


& 1. Calculus of Variations

· Dirichlet principle ulam =

S

Harmonic funcs -

->
S Du = 0 in M

are local minimizers of Study
in

· Regularity (n=0 in 20
,

necial

· Hilbert's 19th Problem (1900)

Ecul = (F(xdx
, alon =

9
M

F smooth
, uniformly convex function

,

-
I ! u = H'(r)

R-> R

R = any local minimizer is smooth ?

neHim)-5R) ?
2-

· Euler-Lagrange equation.~
E(u + +y) E(u)

n+ +4

o=duty yeGM)
.

= (Fonttod
=E FalJul .jg dx



F = R" -> R
=

- [DjFj (4) · 4 dx pi F(p)

M Fig :E
H upj

M
We Djg(u) = 0. - E-L

.

· Ifue 2? FiyDul zin
= 0

.

dij(x) = FijDum) , GigHij = 0

· IfHe ( d
=> oneCaeC

-
KEY

=> nec = yu + y =

Aj(x) + 49

Schander
bootstrap

=> Dnec > ne 93 m) nee

EC ncH(n)
Un = Gol = r PDE ?

v = [im)

Pj(Fij(u)Giue) = 0 A
Il

Pj(dif(x)(iv) = 0 4 In(j) > AI

div(A . ju) = 0

and order
, uniformly elliptic .

PDE

in divergence form.

2

dij(x) ① measurable not continuous

③ uniformly elliptic .

② banded. SchainH

v = c work



Glaim : freezing coffecient Giglo =Fij

agaju = f ,

<u = f + (Gj(d) - Ajm)) on

1) Ul
p

. n
= C(fg + Bullyin (

=> Dullga Clifiga .

deputing or regularity of any

& (De Giorgi 1957]
Di (aiyGjv)

= 0 in B. . a t Then recBl

andDrg(y) = CHU1p(B1)

Proof: Sobolerequality + energy identity
1.

For non-divergence equation
=> [Reylor - Safonov 1979]
Ajax Signe in Be

.

Then UEC" (B)

· Motivation Fully Nonlinear equation .

F(D) = 0 uniformly Elliptic.
-Ed
/ &

Fij (Du) Gij Ue = 0
. slorSo as

Cij := Fij(Du] , Ay Diple= 0
. => UneG"

KEY : UEC" = ageC" =>Ca



Schander = UE93 . %
.

= dig + Sa

bootstrap => ne <V

Evans-Krylov [1982]

①Soboler inequality
Let W be supported in B

,
for some PC2 .

1Wl(P(
,) 110 Wlp(B

, )

: was Shorts de,it

=

- jo . Twstrdt

: wil =
-

bl (or. Dwitrld is

= -Sl
trywit Eda

t =

y
t . th-1

bed . ++
=dy

e
| x - y|h

when W is supported in Be .

then UXEB,



Wixol = it S Owl,i

Cri)(1
Owigooy d)

1xo -y/
"G(x0 . YI

Kernel d ge ~ almost integral

: SIX/ (w)
~Slow9
=

Nowar
Actually D+ bounded ?

r - 10
. 1]

n+

need
. 2 <P

② Energy
: dentity

IfI is a subsolution
. (850

,

03



and a cut-off function [(B.

then
↓ 1192)/dx = Csuppy)o"

B, C suppy

:Dilaywj-
48

C (40) : 1903 ;

0 = (pu D : (aj (b) = faij : 4j
+ GijgV : Vj
-

(Di (g) - Ayaj0 = 0.
+ 2hij D : Uj yer
-

Imm. aij uf + Uphijty to

i .

e. (a 100 : 140) = (Vay 4 : %y
2

x(P(K
T
A suplo of

"

Gaz

posuppe
At

Proof of The Do Giorgi

Part 1
.

12 + 10



D cut-off

S
1 B2+ 2- h Ik9a =

14m) = 0 . 2

o outside Bat-fet
2- k

Note Say = 1 in the support

ofYR

k= 1
x

He = (n - x- 22)
+

wik+ num= ( - 1)
+

U

O

A Asked GM -> 0.

Idea : To control Global by 14Uk
-

IP(YUn)/
* /

By Soboler

(l) * (PM/
linD$c]ge)+
p = I

= Due(2) a= 1-



=)4u)) * 154.2011 a

Denote Ar = ((UK)
Er = (p14Mr) 1

Ar Ex/50 .. 450s) 1 m .

Ei = S1MM supl Yik) Wi
suppor Yx

22) His

Suppick)

Note on suppor fir
=> Yk- F 1

.

(k = Uk- 1

28
: EK2229 Un = 2 Any

Supp(n-1)

Hence Ata 22th/3Y,03/
*

Art



92 . De Giorgi

Th Let u be a solution of Pi (dijkGyu) = 0 in B
,
10

his satisfyingO measuable uniformly chip ta

0 < XId = Az(x =Ald
.

Then ue ((By) Oct .

141 C IUDL(B
(BX)

Proof· Part I 1 - 10 I
Tools ① Soboler inequality

Part I Lo -> 29 ② Energy estimate

Lemmal if 114"llp ,B)
is small

enoughIf
then sup Ut <1 .

Back to proof. 4 ,
Uk > 0.

By

Y> => Ya+
= 1

UK = Up Jak

194Un >03/ = IS(U)2
-

2)
= 22k((r Uri)" = 22 Art



=> AR22s) A

Claim if & A<E-
-

then Ar -> o
as + a

22H+ 2)Pof An CA k = 2

=> An Act
E((5A .)

+ a I

(
k = a

. Ak - o
.

Remark (Moser's proof ((900]

(1H = c (G1
Moser : 4588 (81)

=> Ik = cu*pyi
= + 2
+ Soboler

-> P1 11Ull"(Br) = ClO1 (BD



Lemma 2
D B-Let OSUSupU-t

and Oscu is 2 (ie (4) = 1)
Bi

then OSCI = 08 for rust depending
Byz

on &
.

I
.

i . e. N(J .

N
. n) < 1. 21 · OscucroseBi

* Suppose ulB= 0 except for a set of

measure > Uti done !

ut = 0 > 50%

"half of time" "H

"Most of time. "

&

He = (o-z)
+

An = Sur=0) B21

in = (o - x - 2+)
+

Gk = Guk = 2) B4
2-

k

Dx = 30sUn5 & Bay
.



(Ap) > 1- Dr = Aka-An ifI ko Esko
.

Ran : (DK)/C,
/Sit . IGil done :

if not/Gp1 >
k

(PK1(e)2-(Ais)=al

>G - (B)

Energy identy = UCH'(B
C Xo3uF53 .

B3/4

&
sigement .

ISCAL
= sin, Twoy

come

projectionto,ent 1Algo
= GISIA)

ph+

=> IAII(OWs by
cOme A

=>I DW dy



integrate Xo in C.

(Alla = (dy)we a
&

1Allc
=) Doldy&y~

t

* IDK . icit Xo

IPKNIG-
·Y radius , p

t
-

Soy
dx

.

dxo = r

*"

dudO

=g

=
Isin

& Osc[rosch
,

+ < 1.

↳
By By

oscu osul

B2k By



=>Ue(B). ~ r

ChooseX near o.

(1 = 2 -

(um)
↓

a

Cor
.

Liouville - Thm

Let u be a solution of Dyldijfik) = o inR

& 141
pr

= C
.

Then i must be a constant.



33
.

min(F(5) dx F(ou) =Jul

S 2

u = g on Gr

graphe
.

i
· Uniformly density lemma (by De Giorgi)

Vol(R & B
,
10) 5.0

Idea : If wh(RAB0) < to
,

then

RBh
Two tools :

Br Bi Dvol(D) = /Areasses d

min Area(Se)~ Si
area- fisui

& Dal < cut.off . In ~ Energy identity

② Isoperimetric identify,

vol plusG min
. surf I (areas)

o



Br= Bz +2
B

B

Di = (B-Bi) &S

Sk = min Area (Sy) Di

+< <2 + 2

From O Sp[Volr = 2volLD #
A

From Vol(D) CS

5 C . chg
=> if S,%o

.,
then Sp + 0

. By isoper inequ

vol(c0B) = 0

1 De . Giorgi : - > 10 MITHiRE) ·

10 - 2

Moser's Harnack nequality
local maximum principle

S weak Harnack
(two steps )



① clocal m
.

p.

Lemma. Let u be asolution of Dylajui) 0

we have
essup

n cutp
# : (uu
Tab up . E

1

: 1/1B1) =allu) + C/)uP
Iteration--- M

② Weak Harrack.

4 [19: 41) + 0

., esstuc Cu forsome

Po > O

PE
. if u supersolution. -

UFO · by consider no a

then i subsolution

then apply D : essin =Cl
essing usc) vip]B



↑

-> (((((((uP)]Su
if (i) then done !

3.2.Wirenberg stor some po , true

① + & = (Moser's Harnack
Meg . ) If u is a sol.

then
esssup u = Cessist n.

By By

· Moser's Harnack ineq.
= C"

Pf : M(r) =

esssupn ,
Min = essirf, e

Br

Will = Mr-Mr (OS)

(i) V = Mir) - u
, apply Harnack toV

M(1) - M(z) <C(McK-M(z). "I

(ii) V =

M-mc) . -

M'25-m(l) [C(msl-mcs) (2)

() +2) Wait Wil ? [ (wil - will
< 1

.

W



54 · Krylor
- Safonov

Thm (1979] Let uxo
,

be a solution of a Dijn=

in Blos
, we/ say uniformly elliptic.

Ther supu-
> C - infor

-make Karnate

&

Preliminaries local -
By2 L Bu

m- p. aijDije
= f in B

O A-B-P Lemma
.

830 on GB
, W

-Jsup of " = /(+)
"

B -
Prof : Vol(0T(B ,1)

- 2 M w
-

2

P

upper bound X
Vol 1P(B ,

1) =Sde
Do I

=

S
detisa

~ (JayDijv)n
GAB ,

((f)
GnB

,



Tower bound

101S = VORB (up
- W(B

, ) C J P(B1)

17w(B
, )) < (04(B , /

② C-ZSA-B lemma)

ACB < @, i
(i) 1 A1 = 5

A

(ii IANGI < 5
,

then &
*

C B
IQt

Then 1A) [G/BI Do
. Q ,

02 --- disjoint

UQisA

a
.
GF . G ...

2D either nating on disjoint

Take A D disjoint WRA

IanRi B
1 Rit

lander 1Al = 1Anuc
1 R. = IAn al

J

=> Stay = /Ugl = JIBI .



Lemma 1 (Weak Harnack (

Let Dijo ,

Uso
.

in B
,

Vis = 1

Than veLeek(B2) in the weak sense .

i . e
. 1903 x1) =**

-dea : Y = N + 2(1xx - 1)
-

Wi = -1, lo
8

(v = 10 +22(mx - 1)
= Clay)

.

= Spupuf"C C
= Cl contact a

X = & contact set)

=> To

=> V = 2
.

Scontact set] < SU=23
.

Iscontact sets) = 190 = 23/



1 = <(0 = 23) = (90 =23/301

= /Se > 23) = 1-0
.

Lemma O

#X C%

·

a
1Stxol ↳MAS

Prof: Y = V + J I construct

[0.

St
. Eco = -1 (Ci] = (os + 1207

) = o =o
& Bi R(X

Applying A-B - P to G
-

12 (see)" = )C = CIPOB
De Bio

contact set f

Xep ,

then Exo . = U +8 -

V(x) = M
-

=> 195m3e / > @ 0



Proof of Lam1 (weak Harnack)
· An = 38 > MBY / REF : A decay estimate on IAal

Ak- = = B

Apply A-B Lemma.

if Q
=

IAnQ ,

then Q
*

B
1QI

InR
= 10

.

aim Q
*

C An-1
#

IQl xeQ* Wimb

If not
,
EXEQ* fe emb

= Fix = 1

Apply Lemo to E

(a) - 0
IQI

↓

150 >MG3Q1
1-04

1 al



By A-B Lemma. => (Ax) = (l-0) Aol

(SM) = C) - a)
X

choose so small

1900/crh
18 M/S0cm3) + M29/SM - @ cMiS] ...

& = Ma + M
2

(0) + M3( - 0)2

Maatas +A
-

we get weak barrack

270 dijDijd to inAs

when (Ses)* Cifo
&

+ &

# Let u be a solution of a Dijk = 0
.

Then neca
&

Pr - aim OscU = Pose Pat

Q1 Q2



Let W =
- then Lu= o.W1 in Do
Osc U

&
2 A

Casa 1 .

(w)101/111~
w

↑

apply week Marrack to W. o+ 0

↳ = Sinf w = Cinfw
Ga Q1

ly =>infw
Casa 2

Hw)101/111

Apply weak nearrots to 1-w

(5rw =/Re
(2)f)- w)

Q1

supw =-
---

I



Exercise Krylov-Safonor's Lionville tho
-

if Lu = 0 in R & 1411
= C

thenU must be a constant.

Lemma 2 (local maximum principle)

If w is a subsolution & We tak in Re

w = M
.

then Sup WE C -

&
Oy

I & V d

Prof: if Wixol =M. **
TBD Dr Xo

Then we can choose &N0 TT= &

50 S .% . SupW Me

TBD

if not claim that /Wstno]e &r = IA)

All /Sw -mon & ry = (B)

IB1I &I h

By assumption We Creat (2)·
=> /WoolMz



Takea Small ↓
st . /rl =2: Ral

-

by contradiation ,

W < ( +5)M
o

in Or

W
.

subsolution

then (1 +5) M
.

- W,
o

↓

super
solution

.

V =

(1+ 5) Mo - W Wixo = 1 .

&M .

=> i isweek

in the set [NMoh
.

↳
Kaffiant

Il

IAN &/
Choose I small enough
sit)



conclusion : Wo subsolution & We Lweak
and Wixol = No

.

then SupW > (H) M .

&
m
- (X)

=53 S

-
W(xol = Mo . Ex

,
St.

(x, - x) = Mo ..
W(x)(10) No

M

= x
.

st . (x =
-X

, 1 =

(1+M
. )

- "

,

Wix (+5)Mo

i

Wax = (HkM ..

2/ &2- Xa) bonded i
·Xi .

Nol

I

·



$5 . Evans-Krylov

Review. AjDijn = 0
.

no regularity of dij

uniformly elliptic
II Du)'11 ~DDu)l X Id = (aj) *NId

· If Dijn = 0 supersolution U30 in Be

U10 = 1 => 1141week (By !
=> Cinfu

B1

A
-ES Fizzybed .

*B 33 to]

· If af Dijk >o
subsolution Upo in Be

usos = 1
,

thenLeat norm controls sup
u

By
2

- 1

- Sin
< (Ju) .

· B1

· contact set

T
theory " g , Wobelongs contactE *

Du -> 1 Set

Refrence: D Evans 85 TAMS

one-side D -> LE ② F
.

Lin Of PAMS



Remarka (turn up-side down of weak Harrack)
· If u is a supersal

. Upo
,
201

=> /Su > M3/SM
- >

· If u - subsol. 150
.

COR-1

154 -M3) = M-
2 ·

Conclusion If U is a supersol ,

G = O
,

and

(50a - 14) = 030
,

then (10) - x0)
.

< stay away from o

Remark =
Consider uniformly elliptic PDE

F(Du) = 0
,

/
.

F(0) = O

positive
Matrix

uniformly elliptic means
.

F(M + NT) = F(M) + OLINT1)

= (M +N = F(M) - O (IND)

pri .

F(MIN)-F(M)

↳
= AINI - X IIN-1

* INT - NIINTI

Regard F(M) =

0. as a "surface" in the space

of matric (***)
2f F(M) = F (M+ N

+

+ N) = 0

Merthen IIN11 -IND.
comparable



F(M) = 0 - 1M+ - 11.

Remarks (normalisation) F(Dn) = 0

= Xu (ax) scaling
.

If X= D = Du
.

F(D) = 0.

If not. D = XD · FLM) = 0.

g2 .9-theory
In 2-D R2

Thm /Ninenberg 1953]
F (Du) = 0 in B

.
C wit , allip .

Then 141 = CQX .Hull
(0 (B, )ch(BX)

Pro : Let V = Gull , dij = Fij(Du)

Dij= asijDF ,

Ei=j
=e .. A so

& Gu + 9
,20 .2V + a282V + 92zV = 0

=>a 2 . U + 2012 &.
V + A2WU = 0

+2 + GV = 0



i . e. G- bGV + Ev = 0

Let W = -
, i

G (aGw + bGzw) + GW = 0
.

Define A= (axs by & Decringi

- =()
div)A -Tw) = 0 => wec = Veg

w satisfies a divergence form. - UE(""I

In RP

Thi [Evans-Krylor 1982)

F(Du) = 0
.

in Be
.

Let ueC" be a sol

28 F is witerly elliptic and "concave
7
- 15 A31.

-

Then UEC2(By) and Kul
= Cl 4/1(0 / B

, )(2)(B)

Concave : F(Du) = 0

&
FijDijne

= o

↓ Fijheile Drele + Fij Dijkee
=

-

H rector version

=> Fij Dij Ken O

R - R
n

The p Due Ossen posinUnf
Byz B

,



f .

Dec ID(x)= C U: X- Du(x) H(B)
- ⑧ ·

Mi

HJB .) is bounded
B, RM O

⑨Sdiam (D (B
,1) = 1

. · & BSM3)

As: We want to show that for Mu
S,My

space of
some 9.30

,

diam (su (Be .
1) = 2

matrice space payn

Step D
.

use [BMs] to cover f9(B
.
) = Din <BI

need~5-nh many
balls

=> SH(BIM) ] cover B
,
10

=> there is
,

at least one covers area ofoh

=> BE /M3) ,

s . /2"(BBCMa)) > non-

Step 8 .

As for as image
diam (H(BD)

1
EM -> f St . IM-Mall I

Note F(M) = 0
,
F(Ms) = 0

.

Rmk2 -

I/(M-Ms)+11 -I/M-Ms)'ll comparable.

1) M-Mg) 12 => Kee Heelset



=>Fee" sit . Suplee Hee(X)+
Bi

Step 5 .

choose I small enough sit.

- = Sup Kee Kee+ Dux BECMal
BI

i
.e .

+ Xe2 "(B(Ma))

"t-Hee)" 0.

supersolution

Apply weak Harrak to -Hegex in B.

=> info-Heel <// -nee)
Byz

> Gas (Bima)/
*

= (a)
= &(5) > 0

.

=> On By -Kee &(i) = 29
.

H(B

↑O replace By by

Bring inneed q-hxn
may

balls



# E Ba cover t=

Suple
in order to cover fl(By

we can throw
away Ba ! (B) - an

⑤ Now
, if dian (HByl) = E done !

If diam (2(Byc) -E

we are
in business for Step 2

.

In By

Let V(x = 22n(*)
.

B,
C #- R

D U(x) = DU(/2)

Do(By) = Du (By) ·

M
throw

away
Ba

over
the

threshold. IBalngn

diam (vi) = 1/2.

zki se .

She
diam (p-u(B2) = E

Y
Be




