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1 Gradient flow : De Grong:

Abstract Setny/Wasserstein space

2. Optimal transport. .

Tool
, target

3. Ricci curvature
. / CD

,

RCD

OT stability ,
Wasserstein barycenter

Convexity(
?)

IR
, fex is "convex"

(1) fec(IR) , 7"0 "geodesic convex"

(2) f(tx + ( - t(y)* + fx + ( - t) f (y) *

eg .

t =%2
(3) fixix+... + &nxa) < Xf(x) +... + inf(x) "barycenter convex"

In metric space (X , d) , geodesic .
We say f : X -+ R is h-convex,

for Re -y
-x ,

y, => 8 : 10 . 17 -X ,
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,

if f( + b +( - t)d288)[ - f(d) + 11 - +) f(8)

Tweak) = 0
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Remark :1R"
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Ricci limit (Exytesof En isest or pl)



"strong" > ( * strong !
in
many

cases uniqueness .

(Synthetic FERF , "strong" P&-M/

Riemannian manifold 1AEZEE (SR & M(

-F

Gradient flow Convex

(X , d) Ut : (1) -X ,is LEX)
-

(*-

8) = - 2 p(t)
= (w : fsp(y) + py-x))

Rh ,p
-

=

- Jf(ut) Vz

↑ (x - P() =(+ dr

I
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= 1500r.Or

osticz↓ local li EN+K
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De Giorgi :↑

~ energy
dissipation

(EDI) & : X + R
,

100 = Ein 1921-d)
y+ x dsy , x)

↳mma : (e) is absolutely continuous #) dcUt
.
Us)= girdr , gett

IUI is the minimal
g.

Evolution variation

↓

CENI) o is heconvex
, I "very string" - implesa

↑ ty ,

we have
① strong convex

k ② Riemannian

2) -fa structure.
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Assume Ve.Ye are two gradient flows
M

↳det , Ve) +Ed)
By Grewall Lemma

, diVT)- .

Fol.

imply Riemannian structure

"Wesserstein Space"

given (X , d) . Mange Problem 1781

=P(x) - /Ce . T() du

Given u = P(x) Thp = 8

-

2(x , y)2(X + X) I
T : X - X

ITT
maybe not exist #

e .

g. M =J.
.

(dirac-measure(

U =1 + 52
2 J

Let ((x . y)
= d (x - y) ,

Kantorovich problem

inf/Cydia
We'lv ) =Jinf /did

i = T(m ,0 TG2 + 5

↓ P(X = X) is extended imetric space.

let P
..
P

,
be projector Equivalent class PSX = SMEP) ,

EXo
,

↑T= p , Pat = 0
. Sdcezdy < +1) .

i (Pa ,
Wa) is a metric space,

Moreover
,
if (X , d) is complete , geodesic ,

separable

difficules
/

(PaW) isa -n crespectively



Q : ( . d) = (R" ,
D . 1) .
(P , Wa) is Alexandrov space with

non-negative curvature. (Right : non-neg
.

c. > non ,

neg
.? (

But other curvature · # other curvature
·

We don't know.

Theorem (Geodesics in (Pc .Wal) Ambrosic-Arge users-guide.

For
any (2) < Pa(X) ,geodesic

> ETTEP(Good(XI) S . f.

(1)T = Mt ,

C + It) = re & (,%) is Of in Kantorovich problem

In particular, li= (Iriedit #
example (P(RY

.

(2)

Monge problem ?

Wish .
Us = sup Sydn+ /y'do (Kantorovich Quality) 1989. Yanu Brenier

14 ,
49

Y( +may)[d(x . y)

G(x) + yay)gi
notice the term ,

If i is differentable

f(x) = -

2y ( i-a . e
.
differentiable"

C-C hyper surface, graph "convex-convex" function
i

convex

(Morge
Problem is soulable in R2)

Remark :
We need a reference measure

. (uniqueness ? rigidity ?

Cheeger's work1999) (



Gradient flows

① g is convex on Heh.

P(X- Jedi Denote Vi

(a) Vis convex
, (WdM = (VISedit

= ([tW(2) + (- t)(c81] di

= t V(qu + ( - t)Va
.

(b) Mc : continuity equation

= 7 .

St. )ydme = ) 154
. Ye > dpt . 7-test func

5 - 7%Me I+ ?

Tm (Benanow-Brenier)

Wick ,
r = inf : Side . (BB formulal.

(ut) = Al (P
-.Wil

Mo
= M , Me = ~

Excise .

V's gradient flor

(Otto's Calculas
(N2 . P2)

,

porus medium equation 2 fixit) = Of ,
as 1

Functional : M Jedx
M= fdx

(inner energy . Santambragio



(Mz) &(P(x) , Wz)
innew product

(Oto) Riemannian Structure.

"((V ,
We dpe" ,

of from continuous equation .

example ,

Puf is the geodesic [0 .1)
,

WeCMo ,Me)
= field

~32..
Assume (a)Me m 1 m?TEA* (

(b) (Monge problem) strong version
,

-

i absolutely continuous

M
.

P
.

solvable : (X ,
d

.
m) , weak version, En .

Mom .

=T : X = X

OT
.

Sit. - 7 2 % M. P.As
M

=TM .

on R Me = (1d + +(t-ed))#Mo bayesc . (Breihen).

on Riem
. mufdo Me

= [expcty]#Mo . (Mclana)

Generally ,
let 14 . 4' be Kanternorwich potentials.

Ut= - 0 + (-4

where [Qt} is Hamilton-Jacobi

&Af(x = inf 3 d + y(y)

② Heat flowSequation)
↓

-B-F
E



R (t) & Pr Cheat flow)

http i Any
M = 2 - dm

- Heat equation-

=E NeomannTFit
test func.

yCO, ) You = - (14 , 527dmg
=

- (50 %. Jenfe de
RT Lebesque measure

Velocity field : - >Inte
,
It = / NOR do

↓ Finser
W2 zy-psis) information

Toget
meator

Gradient flow

On (P2
.W2) ,

consider some examples of functionals .

Pmo function.

-

Define
Ou+ SVdy

I

potential energy
'I

F: Entsus =

G
Seeugdo Men

+o other

f . dm -- ((()dm
"TF"1st order variation

F(u+ 30) - F(M)

2
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Note that when UC =xhx
,

U= 1 + lux yepe
v

Tucp = JM)
5#y 0

In conclusion,

# :
heat flow is the gradient flow of End). )

.

& otto

Riem
,

Alex
, CD.-

2 particular, if EVI gradient flow exist
,
heat flow exists for any

probability measure Heu)
H+ (5x) hout kernal.

--

↳AREYSU.P-W.!
Tas it

.G29 heat
equE for

CD (curvature- dimension)

Ref /Displacement convexity) McCann

# : (P2
, Wa) I functional .

We
say F is displacement canvex

.

if F(ME) < -F(M) + (1-t) F(Mo)

Intuitively (Villani's first Book
, Otto-Villani)

Hopf-Laxgood book

#Brof .

VillaniAynakry- Emery
"

& Ent'Mi = / < C late ,
Eth due

Hopf-Lax : Def = int +y

Hamilton-Jacobi - equation . & Ref + ItpRefo

· Ende) = "Sta det
↓

Bother-formula
. left part. .

(AE-E)



CD condition (Von Renesse-Sturm) E
CD(k , N)

Thm Ricci YK) CD (k , b) on Riem mufd.
# F = Entropy .

(Ent .)
.

(CD(k ,0)) (M , d) Tigh)Bagxin Man) .

↑ ↑

-E is concave

Rien any

(CD(o .

NC I Benarty : log-concavity. 1

Riccio
,

i
. e
, [VORAJ

*
- EfVORCATY1

(IR",

11 . 11) is CD 10 . n) I V

Riemannian mrifd !Sh ?

Remark: Villani etial
.

At = (z/EX .

Ao - year + ( - t) [Voe(Ao]]
i

# z is tointermidium p+ &

↓
norm Vol(At) -VoRCA ,

VolcAo)
1- t

CD Settig
Gradient flows

. Chifi)15fRdm "Cheeger energy"-ifunctional,P.T** graiet
flow

ThMCAGS)
.

The -gradient flow of Chc) is the g . f . of Ends)

X "P: take 2
.

11

Riemannian CD(RCD) JocXXoldn sy

"

1
.

TFAE. (1) CD + Chi) is quatratic .

( *** t** )
·

↑Bi12/ S (2) Heat flow is linear sup Entri+1

fIsis N2F

Test (2) Laplacian is unique -E -> BUR 551 .

(3) Gradient flow of Ent))
,

is an EVI gradient flow

↓ vie

7T_/FiR

Appl . b is
harmonic

func

5 Riem . Splittig/ > prop :.
blef

-

mufd75. b is Buseman function
. gradient flow of b =

TJ

RiemEU = - > bIUs)H ?

↑ST .

->/37 Wit-S fuctional



M
-> (bdu = B(p) ·

consider the gradient flow of B

fuc . TFENE

denote by (Mt) the g. f
. of B. he This FyihyX7

=> I E P(ACR , X))
,

St
. Me

= RtTT,t
.

ae
. JeACLR

, x)

/ is the gradient flow of b & in8243 . 22 - Phi
(EJAT) **-155 Monge question's sol .
RCDT :G Monge question ti. (BSE)

.

M

entpoy iiizyespe
Wassertain barrycenter

Mo .Mee P(X) S

Mze angminWM ,MWise ,M

) condition : We (ME . Mis = Wa(MI ,Mr) = Walm .Mo)
WB problem Gauss **) Carton(***) .

REP(R) , inf)WicurdR(r) . If Me arguin ,

we

say barrycentera

of R.

R" 1 . 29AGETR
.

Sxdy M+ IR
↓

X1+ M

*i = fin*E )
W spaceEESTE

Why :"barrycenter"? P geodesic Cantan

f : x - Y .

Ask : /Edm ? Eit .

ETAB--

MEP(x)9 Il

e.g.5
space.FifteYPES barrycenter

In Wassertein geom . ·#).

A priori est
.

-

1) if exist
, satisfy some bound

1) Jessen inequality .

(BLD)

if M is barrycenter of N.

2) Approximate . (Ts bound). I Ent(r) = /En+ (8) dOL10) y3) compactness. 2) Approximate . (Almost .

Jessen).

3) for 22 Satisfying /En+ (0) d(210) < + 1



Tessepf
: EVI gradient flow. let t

be a barrycenter,be the EV grad. flow froma

MEP(X). Wicht, 8) = Enter-EntCut) - Ent(r)

·

[EntsMods+* 2 (e ,
r)- WiMo , 0)) < -Entir

Integrad W
.

r
.

t
. R

,directly t on
both sides

, + 0·I
+ u. . Odn = 0 . 2#31.

Stability of OT.

Recall sup & (P(xdex + Si(y)duy))
.

P(x)+ y(y) -

> d2(x - y)/z
if - a+ Gt (* goalT

optimal p is Kantorovich potential .
(RCD

Map : T(x = expy(-JP) (Alex)
F

Goal : 118-P = WM , r)

"Workisteh space XL"Pat-gutErf"
[Ambrosio-Grigli] Hilbert space.

P = 2
,

c = t ,

almost

-> 28 TX/ Trot*IESHSE

[Andoni-Naor = Neiman]

(PCRY , Wa)
,

bi-Wilder
,

da3 CENT*** Hilbert space)

Setting LIAGe Boman-chain argument).
① suppl John-domain S ancleigh

h

-

fixedxo Sit. XES
,

= r
,

from Xo to X

pinosit . &J . S") [
+.

② &
, m = f = 42m

8 . t - #itagawa (3) T2)
③ Ep = 0 .

LEGE/]. Fruit, Merigot , Delalande (
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Motivation : Varadhan's formula. Shen : d ,

O
Sim-thnPy(x . y) = Ed>x ,

ye
Chen-Tian : Tori-Kahler

.

t-0

↑ heat kernel
.

I
"tgerdosi<
/ further

.

Kahler-Einstein .

is convex" Berman/Daves
② Shrodinger , Entropic OT

conj =

" RCD-RicK .

Talagrad inee
↓

- => Cole-Hopt transport&
.

* 5 Kahler geam.T52 ·

eg. Ding's functional

Bef : PELip(X) ,
+> o me define a functional

&2y](x) = - tlmfe
*/Pyxydm = -t(n))em)↓

EDs&Ric T ? ↓

- ten (4y, (
*
))

.

#[Y] := Clyde KEE

Luma 1st variation
.

TKE(4) = flextdfix
↓

-[4] KSo

= li
↑
x 22T suppu.r.<Y X

FE YD
↓

# #y , 1 =Lip(Y) . D. . Ye are proper Lipschitz extension
.

9)CYx](x) - KEY]) - (%24x]m - K= [4x]) den
tB .KP) 4= 4x +S(x) .

Stu
=> 2) Entee-MEces+x - 4x)) *



"takeproof" = 1 (JK(4] ,
07 ds

1

# = k(-)D kew , usds)
=

(*) from Q
. 1-Poincare inequality
② Li-Yau heat Kernel ( use Ricci curv.)

.

- kt XxPtIX . j)
1TxlogPe(x , y)) = e

Pt(X . y)

Lemma :

GM = -tenDedixm)
↓ e .

a . e b +-> 0
.

2(x)

K=[Px](
- - (pixde

Luna : you -> JES Kant - potential .

u
*

[4] weak p

M[ex] - Six
Y

J

Letting + + 0
. /2 - 4% dg = /14-4) deers

= [B-4)mduxx- ((b -2((y)d( +y)

↓ it
, camply of

u0 .

=

(((3 -y(x - ( - 4)(y+]di+ (x - y)

< Lip(y-4)(dixys di E



measure: f C ..2 (a .
- b

,
1 + 19 -bal = (((9 -bu + 192 - b

, 1)
.

T-E am b.-EmbrM 9 .
b

.i

·

as az -
jM= z(ja , +Jaz)

BETit Thry :

&) Alexandrov space.

1 Tusx S 15x ->G, (x(2dg(x) .

Di
To(x) =Lc)(1 %

m
* -Pr[dem).

OT
.

>

X V

&)Tax · To() = C10 , -821

Fools : X is Alex
I

Xrog Perelman
, Otsu-Shioya

TX
,

ExeX
,

TX = come over Ex

xeXrog ,

E
,

is gat

# (Kaparitch-Lyeahak , Petram 2021) .

= TXIEA Lionville measure
.

15
. We

->

concentrated on TXrog · locally H2xL"(X . Haus).

& ( , d) with no metric measure bondary . We t geodesic flow I

TFT(9s)he= me

&(x .2) = (bs(w) ,
tyu ,x))

exp
↑

parallel .



&A , hen-ae.

(x
. 2) geodesic inBest E

.

JetTREEE)

Th (Brue- Mondino-Semula , 2023)

PCD setting .

Alex. Without boy .

no .

m .m .bdy(2)

-

Per
.

(X
,

d
,r)

,

( br(x = (Br(x)

affisFr = (1-brixh)
,

Riem
,

math. Un=as Scala

SeaTayloFatMetrix measure bouday <m .
m

.b)
.

is defined as the limit of

& 30n/whre 10 . 1

ro

M
Re/10q--d=(5 -p , 07 dotde

-: In-Ense
= Cyt ,sc bod.

ESTag
.

(S . Ohta) domain I

TAGEX-A*** &John ! ·
i [0 .1]5MERSTEAR

Then considerD1-dim &SRI Poincare Meg . (Marigot ... )
.
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EXPRES . ↓

Sudakov *B
.

X
.9h23

.

1dim,half o
"I 122-siz

.

"

Isupermetric inef (localization)mux
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