


Motivation : from sphere tha in cpt manifold.

(M2 · g) = <pt
. mufd .

U= 2 : Ro = ME $2 (Gauss-Bonnet)
.

A : Ricko = =$3 (Hamilton)

n24 : differentiable Sphere thm (Brundle-Schoory , Bihlo-Wilkeg).
(n= 3

.

k > 0)

· Rm > (as Endin Mes

· -picked Kmax < 4Kmin
MBS

All by RF

BS : Based on intermediate concept
: Isotropic curvature

.

I think (i) Micallef-Moore studied

f : $"-> M Canhimal)

Pe : Rm is said to have 30
. isotropic curvature.

if K
*
(5) 30 if totally isotropic 24 plane

(Require
n>, 4).

Def . Rm is said to be WPIC1 if MxR is of WPLC.

↓ --- WPIC2 If MXR is NPIC
.

n = 3 : WPIC ,
> Ric > O

WPIC
,
> K, 0 .

n > 4 :· - pinched => WBLC = WPLC = WPIC .



BS WPIC is a preserved under RF

-
on-opt mufd .

"

· n = 2 : R>o = MER
?

· n = 3 .

Ricbo= MER(Schren-Yan)
.

-

· n*4 Soul theorem K30 => MERA

& : What if Rm >o in Stronger sense ?

A : Hamilton's cong : (M3 , g) 2) Ric > gRg is either opt on flat :

Thm /Pernable L
.- Schulz-Simon-Topping , Cf .

Lot
. Chon-2hul

If (M . g) is complete Sit
. Rm-gR1dCIG.

then M= cp+ /flat . (non-cpt version of Bandle's sphere the

Focus on n = 3 + use RF + Cheeger-Colding.
Fake pf :

Pretent
(M , g) = med cl AVR > O

-

11

lim
V(x

. r)

↳- + 2
With

((x):= lim (M, 9 ,
X) from some Ri - +, by Cheeger-colding.Ri= + y

· Pretend : X3 = Smooth (fake proof (

↓

G(x) = dri+ na
gx

· Ric > &R is preserved (fake)

· Ric(br
.
(r) = 0 =) R = 0 = Rm = 0

.

34
X= $2

3
=>G(x) = R3

Colding
> M= R (

thanks to I
Rico



Issue :
· No regularity !

· collapsing ( ?)

Special of Special case.

(M, g) = gradient expanding soliton w/Ric > &R

(self-similar sol to RF)

2 Ric + g
= 25n = Long

-

Lie derivative
.

Define

GO-Pz
= - For

& = 1d

then git = -Eg ,

then Geg = -2Rc( =

g.

pullback * 2 Rc += 25

-- o

* 5 = 2* = metric core equation

GERS = smoothed version of metric core.

3D

Claimi GERS w/Ric > @R => flat
.

-

Lemma : JR+ 2 Ric (Ju , ) = 0.
-

P : (D :
0

; -8) Oph =
- Rijks We

Il

-DiRjk + JyRik A

Let It be

- E= p (g* g + Ric =

2I
I



&P
1

↑

au(z() = 1

U = t
,

0 =R(t) = JTR,p

unique
lena-2Ric Ja.
C 22R

=> IRm/ decay exponentially at is

=> M3 = R3

e
.

g.:
· Greane-Peterson - Zhang (gapThu)
· Cheeger (Blow-down = ((x)

, XES*M)
and T= 593

.

&:. Dwhy non-collapsing ??

② Why smoothable ?

③ Why smoothable is rigidIf

Outline : Assume M = non-opt Ric [R
. go⑧

& Rm-2RId-Cpace .

n >4)
Step 1 :

· ↳- Topping :
then I gitt RF on MX [0 . 0

st
.

g() =

go ,

Ric [R
.

S
IRm/ = at

't a(q) > 0

&
expect ERS

[M . g) GERS wIIRmI = C
.

git
,
lik E ↓

Step 2 (old approach (

# If go flat ,

then Ric>o at XoEM



w/h . topping => Ric >o on M (WLOG)
↓ sy

or appeal to Lin => MER3

Then existence of RF smoothing ge , w/O< Rice >

=> AVREFAURo >o (Cheegen-Gromov :

- Fekaya) .

Sep3
.

Jassuming 1 + 2)
.

Appeal to <C
,

C = pG4 limit of (M
, Rigo · Xo) Rie +

(g(t) = original RF)

Consider g
=

Rig(Rit)colg
< RicIgit) -> >

AVR== Vo so

↓ i = + 0

in (Cheeger-Gromor smouth optness) .

gy(t) = RF on Max (o , +0

Salt)
Rico &Ro Po

u & Ikmilt-f
1 AVRO = AVR > o

O dygy = dggiss
+ > Sco (Ric

, of

② dge) + CE from Ra = Xe
+
)

↓ (by Hamilton
, using

2nd variation) .

dyC(X) as - ot



&m) Chan-L . -Perechey ,

af
. Derulle-Schulze-Simon)

In this case
. Golt) Must be GERS

CDSS : is almost (

-

Rmk : Related to existence of Stilton
->

1) Bryant : X= gn
- 1

2) AD : X = some smooth object (ODE)

3) Barler-Chan : X= smorth w/ Scal(x) > n(n-1)

4) Schulze-Simon : X = Smoothable w/Ric > ncn-1).

Idea :

-

metic come : (CSX) ,

d
.

X + cp .

) satisfies

=led gc (not well-defined)
L
2

But CC : If (M
. g . x) * CCX) in GH

,

under

then * holds (almost) in Loc
Cif ,

Lemma (Cheeger-Colding , Cheeger-Jiag-Noben Rice o

=> [i
.

ti -0
,

Ritto
, Upo + ( (B+ ilxo ·

Ril)
.

OIRm/ * St

GH limit = C(x)

Sif, ti Hi = =

S Sup/U: -Ed (Xo,2 Ei

Bti(Ri)

⑨ & Hui-Eght1Ei
I Bti(xo

.
Ri)

Duil = C(dgis + 1)



(Reverse Engineerly( Smooth A

/some
cutoff

Vict = (17(x ,

t
=Y , ti) (4. Uro(y)dyti

M

i . e. (t-8g) :
=o on McCord

& Victi) = D :
Mio

.

Main goal
Vict -> Noct)

(2t-&Up = 0 on 10 ,
+ 4)

I ed : (xo
,
0 ( = ((x)

Based on Ric * o

where

* 2tRico+

gy
= 27 Ea

9y't)

Based on Studying Lichnerovicz feet operator

Emma Gevo of S : = 2t Ric +

g - 250)
(direct computation)

(ot- 3) Sij = 2Riklj Ser-(RiSSih-

careful treatment
-

O
,
N

.

Unlenbect tasty
,

consider
GET ST . OEi = RIPEK

.

JEi = o

& CegLEiEj)
= 0 @ A(SCEi . Ej)

-

"Smosthcase" & : Sid * S = 0 .

i

E
as i - + u

Il

easy if curvature is good ! # /Sl = CnIRm/1912



=> IScl = e
*

Islan X

Semma : Under Rico (in 3D)

I
2-

nonneg
1 Sin generall I(Riziz + Rissi 70)

Sij = X: Jij
then (S0g)e = y satisfies (x ,

12. An

(0t - x - r)4 = 0 I (S0g) +

= (x+ 1) +

(S0g) -

= (2 + in
-1)

* in RF
,

ot- D

8t - X - R

stoke

·(4)
(due)' = &try (0+g)dp = - Rdy

that is why "Ge-O-R" is important 11

# : A(S + Siz) = 2RabbaX + 2 Ratta N

& 2 (R+ Rat(h)
.

+ 2 x

= r(S ,
+Si)

By
the Semma : -(b

- o - R)
ji in 2

phy , ti) dy +;Y(xt) of Riso
.

+ 0(1)

(Li-Yan estimate based utoff error by growth Rate

on MG = const (



Recall : proved a special case of Hamilton conf

ThDennelle-Schulze.

-Simon
,

Chan-L
. -Perchey (

If (m2 g)
is complete non-cut which admits RF =

gett smoothing
from glovgo st

. GOXaR
Rica at

↓Colding(

AVR= AVRo > o

=> (M , g.) = R3

Rh Now diffultions is to constract smoothing .

AND non-collasping

Might consider CAME question in Kahler case. (conformally flat case)
~

SM2g) Kahler complete

Def : BK* [R

R(X ,
*

,
Y,&r)kx .Y() X , YETM

G : BKY ER => flat or opt ??
-

#Ric&R => Ricci flat
*

: Ricci flow dynamic in complex is
very different !

ButB well-understood in Maximal rol
.

case

(AVR - o

Thm (hin)

Complete non-opt Kahler w/GBK > &Ro
,
AURIO], is= k

ifLin proved under AVRLO,0 .

EC30 st

.Sric
bisectional .

Il

(in)"X . -- An detRic (Mathz)

Under pinching,R



Cheegeny
any

metric come C(X)= flat outside tips (4)

↳Tam Gapl med =XX
= 2

+I
Ibased on RF

Wish: discuss existence of RF smoothing

Setting (M, g .) = completed mufd.

RF)bgRic = wkly probea

&
No direct existence even for ipt refd.

* unlike Kahler case
.

-

holi coordinate is good garge
.

(Monge- Ampere 11 (

Now usually appeal to DeTrade
. (fixed gauge

Consider ganged version PDF

ag =-2rin + 2x5
⑭ I 5,0 = 9 .

= some Ref metric

xk = jir) - Th

* is strictly parabolic system

"Std" PDE : In at case
,

it admits short-time bln on Mx 10 ,7)

P



In local coord.

w =ge+*** Em ****** Jg5Y
↓

unbounded. curvature

RF

Thm(Shi) If go= bed curr, complete metric
,

then i admits

short-time sol
. co =

go ·

Moreover
· (Rullical (g)

H
↓

Existence of RF .

consider g(t)

-[ =
=

-X([ - () , t)

& Es = Id

then
g(

=

E*
= RF from go .

Important works about RDFA) many geometric applications related

scaler curvature .

Thm ) Simon
,

Koch-Lanm)

&f j = bed geometry (ie . (Em = C· K)
.

= En 30 . Sit
.

and1go-gly-> In (in 10 sense
-

then E !

sol.g
To RDF remans L closed to

unif .

C%to

But PDE fail who bod curvature
· background .

Progress ofexistence of RF.

: Completely understood (Greim-Topping · Yin-Topping



CE3 : unclean even if Rico.

& bai : Yes for incomplete flow)

If RF exists w/Riceo ,
Hamilton : Ker(Ric) is invariant

under 11 transport.D

Special case
.

n

Cabezas-Riva . Wilking : WPAC (no geometric application ?)
-

Well-understood in noncollapsing
case.

Balen-Cabeza-Riva-Wilking,

Lai
, Simon-hopping ,

Li Tam
,

Hockend

D almost PIC .

Vaxo
,
2 Vo ,

Ex

② Kalher
,

BK3 - 1

=> Eg ,

+eCo
, 7] ,

-1 Rick E , inj t

Back to pinating problem

Complete , noncpt w/ Ric > [R
,

Yo
,

ID

LTopphy
: Egh) , W/aR : Ric att

=

Only
discuss bod curvature. (not quantifive(

i bod curve : let get be RF constructed by Shi . widdd curr.

Topping
- L let Tmax be maximal existence time and bid carr.

iI



Idea back to Hamilton

①--- -M
at Tmox

.

Canv .
-> +A

lamma % ,

Ric- are is preserved under RF
.

But lictio
-

PE : Recall ero . equ
. of Ric (Modules rector bundle trict).

ARij = 2 RikeyRek (might preted at gij =0

#R = 2<Ric
,

Ric > Yo
.

MP (need justfication) => RCo is preserved .

For Tensor (developed by Hamilton)
Ricigo(

* core of Ric o

↑
at this point 0 R < Raz <Rs

And ARiDo at this pt. => Rico is preserved .

A := Ric-[Rq o

evolation equ of An
, AAnDo ( ***2

* : An eigenvalue of Ria)

1An = 2(Rihaxp) - 29/Rick -

k=1 ↑

3D : Rizzi + Risse = Riv

= (x ,
+ 12 - 13)( + (x + 13 - 12)t - 2a(Xi+ 12+ 23)

Ric30
.

( ?) 270
. 1

,
=0

.

I because in this

point
= (42- 13)20

2 0
.

Ric EB( ?)

x = 9(x ,
+ 12 + 13)



↳ AAn=g(x2+ 12) + Ma- x)2
- 29(2+% +F

-> O .

02( #

Remma (Curvature becomes homogeneous at high corrature pt.)

If Ric > &RE > O
,

then C
,

ro st ↓
boon up,

at
this pf?

IRic-ERg1 ER" .

#
P :(Skip) consider f=RV ((RicI-ER) ,

then

Af

P : 7930 ,

st
. git satisfies /Rm/ [at1 on MX 90 ·Tmax)

3 In particular ,

Trax = +D) .

#: (Baby Pf -picking).
Suppose not ,

E (MB · gait. Xe)

&m
+ + x

,

t f(0, +2)

S .t ·D/Rm(Xm , th)) = SupRmitl
Il

Get
② Ikm) Aptb on MEXCO , te

③ Rich ERG

& /Rick-RKL. t R

Let Jets := Xg(gate + +x)) ·

t = >Xte , of at Xp

② 12,Em Um



⑪ Im (Xm
.0 2

,

# F- 0
.

If Th is non-collapsing.
~

-> g (t) st. complete RF st

① non-flat & bod curr.

IRm) = 1

③ Ric=Rg at t = 0
.

↓ Bianchi

REconst(n) > o

Ric = consto => Mo = cpt => Mi = <pf .

trick in collapsed case :

exp* TI .
K

↓
M6expans Lemma : gy(t).

*

X

Xk

Fieg= Ent 0
.

-

same Rick Cn

Existenis
=> Er>o

,

EN st
. if 200 . Richa EC on E(XR . 2)

.

Serio

From pt-picking : EC
, 730

.

Sit . if Ric > &R > 0

,

then
-

(Rm/ = atib on Co ,Tma1T] 7



[hmIDLSST) gros
=g.

Suppose g() ,

te[0
,
+D) in RF on Most

.

O[Rict
,

1ml = htt and EXEM
-

= X

S.%. Ric. 140) >0
,

then AimtR(
, t) > 0 = RgdX

Model : this got
is modeling smoothing of target come at 0

,
GX)

-

(1)

Jaso = Rig ,
Rita Consider R

*

g(Rit) : = g.
/)

S

=Y & info of (x
R wi DeRiciXo Xo

&

/- tips info of M IRm/t&

angle
in

C
FRE

R :
Thm is known
it/Wang leng
if Rm+ 0 (Li-Yan - Hamilton)

Hamilton : Harrack heg.
for RF

-

↓

tR(t) is monotone under RmY0
·

AND : equality holds iff git
= ERS.

RiceR Ric= o

PropWang( 3
Suppose (M2 . g) is complete ,

st·Ric
,

Po .

Rm-2R2-Cpzc
* REO

· AVR > 1-En

Then lin try

yo
a

· Avr < 1-r

EIsketch Issue-Clapaly! No metricwae picture

↓
-hm



let
.

Ri-> + 5
.
St

. DiRo
.R-Xsumed

gat
G(x) =R!

gi(t) = Rg(REt)
ti

&

Ric ; 0
. IRm/th

From assumption (WLOG) Ey> 0

. Ric(gia) > YRE on Bo ,R

"Stig invariat
Can'ttake i +y globally !!

i curvature bounded

&
· life to Ban > (M

, g ,
(1)

· Xo)

hi<t) := GH) · RF ( loally)
on B() X [0 ,

+r)
·

· unif. on Rxa .b]B) XR
> o

② hiss~ JEac.
② Richa) y pon Bh

(xo .

R= ) .

In general , O Rico
,
IRm/

Under OERice = E the distance
goom

of RF is verynice !
&

=> do-GE de do f=> abihildero locally
=> Cd

.
B de do

, >1

hil holt) on B) xR+

& =>500.
St

. Vaca (02Ril (1-0) Wa (Rit)
·

(from Volume
comp .)



=> Vh10 v) = (1-2) Conr tra R - of
-

F
no limit.

Gedpe = -Reduto

: Vhe(or) = (1-5)WnCrece)" + 20 (

i = u
↑

no contradiction in
general.

But we assume RPholo" , 2)) = 1

Il

SMP(AR = 2/rick) =m
to R <Xo

,

t)

t-> c

=> Rich
=o = hots = hy()

= (*) become Vhy) (02
. r) = (2-5) Wh (r+c)

"

let t+ ot
, n +> 0 %

: Vhoce(rs = (1-8) War
-

↑
smooth metric ->

= M +R(xo
. +) > 0

tA

Cremovable)
Recall IlRrll aCa

① (M3 · 8.) col AVR = (M . 90) ER3

② (M3 . % .) w/Ric. [R.

11 RmIly = Eglt) Ric>
,

<R

-

Inemorable) w)/km)9t
1



of of puching cony.

might assume Rig(o) > 0
.

Pr. = line trixot) = Do

-

tradly
the proof of prop.

host) RF defined. on Birn(x1+

o [ Rice-1

S Rict &Rt

hal n

gerc.

From distance goom. comparaten ((do dea do

=> infhosts 10") < GE from Vhocro Vo
.

Eroso
.

And tRChrol) = + > 0-

3 X = limit (I t- + y

S- ot

-

look at egt flow 191 := tim Sth1st)

staget).
↳ limit in Cheegen-Gromor that

AVR (H) > 0

At"t = 1" I Ric(H)"ERIRm) = C

1 RM(Xa) x>0.

①shen curr ofH
-

Last ingradient
Most general existence.



&m SL
. -Topping) <M3

, go) complete non-cpt Co/Rico &Ro
.

admits RF g() volgio)= g .

/

0xaRz[RicyEdt2 . on MxCo, to

Issue : Recall the 11RmIly setting
short-time

Existence of git)Xo
existence

IRm/fat-1
co) curr .

bdd.

Grp pd-picking.

preserved RicER MP

->Kia"
MP by L .

- Tam

Suppose glt)
= RF on Bolxo

, 1) x [0 ,T]

w /IRm/ It 1

And iff is fur Sit
.

Ut2) Fuhf
,

where L
,
f =Ct

smooth up to += o
, f only

on m. e

-

fir=u = fNott"
,

Ft Co, Tr
.Tm)

Semmad : Ric* &Ro
.

Ikm/ < Ct-1 on Bo , 1)

=> Ricy * ERt-1 at 20
,

te Co ,JeTi]
-

terror

lemma z : (Rm/[hE? Ric > [R-1 on B(Xo .
1) x[0,T]

=> IRic E (R+40 at so ,
t = [0 ,TrTz]

lea : /Rick E (R +p)V
,

RtY-1 on Bo(o ,z) x[0 . T ]

=> Im) * &t at Xo
,

tE Co
,
ThTs] , Bis independent of 2

.



& Under assumptions , . EM
, EgH) on Boxo , 1) x 90 , E27

St
. 1Rm/ =2t1

S g(o) = go

Ric [R-1
.

9
Resculiy yield global. Salu

, apply to Rigo . RiB +

& Toge ·
T blow-up go

Y D11

um
4

Bo(X ·4) = incomplete .

: = etg .

= complete w/bad goom.

=>E Shi's RF gits on By o , 3) x [0 , to]

-

T
un-controlled

.

Fix &x 1 . (to be determined)

might assume IRm/ [xt1

ro = 3 ,
to = to

,

let 1 1 (to to be determined (

Att o

u

Se No
1 Te

=> RicyaRt-(Eo) on Co
, to)]

Hence Ric > [R-(o)
*

on Bolro-1) x [0
,
to]

& /Rick Er ( + 4) on Bocro-215to) xCo . to] 12> Tz

=> IRm) [Bt"Ext on Biro-3150) X[o ,to]



*
ro-31o

Y D
Inductively.

ERF =gitt on

r= No- #1to i
B(xo , ra) X [0, te]

#,
IRm) = It t

& where tex = (l+u)+y
=

No
Ve+= Vee - 415tp↑

better estimate pth as 1

=> tv F(a) #


