ma$3 or N
3

.

· Aspherical : universal cover is contractible.

(spherical : ...

).

in
every p,

is not aspherical



I (M)
is finite ,

then
,

each
p , of M is not aspherical

Th8 : If
M contains no aspherical factor ,

then the Rice

flow with
surgery

extract at frite
time.

LicalTz(M)= * I

Patien : ASI)
.

Alt) scale cur.

↓

* Act-2i-Sucts Act .

[colding -
Minicozzi another way

.
-

With now increased when

surgery-
-

↳
=S

+ Ric =Ast
trace-free part

By
PREODE .

We have

Ri

=> By integral

keep Acto .

T
:

=

ti I
.



T

(M . gits] tt(A ,
+0)

IRm E

Golla-poncell

Thm9 M = Mahin & Minick

↓ Y

-
->

My
admit metric

ferspace
k= -1

4D- Singularity very
diffult .

Striking E hompt
come KO'likebandle.

Bamler-C-D,
-R bounded

.

Carr

4D

Kahler Mag-Li .

remove bounded corve .

Barker
e.

(He
thinks

E/Rul
unbonded

.).

Stay Appleton UCa)
. %

also hardy
Lai fly more

. 234
moncollapsing-

Bamber :

-conjecture # SESSE
JhThB

Notices ANS He pointed out may problem
when

uslyRin


