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Abstract. These lecture notes are compiled from the handwritten materi-
als used by Professor Zuoqin Wang for his ”Functional Analysis” course in
2015. The work consists of thirty lectures and includes a collection of ex-
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1. Vector spaces, metrics, and norms

1.1. Course information (September 1, 2015). The lecturer is Zuoqin Wang.
His office is Room 1611 in the Management and Research Building, and his email
address is wangzuoq@ustc.edu.cn. Classes meet on Tuesdays, 9:45–11:20, and
Fridays, 7:30–9:25, in Room 3A405. The teaching assistant is Yiran Cheng (st
ory@mail.ustc.edu.cn). Question-answering sessions take place on Saturdays,
7:30–9:00 p.m., in Room 3A309.

The course website is http://staff.ustc.edu.cn/~wangzuoq/Courses/15F-F
A. The textbook is W. Rudin, Functional Analysis, second edition. Reference books
are P. Lax, Functional Analysis, and M. Reed and B. Simon, Methods of Modern
Mathematical Physics, Vol. I: Functional Analysis. Homework is assigned after
class on the website, twice each week, and is collected on Tuesdays before class.
Quizzes are given at random. There is one midterm and one final examination.
The grade is computed as

15% homework+ 15% quizzes+ 30% midterm+ 40% final.

The course covers the general theory of various types of spaces and linear maps
between them, the theory of distributions, and spectral theory (mainly for operators
on Hilbert spaces).

1.2. What is functional analysis? Functional analysis is also known as modern
analysis or soft analysis. Classical analysis, including mathematical analysis, real
analysis, and complex analysis, mainly concerns quantitative properties of indi-
vidual functions: values, integrals, derivatives, and estimates. Functional analysis
studies qualitative properties of spaces of functions. A function is treated as a point
in an abstract space; for example, L2(R) is the space of square-integrable functions
on R.

Functional analysis may also be viewed as infinite-dimensional linear algebra.
In finite-dimensional linear algebra, we study Rn and linear maps Rn → Rm (or
Cn → Cm). One major result is the following.

Theorem (Finite-dimensional spectral theorem). Let F : Rn → Rn be a linear
map represented by a symmetric matrix. There is an orthogonal basis v1, . . . , vn
and scalars λ1, . . . , λn such that Fvi = λivi. Consequently, if v =

∑n
i=1 aivi, then

Fv =

n∑
i=1

aiλivi.

In linear functional analysis, we study infinite-dimensional vector spaces and
linear maps between them. For example, L2(R) is a vector space: f, g ∈ L2(R)
implies λf + µg ∈ L2(R). Integration gives a linear map

I : L1(R) −→ R, f 7−→
ˆ
R
f(x) dx

for real-valued functions. We will see how to extend the spectral theorem to infinite-
dimensional settings.
Editorial note. The handwritten integration example appears to include absolute
value bars around the integrand while calling the map linear. The linear map is
integration of f ; the map f 7→

´
|f | is a norm and is not linear.

http://staff.ustc.edu.cn/~wangzuoq/Courses/15F-FA
http://staff.ustc.edu.cn/~wangzuoq/Courses/15F-FA
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Functional analysis developed in the early twentieth century from problems in
the calculus of variations, integral equations, and quantum physics. It was deeply
influenced by the idea of axiomatization. It has extensive applications to PDE,
probability, computational mathematics, applied mathematics, and mathematical
physics. This course mainly concerns linear functional analysis.

1.3. Infinite-dimensional vector spaces.

Definition 1.1 (Vector space). A vector space V over F = R or C is a set with
addition V × V → V and scalar multiplication F× V → V satisfying

x+ y = y + x, (x+ y) + z = x+ (y + z), x+ 0 = x, x+ (−x) = 0,

α(x+ y) = αx+ αy, (α+ β)x = αx+ βx,

1x = x, (αβ)x = α(βx).

A set {u1, . . . , un} is a basis of V if every x ∈ V has a unique expression x =
α1u1 + · · · + αnun. In this case dimV = n. A vector space with no finite basis is
infinite-dimensional.

Example 1.1 (Polynomials). Let P be the space of all polynomials in one variable
x. This is a vector space with no finite basis. Indeed, given finitely many polyno-
mials p1, . . . , pn, choose N at least as large as all their degrees. A polynomial of
degree N + 1 cannot be a linear combination of them. Thus no finite set spans P.

Remark 1.1 (Hamel bases; cf. Rudin, p. 53). A Hamel basis of V is a linearly
independent set such that every vector has a unique expression as a finite linear
combination of its elements. For example, {1, x, x2, x3, . . .} is a Hamel basis of
P. Every vector space admits a Hamel basis, by the axiom of choice. For most
interesting infinite-dimensional spaces, a Hamel basis has uncountable cardinality.
Other notions of basis are available; in this course we will study them only for
Hilbert spaces.

Further infinite-dimensional examples are

C∞(R), L2(R), C∞([0, 1]), L2([0, 1]).

Apart from L2(R), they contain copies of the polynomial space above. For L2(R)
one instead uses p(x)e−x2 for polynomials p. An especially important example is

`2 =

{
(a1, a2, . . .) : ai ∈ R,

∞∑
i=1

a2i <∞

}
.

Vector subspaces are defined as in linear algebra, and results such as “the intersec-
tion of vector subspaces is a vector subspace” still hold.

1.4. Metric structures on vector spaces. We would like to introduce distance
between elements of an abstract vector space.

Definition 1.2 (Metric). A metric on a set X is a real-valued function d : X×X →
R such that

(1) d(x, y) ≥ 0, with equality if and only if x = y;
(2) d(x, y) = d(y, x);
(3) d(x, y) ≤ d(x, z) + d(z, y).
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If the requirement that d(x, y) = 0 imply x = y is removed, d is called a pseudo-
metric.

Example 1.2. On Rn, the Euclidean distance

d(x, y) =

(
n∑

i=1

(xi − yi)
2

)1/2

is a metric. On C([0, 1]), the space of continuous functions on [0, 1], each of the
following is a metric:

d0(f, g) = max
0≤x≤1

|f(x)− g(x)|,

d1(f, g) =

ˆ 1

0

|f(x)− g(x)| dx,

d2(f, g) =

(ˆ 1

0

|f(x)− g(x)|2 dx
)1/2

.

Compatible structures are particularly useful. Which metrics are compatible
with vector addition and scalar multiplication?

Definition 1.3. A metric d on a vector space X is translation-invariant if
d(x+ z, y + z) = d(x, y) (x, y, z ∈ X).

It is absolutely homogeneous if
d(αx, αy) = |α|d(x, y) (α ∈ F).

(The handwritten notes use the term “positively homogeneous” for this last iden-
tity.) The preceding metrics have both properties.

Proposition 1.1. Suppose d is a translation-invariant, absolutely homogeneous
metric on a vector space X. Define ‖x‖ = d(x, 0). Then

(i) ‖x+ y‖ ≤ ‖x‖+ ‖y‖;
(ii) ‖αx‖ = |α| ‖x‖;

(iii) ‖x‖ > 0 if x 6= 0.

Proof. The triangle inequality and translation invariance give
‖x+ y‖ = d(x+ y, 0) ≤ d(x+ y, y) + d(y, 0) = d(x, 0) + d(y, 0) = ‖x‖+ ‖y‖ .

Also,
‖αx‖ = d(αx, α0) = |α|d(x, 0) = |α| ‖x‖ .

Finally, x 6= 0 implies d(x, 0) > 0. □
Definition 1.4 (Normed vector space). A function ‖·‖ : X → R satisfying the
preceding three properties is a norm. The pair (X, ‖·‖) is a normed vector space.

Proposition 1.2. If (X, ‖·‖) is a normed vector space, then d(x, y) = ‖x− y‖ is a
translation-invariant, absolutely homogeneous metric on X.

Proof. Exercise, as in the handwritten notes. □
Thus a norm corresponds precisely to a metric satisfying the two compatibility

identities above.



FUNCTIONAL ANALYSIS 5

2. Complete metric spaces

2.1. Review (September 6, 2015). The previous lecture introduced infinite-
dimensional vector spaces, metric spaces, and the correspondence between norms
and metrics satisfying translation invariance and absolute homogeneity. Today we
study complete metric spaces.

2.2. Convergence. Let (X, d) be a metric space; X need not be a vector space.

Definition 2.1. A sequence {xi}∞i=1 in X converges to x0 ∈ X if
∀ε > 0 ∃N ∈ N ∀i > N : d(xi, x0) < ε.

We write xi → x0. Convergence in more general spaces will be introduced later.

Example 2.1. Let X = C([0, 1]) and fn(x) = xn, f0(x) = 0. For the integral
metric,

d1(fn, f0) =

ˆ 1

0

xn dx =
1

n+ 1
−→ 0,

so fn → f0 in (X, d1). For the uniform metric,
d0(fn, f0) = max

0≤x≤1
xn = 1,

so fn 6→ f0 in (X, d0). In general d1(f, g) ≤ d0(f, g). Thus d0 is stronger than d1:
convergence in d0 implies convergence to the same element in d1.

Example 2.2. Still use d1 on C([0, 1]). For n ≥ 2, set

fn(x) =


0, x < 1

2 − 1
n ,

1
2 + n

2 (x− 1
2 ),

1
2 − 1

n ≤ x ≤ 1
2 + 1

n ,

1, x > 1
2 + 1

n ,

f0(x) =

{
0, x ≤ 1

2 ,

1, x > 1
2 .

x
1
2

1
2

fn

The area between the graphs isˆ 1

0

|fn(x)− f0(x)| dx =
1

2n
−→ 0.

Nevertheless, we cannot say fn → f0 in (X, d1), since f0 /∈ X.

Definition 2.2 (Bounded set). A subset A of a metric space is bounded if there
exists C > 0 such that d(x, y) < C for every x, y ∈ A. Equivalently, for a fixed base
point x0 ∈ X there is C ′ > 0 such that d(x, x0) < C ′ for every x ∈ A.

Editorial note. The base-point formulation is written for a metric space, where
there need not be a distinguished zero. The handwritten margin also uses d(x, 0)
in the vector-space setting.

Proposition 2.1. Every convergent sequence in a metric space is bounded, and its
limit is unique.
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Proof. Suppose xi → x0. Choose N such that d(xi, x0) < 1 for i > N . Put

C = 1 +max{d(x0, x1), . . . , d(x0, xN )}.

Then d(xi, x0) < C for every i, proving boundedness. If also xi → x′0, then for
every ε > 0 and sufficiently large i,

d(x0, x
′
0) ≤ d(x0, xi) + d(xi, x

′
0) < 2ε.

Hence d(x0, x′0) = 0, and x0 = x′0. □

2.3. Completeness. Example 2.2 suggests that a sequence can approach a func-
tion outside the original space. As with Q, this leads to incompleteness. For
analysis, complete spaces are especially useful.

Definition 2.3 (Cauchy sequence). A sequence {xi} in (X, d) is Cauchy if

∀ε > 0 ∃N ∈ N ∀i, j > N : d(xi, xj) < ε.

Definition 2.4 (Complete metric space). A metric space (X, d) is complete if every
Cauchy sequence in X converges to an element of X.

Definition 2.5 (Banach space). A Banach space is a normed vector space complete
for the metric d(x, y) = ‖x− y‖ induced by its norm. Banach spaces are a main
object of study in this course.

Example 2.3. Euclidean space Rn is complete for

d(x, y) =

(
n∑

i=1

(xi − yi)
2

)1/2

.

Thus Rn with its Euclidean norm is a Banach space.

Example 2.4. For fn(x) = xn in (C([0, 1]), d1),

d1(fn, fm) ≤
ˆ 1

0

xn dx+

ˆ 1

0

xm dx =
1

n+ 1
+

1

m+ 1
.

Thus {fn} is Cauchy, as is expected from its convergence to zero.

Proposition 2.2. Every convergent sequence in a metric space is Cauchy.

Proof. If xi → x0, then for any ε > 0 there is N such that d(xi, x0) < ε for i > N .
Consequently, for i, j > N ,

d(xi, xj) ≤ d(xi, x0) + d(x0, xj) < 2ε.

□

Example 2.5. In the uniform metric, the sequence fn(x) = xn is not Cauchy. For
fixed n, as m→ ∞,

max
0≤x≤1

|xn − xm| −→ 1.

Proposition 2.3. (C([0, 1]), d0) is complete. In particular, C([0, 1]) is a Banach
space with the norm ‖f‖∞ = max0≤x≤1 |f(x)|.
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Proof. Let {fn} be Cauchy in d0. For every ε > 0 there is N such that
|fn(x)− fm(x)| < ε (n,m > N, x ∈ [0, 1]).

For each fixed x, the scalar sequence {fn(x)} is Cauchy. By completeness of R, let
f0(x) = limm→∞ fm(x). Taking the limit above gives

|fn(x)− f0(x)| ≤ ε (n > N, x ∈ [0, 1]).

Thus fn → f0 uniformly. The uniform limit of continuous functions is continuous,
so f0 ∈ C([0, 1]), and d0(fn, f0) → 0. □

By contrast, the ramp sequence in Example 2.2 is Cauchy in d1, since

d1(fn, fm) ≤
ˆ 1

0

|fn − f0| dx+

ˆ 1

0

|f0 − fm| dx =
1

2n
+

1

2m
.

It has no continuous limit. Hence (C([0, 1]), d1) is not complete.
Editorial note. To justify the last assertion explicitly, a hypothetical continuous
limit g would satisfy

´ 1
0
|g − f0| = 0, so g = 0 on [0, 12 ) and g = 1 on ( 12 , 1],

contradicting continuity. This step is implicit in the handwritten notes.
We will see that L1([0, 1]) is complete. More generally, every incomplete metric

space (X, d) has a completion (X̃, d̃) in which X is dense and d̃|X×X = d. This is
analogous to the construction of R from Q; density will be defined next time.

2.4. The Banach space `1.

Proposition 2.4. Let

`1 =

{
x = (a1, a2, . . .) :

∞∑
i=1

|ai| <∞

}
, ‖x‖1 =

∞∑
i=1

|ai|.

Then (`1, ‖·‖1) is a Banach space.

Proof. First, `1 is a vector space. For x = (ai) and y = (bi) in `1,∑
i

|ai + bi| ≤
∑
i

|ai|+
∑
i

|bi| <∞,
∑
i

|αai| = |α|
∑
i

|ai| <∞.

The vector-space axioms hold coordinatewise. The same inequalities give the trian-
gle inequality and absolute homogeneity of the norm. If x 6= 0, then some ai 6= 0,
so ‖x‖1 > 0.

For completeness, let xj = (aji ) be Cauchy in `1. Given ε > 0, choose N such
that

∞∑
i=1

|aji − aki | < ε (j, k ≥ N).

For each fixed i, {aji}j is a scalar Cauchy sequence; write a0i = limj→∞ aji and
x0 = (a0i ). Choose M such that

∑∞
i=M |aNi | < ε. Then for j ≥ N ,

∞∑
i=M

|aji | ≤
∞∑

i=M

|aji − aNi |+
∞∑

i=M

|aNi | < 2ε.

For any finite K ≥M , take the limit j → ∞ in the finite sum:
K∑

i=M

|a0i | ≤ 2ε.
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Now let K → ∞, obtaining
∑∞

i=M |a0i | ≤ 2ε. It follows that x0 ∈ `1. Finally, for
sufficiently large j,∥∥xj − x0

∥∥
1
≤

M−1∑
i=1

|aji − a0i |+
∞∑

i=M

|aji |+
∞∑

i=M

|a0i |

< ε+ 2ε+ 2ε = 5ε.

Thus xj → x0 in `1. □

Editorial note. The handwritten proof passes directly to the limit in an infinite
tail sum. The finite-truncation argument above supplies the justification. Absolute
homogeneity is written with |α|, correcting a missing absolute value in the source.



FUNCTIONAL ANALYSIS 9

3. Metric topology and the Baire category theorem

3.1. Review (September 8, 2015). Every convergent sequence is Cauchy. In
a complete metric space, every Cauchy sequence converges. Examples of Banach
spaces include C([0, 1]) with the uniform norm and `1 with its usual norm. Today’s
topic is the Baire category theorem for complete metric spaces.

3.2. Metric topology. Let (X, d) be a metric space and A ⊂ X.

Definition 3.1 (Interior points and open sets). A point x ∈ A is an interior point
of A if there is ε > 0 such that

B(x, ε) = {y ∈ X : d(y, x) < ε} ⊂ A.

The ball B(x, ε) is also called an ε-neighborhood of x. A subset A is open if each
of its points is an interior point.

Example 3.1. For every x ∈ X and r > 0, the ball B(x, r) is open. Indeed, if
y ∈ B(x, r), take 0 < ε < r − d(x, y). For z ∈ B(y, ε),

d(z, x) ≤ d(z, y) + d(y, x) < ε+ d(x, y) < r.

Thus B(y, ε) ⊂ B(x, r).

Proposition 3.1 (Properties of open sets). (1) ∅ and X are open.
(2) Any union of open sets is open, even for an uncountable family.
(3) Every finite intersection of open sets is open.

Proof. The first assertion is immediate. If x ∈
⋃

αAα, then x ∈ Aα for some
α. Since Aα is open, a ball about x lies in Aα and hence in the union. If
x ∈ A ∩ B, choose ε1, ε2 > 0 such that B(x, ε1) ⊂ A and B(x, ε2) ⊂ B. Then
B(x,min{ε1, ε2}) ⊂ A ∩B. Induction proves the finite-intersection assertion. □

Remark 3.1. A countable intersection of open sets need not be open. For example,
∞⋂

n=1

(
− 1

n
,
1

n

)
= {0}

is not open in R.

Proposition 3.2 (Convergence in terms of open sets). A sequence xi converges to
x0 if and only if, for every open set A containing x0, there is N such that xi ∈ A
for i > N . Such an open set A is called an open neighborhood of x0.

Proof. If xi → x0 and x0 ∈ A with A open, choose ε > 0 such that B(x0, ε) ⊂ A.
For large i, xi ∈ B(x0, ε) ⊂ A. Conversely, apply the condition to A = B(x0, ε) for
every ε > 0 to get d(xi, x0) < ε eventually. □

Definition 3.2 (Closed set). A subset A ⊂ X is closed if X \A is open.

Properties of closed sets follow by taking complements of the corresponding
statements about open sets.

Example 3.2. For x ∈ X and r > 0, the closed ball
B(x, r) = {y ∈ X : d(y, x) ≤ r}

is closed. The triangle inequality shows that its complement {y ∈ X : d(y, x) > r}
is open, as above.
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Proposition 3.3 (Sequential characterization of closed sets). A subset A is closed
if and only if every sequence xn ∈ A converging to some x ∈ X has its limit x in
A.

Proof. Suppose A is closed and xn ∈ A, xn → x. If x /∈ A, then X \ A is an open
neighborhood of x, so eventually xn ∈ X \A, a contradiction. Conversely, suppose
every such limit lies in A. Take y /∈ A. If no ball about y is disjoint from A, choose
xn ∈ B(y, 1/n) ∩ A. Then xn → y, implying y ∈ A, a contradiction. Thus some
ball about y lies in X \A, proving that this complement is open. □

Definition 3.3 (Closure). The closure of A ⊂ X is
A = {x ∈ X : there is a sequence xn ∈ A with xn → x}.

Example 3.3. Q = R, since every real number is a limit of rational numbers. Let
P([0, 1]) denote polynomial functions restricted to [0, 1]. Every continuous function
on [0, 1] can be approximated uniformly by polynomials (for example, by Bernstein
polynomials). Thus, in the uniform metric on C([0, 1]),

P([0, 1]) = C([0, 1]).

Proposition 3.4. A is closed.

Proof. Suppose xi ∈ A and xi → x ∈ X. For each n, choose an index in with
d(xin , x) < 1/n. Since xin ∈ A, choose yn ∈ A with d(yn, xin) < 1/n. Then

d(yn, x) ≤ d(yn, xin) + d(xin , x) <
2

n
.

Hence yn → x and x ∈ A. □

If B is closed and contains A, then B contains A. Why? Consequently, A is the
smallest closed subset of X containing A.

3.3. The Baire category theorem.

Definition 3.4 (Dense subset). A subset A ⊂ X is dense if A = X. Equivalently,
each point of X is a limit of a sequence in A.

Example 3.4. Both Q and R \ Q are dense in R. The polynomials are dense in
C([0, 1]) with the uniform metric.

Proposition 3.5. A subset A ⊂ X is dense if and only if A ∩ B 6= ∅ for every
nonempty open subset B ⊂ X.

Proof. Suppose A is dense and B is nonempty and open. Choose x ∈ B and ε > 0
with B(x, ε) ⊂ B. Since x ∈ A, some y ∈ A satisfies d(y, x) < ε. Hence y ∈ A ∩B.
Conversely, for each x ∈ X and n ≥ 1, choose xn ∈ B(x, 1/n) ∩ A. Then xn → x,
so A = X. □

Definition 3.5 (Nowhere dense subset). A subset A ⊂ X is nowhere dense if its
closure has no interior point.

Example 3.5. The integers Z and the Cantor set are nowhere dense in R. The
subset

A = {f ∈ C([0, 1]) : f(0) = 0}
is nowhere dense in C([0, 1]) with the uniform metric.
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Definition 3.6 (First and second category). A subset A ⊂ X is of first category if
it is a union of countably many nowhere dense subsets of X. It is of second category
if it is not of first category.

Example 3.6. The rationals Q are of first category in R. The following theorem
and its corollary imply that R \Q is of second category in R.

Theorem 3.6 (Baire). Let (X, d) be a complete metric space. The intersection of
every countable collection of dense open subsets of X is dense in X (although it
need not be open).

Corollary 3.1 (Baire). Every nonempty complete metric space is of second category
in itself.

Proof. If X =
⋃∞

i=1Ai with each Ai nowhere dense, then also X =
⋃∞

i=1Ai. Each
X \Ai is open and dense. The theorem says that

∞⋂
i=1

(X \Ai)

is dense in X, hence nonempty. But this intersection is empty by the assumed
covering, a contradiction. □

Editorial note. The nonemptiness assumption in the corollary is added explicitly;
it is implicit in the handwritten proof.

Proof of Theorem 3.6. Let A1, A2, . . . be dense open subsets of X, and let B ⊂ X
be nonempty and open. We must show B∩

⋂∞
i=1Ai 6= ∅. Since A1∩B is nonempty

and open, choose x1 ∈ X and 0 < r1 < 1 with
B(x1, r1) ⊂ A1 ∩B.

Continue inductively. Since An is dense and open, An∩B(xn−1, rn−1) is nonempty
and open. Choose xn ∈ X and 0 < rn < 1/n such that

B(xn, rn) ⊂ An ∩B(xn−1, rn−1).

The sequence {xn} is Cauchy: if n,m > N , both points lie in B(xN , rN ), so

d(xn, xm) ≤ d(xn, xN ) + d(xN , xm) < 2rN <
2

N
.

By completeness there exists x0 ∈ X with xn → x0. For every fixed N , the tail of
the sequence is contained in B(xN , rN ), which is closed. Hence x0 ∈ B(xN , rN ) ⊂
AN ; also x0 ∈ B by the first closed ball. Therefore

x0 ∈ B ∩
∞⋂

n=1

An,

as required. □
Remark 3.2. The theorem has many applications. Some appear in the problem
sets, and others will be discussed in future lectures.
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4. Topological vector spaces

4.1. Review and motivation (September 11, 2015). Last time we studied
open and closed sets, closure and density in metric spaces. The Baire category
theorem says that a countable intersection of dense open subsets of a complete
metric space is dense. In particular, a nonempty complete metric space is not a
countable union of nowhere dense sets.

There are important vector spaces whose natural structure does not come from
a complete metric. For example, let

X = Cc(R) = {f ∈ C(R) : supp f is compact}, supp f = {x : f(x) 6= 0}.
The source denotes this space by C0

0 (R). Let
Xn = {f ∈ Cc(R) : supp f ⊂ [−n, n]}.

Then X =
⋃∞

n=1Xn. Identified by restriction, Xn is the closed subspace
{f ∈ C([−n, n]) : f(−n) = f(n) = 0}

of the Banach space C([−n, n]). It is nowhere dense in C([−n, n]), and Xn is
nowhere dense in Xm when m > n. A natural structure on Cc(R) should give
each Xn its usual Banach space topology. The Baire theorem motivates seeking
structures more general than complete metric spaces.
Editorial note. For the Baire obstruction on X itself one needs each Xn to be closed
and nowhere dense in X for the chosen topology. Merely requiring the correct
subspace topology on Xn is not by itself the full stated hypothesis. For example,
in the compact-open topology introduced in Lecture 6, these sets are indeed closed
and nowhere dense, so that topology cannot be induced by a complete metric.

4.2. Topological spaces.

Definition 4.1. A topological space is a set X with a collection T of subsets, called
a topology, such that

(1) ∅, X ∈ T ;
(2) every union of members of T lies in T ;
(3) the intersection of two members of T lies in T .

The members of T are the open sets.

Example 4.1. The weakest topology on X is {∅, X}, and the strongest is the
collection of all subsets of X. A metric induces a topology. On X = {−1, 0, 1}, the
collection

{∅, {0}, {0, 1}, {−1, 0}, {−1, 0, 1}}
is a topology.

Editorial note. A marginal example in the source mentions the Zariski topology
on R2 using polynomial zero sets. These are closed sets: the open sets are their
complements, with closed sets given by common zeros of families of polynomials.

Remark 4.1. If T is induced by a metric d, we call T and d compatible, and say
T is metrizable. If T1 ⊂ T2, then T1 is weaker than T2. The intersection of any
collection of topologies on X is again a topology. Consequently, for any collection
S of subsets, ⋂

{T : T is a topology on X, S ⊂ T }
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is the weakest topology containing S, called the topology generated by S.

The definitions of neighborhoods, closed sets, closure, and convergence extend
to topological spaces:

(1) In these notes, an open neighborhood of x is an open set containing x.
Write Tx = {U ∈ T : x ∈ U}.

(2) A is closed if X \A is open.
(3) A is the smallest closed set containing A. Thus A is closed if and only if

A = A.
(4) xi → x if every open neighborhood of x contains all sufficiently late terms

of the sequence.

Example 4.2. In the weakest topology, every sequence converges to every point.

Definition 4.2 (Hausdorff space). A topological space is Hausdorff if any two
distinct points x, y have disjoint open neighborhoods U, V .

Proposition 4.1. In a Hausdorff space, the limit of a convergent sequence is
unique, and every singleton is closed.

Proof. If xn → x and y 6= x, choose disjoint neighborhoods U of x and V of y.
Eventually xn ∈ U , hence xn /∈ V , so xn cannot converge to y. For each y 6= x,
choose a neighborhood Vy of y avoiding x. Then X \ {x} =

⋃
y ̸=x Vy is open. □

Definition 4.3 (Base and local base). A subcollection B ⊂ T is a base if every
open set is a union of members of B. A subcollection Bx ⊂ Tx is a local base at x if
every neighborhood of x contains a member of Bx. A neighborhood need not itself
be a union of members of a local base at one fixed point.

Example 4.3. For a metric topology, all open balls form a base, and
{B(x, r) : r > 0}, {B(x, 1/n) : n ∈ N}

are local bases at x. The latter is countable. Different bases can generate the same
topology. If B is a base for T , it generates T .

Definition 4.4 (Product topology). For topological spaces (X, T ) and (Y,G), the
product topology on X × Y is generated by

{U × V : U ∈ T , V ∈ G}.

Example 4.4. The usual topology on R2 is the product of the usual topologies on
R, since every open subset of R2 is a union of open rectangles.

Definition 4.5 (Continuity). A map f : X → Y is continuous at x if the inverse
image of each open neighborhood of f(x) contains an open neighborhood of x. It is
continuous if it is continuous at every point; equivalently, f−1(V ) is open for every
open subset V ⊂ Y .

Proposition 4.2. If f is continuous at x and xn → x, then f(xn) → f(x).

Proof. For an open neighborhood V of f(x), the set f−1(V ) contains an open
neighborhood of x. Thus eventually xn ∈ f−1(V ), so eventually f(xn) ∈ V . □

Definition 4.6 (Homeomorphism). A map f : X → Y is a homeomorphism if it
is bijective and both f and f−1 are continuous.
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4.3. Topological vector spaces. A topological vector space is a vector space
endowed with a topology compatible with its vector operations.

Definition 4.7. Let X be a vector space over F = R or C with a Hausdorff
topology. It is a topological vector space (TVS) if the maps

X ×X → X, (x, y) 7→ x+ y, F×X → X, (α, x) 7→ αx

are continuous, with the product topologies on their domains. Some books do not
impose the Hausdorff requirement.

For A,B ⊂ X and I ⊂ F, write
A+B = {x+ y : x ∈ A, y ∈ B}, I ·A = {αx : α ∈ I, x ∈ A}.

For example, in R2, if A = {(x, 0) : −1 ≤ x ≤ 1} and B = {(1, y) : −1 ≤ y ≤ 1},
then

A+B = {(x, y) : 0 ≤ x ≤ 2, −1 ≤ y ≤ 1}.
If instead A = {(1, 0), (2, 0)}, then

2A = {(2, 0), (4, 0)} 6= A+A = {(2, 0), (3, 0), (4, 0)}.
Continuity of the two vector operations means:

• For x, y ∈ X and any neighborhood V of x + y, there are neighborhoods
Ux, Uy of x, y with Ux + Uy ⊂ V .

• For α ∈ F, x ∈ X, and a neighborhood V of αx, there are ε > 0 and a
neighborhood Ux of x such that {β : |β − α| < ε} · Ux ⊂ V .

For a ∈ X and 0 6= α ∈ F, define
Ta(x) = a+ x, Mα(x) = αx.

Proposition 4.3. Ta and Mα are homeomorphisms.

Proof. Their inverses are T−a andM1/α. All four maps are continuous by continuity
of the vector operations. □
Corollary 4.1. A subset A is open if and only if a+A is open. Consequently, the
topology of a TVS is determined by any local base at 0.
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5. Local geometry and metrization

5.1. Review (September 15, 2015). A topology specifies open sets and therefore
determines continuity of maps: inverse images of open sets are open. A TVS is a
Hausdorff space with continuous vector operations.

5.2. Local geometry of topological vector spaces. Recall that a base B for a
topology T has the property that for every open U and x ∈ U , some V ∈ B satisfies
x ∈ V ⊂ U . Equivalently, open sets are unions of base elements. A local base Bx

at x consists of open neighborhoods of x, with each neighborhood of x containing
one of them. In a metric space, the balls form a base, and both {B(x, r) : r > 0}
and {B(x, 1/n) : n ∈ N} are local bases at x.

For a TVS, Ta(x) = x + a and Mα(x) = αx are homeomorphisms when α 6= 0.
Thus A is open if and only if a + A is open, or if and only if αA is open. Any
local base at zero determines the whole topology. We seek local bases with useful
geometric properties.

Definition 5.1 (Local convexity). A TVS is locally convex if zero has a local base
consisting of convex sets.

Example 5.1. Normed vector spaces are locally convex. If x, y ∈ B(0, r) and
0 ≤ t ≤ 1, then

‖tx+ (1− t)y‖ ≤ t ‖x‖+ (1− t) ‖y‖ < r.

Definition 5.2 (Absorbing set). A subset E ⊂ X is absorbing if for each x ∈ X
there is δ > 0 such that αx ∈ E whenever |α| < δ. In particular, 0 ∈ E.

Proposition 5.1. Every neighborhood of zero in a TVS is absorbing.

Proof. For fixed x ∈ X, the map F → X, α 7→ αx, is continuous, as the composition
α 7→ (α, x) 7→ αx. The inverse image of an open neighborhood U of zero is an open
scalar set containing zero. It therefore contains {α : |α| < δ} for some δ > 0. □
Corollary 5.1. For every neighborhood U of zero, X =

⋃∞
k=1 kU .

Proof. For x ∈ X, choose k with 1/k < δ in the absorbing property. Then x/k ∈ U ,
so x ∈ kU . □
Definition 5.3 (Symmetric set). A set E is symmetric if E = −E.

Proposition 5.2. Every neighborhood U of zero contains a symmetric neighborhood
V of zero such that V + V ⊂ U .

Proof. By continuity of addition at (0, 0), choose neighborhoods U1, U2 of zero with
U1 + U2 ⊂ U . Set

V = U1 ∩ U2 ∩ (−U1) ∩ (−U2).

Then V is a symmetric open neighborhood of zero and V + V ⊂ U . □
Iterating this construction gives a neighborhood V with V + V + V + V ⊂ U .

Definition 5.4 (Balanced set). A subset E is balanced if αE ⊂ E whenever |α| ≤ 1.
Every balanced set is symmetric: −E ⊂ E and E ⊂ −E. If A and B are balanced,
so is A+B.

Proposition 5.3. Every neighborhood of zero in a TVS contains a balanced neigh-
borhood of zero.
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Proof. Let U be an open neighborhood of zero. By continuity of scalar multiplica-
tion at (0, 0), choose δ > 0 and a neighborhood V1 of zero such that βV1 ⊂ U for
|β| < δ. Set

V =
⋃

0<|β|<δ

βV1.

This is an open neighborhood of zero, since each nonzero dilation is a homeomor-
phism. It is contained in U and is balanced: if |α| ≤ 1, then |αβ| < δ, and the case
α = 0 is immediate. □

Corollary 5.2. Every TVS has a balanced local base at zero.

Remark 5.1. Similarly, every convex neighborhood of zero contains a balanced con-
vex neighborhood of zero. Thus every locally convex TVS has a balanced convex
local base.

Definition 5.5 (Bounded set in a TVS). A subset E ⊂ X is bounded if for every
neighborhood U of zero there exists s > 0 such that E ⊂ tU for all real t > s.

Proposition 5.4. A set E is bounded if and only if, for every sequence xn ∈ E
and every scalar sequence αn → 0, one has αnxn → 0.

Proof. Exercise, as in the source. □

In a normed vector space, this is equivalent to E ⊂ B(0, C) for some C > 0.
Editorial note. The source says “metric space” at this point. The assertion requires
a norm metric (or suitable homogeneity); for a general compatible metric, metric
boundedness need not coincide with TVS boundedness.

Not every TVS has a bounded open neighborhood.

Proposition 5.5. If V is a bounded open neighborhood of zero and αk 6= 0, αk → 0,
then {αkV : k ≥ 1} is a local base at zero.

Proof. Exercise, as in the source. □

Editorial note. The requirement αk 6= 0 is made explicit so each αkV is an open
neighborhood.

Definition 5.6 (Local boundedness). A TVS is locally bounded if zero has a
bounded neighborhood.

A locally bounded TVS has a countable local base. The following theorem shows
that it is metrizable.

5.3. Metrization. Every metric space has a countable local base at each point, so
this is necessary for a TVS to be metrizable. For TVSs it is also sufficient.

Theorem 5.6 (Metrization of topological vector spaces). Let X be a TVS with a
countable local base at zero. Then its topology is induced by a metric d which is
translation-invariant and whose open balls centered at zero are balanced. If X is
also locally convex, d can be chosen so that all its open balls are convex.
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Proof. Start with a countable local base {Un}. Choose a balanced neighborhood
V1 ⊂ U1. Choose a neighborhood Ũ2 with Ũ2 + Ũ2 + Ũ2 + Ũ2 ⊂ V1 ∩ U2, and then
a balanced V2 ⊂ Ũ2. Continuing inductively gives a balanced local base {Vn} with

Vn+1 + Vn+1 + Vn+1 + Vn+1 ⊂ Vn.

If X is locally convex, choose each Vn convex as well. Let D consist of the dyadic
rationals in [0, 1) with finite binary expansion:

D =

{
r =

∞∑
n=1

cn(r)2
−n : cn(r) ∈ {0, 1}, cn(r) = 0 for all but finitely many n

}
.

This set is dense in [0, 1).
For r ∈ D, define the finite Minkowski sum

A(r) = c1(r)V1 + c2(r)V2 + · · · ,
where a term with coefficient zero contributes {0}. Put A(r) = X for r ≥ 1. The
key property is

A(r) +A(s) ⊂ A(r + s) (r, s ∈ D).

The source refers to Rudin, p. 20, for its proof. Each A(r) is balanced. Also r < s
implies A(r) ⊂ A(s), since A(r) +A(s− r) ⊂ A(s) and 0 ∈ A(s− r). Define

f(x) = inf{r ∈ D ∪ [1,∞) : x ∈ A(r)}.
Then 0 ≤ f(x) ≤ 1 and f(0) = 0. If x 6= 0, the Hausdorff property and the local
base give N with x /∈ Vn for n ≥ N . Since A(2−N ) = VN and A(r) ⊂ A(2−N ) for
r < 2−N , we have f(x) ≥ 2−N > 0. Balancedness gives f(−x) = f(x). To prove
subadditivity, it suffices to consider f(x) + f(y) < 1. For arbitrarily small ε > 0,
choose dyadics r, s with

f(x) < r < f(x) + ε, f(y) < s < f(y) + ε, r + s < 1.

By the definition of the infimum and monotonicity, x ∈ A(r) and y ∈ A(s). Hence
f(x+ y) ≤ r + s < f(x) + f(y) + 2ε.

Let ε ↓ 0. If f(x) + f(y) ≥ 1, subadditivity follows from f(x+ y) ≤ 1. Thus
d(x, y) = f(x− y)

is a translation-invariant metric (compare Problem Set 1, Part 2, Problem 1). For
0 < δ ≤ 1, its open balls centered at zero are

Bd(0, δ) = {x : f(x) < δ} =
⋃
r∈D

0<r<δ

A(r).

These are open in the original topology, balanced, and form a local base. Indeed,
for r < 2−n we have A(r) ⊂ Vn, so δ < 2−n implies Bd(0, δ) ⊂ Vn; conversely,
Vn = A(2−n) ⊂ Bd(0, δ) whenever 2−n < δ. Balls of radius greater than one are all
of X. Thus d induces the original topology. If the Vn are convex, so are the A(r),
and their increasing unions are convex. Translation then gives convexity of every
open ball. □

Editorial note. The bound is f ≤ 1, rather than the strict inequality written in the
source. The ball formula above treats radii greater than one separately, and omits
A(0) = {0} from the open union.
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6. Seminorms and Fréchet spaces

6.1. Review (September 18, 2015). A TVS has a balanced, absorbing local base
B0 with the following properties: for U, V ∈ B0, there is W ∈ B0 with W ⊂ U ∩ V ;
for U ∈ B0, there is V ∈ B0 with V + V ⊂ U . A TVS is metrizable if and only
if it has a countable local base at zero. The compatible metric can be chosen
translation-invariant with balanced balls at zero, and with convex balls if the TVS
is locally convex. In particular, locally bounded TVSs are metrizable.
Editorial note. The source also says conversely that such collections define a TVS
structure. A full converse requires appropriate separation and scalar-compatibility
conditions; the displayed list is used here only as a review of properties of an existing
TVS.

6.2. Topologies defined by seminorms. Return to X = Cc(R), written C0
0 (R)

in the source. Let
Xn = {f ∈ Cc(R) : supp f ⊂ [−n, n]}.

Restriction identifies Xn with the functions in C([−n, n]) vanishing at both end-
points, a closed Banach subspace. Its topology is determined by balls{

g ∈ Xn : sup
x∈[−n,n]

|f(x)− g(x)| < r

}
.

Put pn(f) = supx∈[−n,n] |f(x)|. At zero the sets {f ∈ Xn : pn(f) < 1/k} form a
local base. On X consider

Un,k = {f ∈ Cc(R) : pn(f) < 1/k}.
Using finite intersections of these sets as a local base at zero, and translating, gives
a locally convex TVS topology inducing the prescribed topology on every Xn. The
function pn is not a norm on Cc(R): a nonzero function supported outside [−n, n]
has pn(f) = 0. Nevertheless,

pn(f) ≥ 0, pn(f + g) ≤ pn(f) + pn(g), pn(αf) = |α|pn(f).
There are many spaces of this type.
Editorial note. The source describes the topology as “generated by Un,k”. Here
this is interpreted as a translation-invariant topology with the specified local base,
as in the theorem below. Merely taking the smallest topology containing the sets
Un,k without their translates would not give the intended vector-space topology.

Definition 6.1 (Seminorm; separating family). A seminorm on a vector space X
is a function p : X → [0,∞) satisfying

p(x+ y) ≤ p(x) + p(y), p(αx) = |α|p(x).
A family P = {pλ} is separating if every x 6= 0 has pλ(x) 6= 0 for some λ.

Example 6.1. pn(f) = supx∈[−n,n] |f(x)| gives a countable separating family of
seminorms on Cc(R).

Theorem 6.1. Let P = {pλ} be a separating family of seminorms on X. For
k ∈ N set Uλ,k = {x : pλ(x) < 1/k}, and let B be all finite intersections of such
sets. Let T be the translation-invariant topology having B as a local base at zero.
Then:

(1) (X, T ) is a TVS;
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(2) B is a convex balanced local base;
(3) every pλ is continuous;
(4) E ⊂ X is bounded if and only if every pλ is bounded on E.

Proof. For the Hausdorff property, it suffices by translation to separate 0 and x 6= 0.
Choose pλ(x) = ε > 0 and k with 1/k < ε/2. Then Uλ,k and x+ Uλ,k are disjoint.
Indeed, if y = x+ z were in their intersection, with z ∈ Uλ,k, then

pλ(x) = pλ(y − z) ≤ pλ(y) + pλ(z) < 2/k < ε,

a contradiction.
To show addition is continuous, suppose a neighborhood U of x+ y contains

x+ y +

ℓ⋂
i=1

Uλi,ki .

The neighborhoods

U1 = x+

ℓ⋂
i=1

Uλi,2ki , U2 = y +

ℓ⋂
i=1

Uλi,2ki

satisfy U1 + U2 ⊂ U by subadditivity.
For continuity of scalar multiplication, let U be a neighborhood of αx containing

αx+
⋂ℓ

i=1 Uλi,ki
. Write pi = pλi

. If α = 0, choose A > maxi pi(x) and
0 < δ < min{1, (2Ak1)−1, . . . , (2Akℓ)

−1}.
If |β| < δ and z ∈

⋂
i Uλi,2ki

, then

pi(β(x+ z)) ≤ |β|pi(x) + |β|pi(z) <
1

2ki
+

1

2ki
=

1

ki
.

If α 6= 0, choose

A > max
i

{
pi(x),

1

3ki|α|

}
, 0 < δ < min

i

{
1

3kiA
, |α|

}
.

For |β − α| < δ and pi(z) < 1/(3ki|α|),
pi(β(x+ z)− αx) ≤ |β − α|pi(x) + |β|pi(z)

<
1

3ki
+

2

3ki
=

1

ki
.

Thus scalar multiplication is continuous. The finitely many constraints on z specify
a neighborhood even when their radii are not reciprocal integers, since smaller
reciprocal-integer radii may be chosen.
Editorial note. The scalar-continuity estimates are written out from the two cases
in the source. For α 6= 0, the choice δ < |α| supplies the needed bound |β| < 2|α|;
the source’s displayed choice only includes a bound by 1, which alone would not
ensure that estimate for small |α|.

For (2), each Uλ,k is balanced by homogeneity, and convex because for 0 ≤ t ≤ 1
and x, y ∈ Uλ,k,

pλ(tx+ (1− t)y) ≤ tpλ(x) + (1− t)pλ(y) < 1/k.

Finite intersections preserve these properties.
For (3), the inequality

|pλ(x+ z)− pλ(x)| ≤ pλ(z)
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shows continuity at each x, using the neighborhoods Uλ,k.
For (4), if E is bounded, choose t > 0 with E ⊂ tUλ,1. Then pλ(x) < t on

E. Conversely, suppose every pλ is bounded on E. For a basic neighborhood
U =

⋂ℓ
i=1 Uλi,ki

, choose ti > 0 with pλi
(x) < ti on E. For every t > maxi tiki, we

have
pλi

(x/t) =
1

t
pλi(x) <

1

ki
,

so E ⊂ tU . Hence E is bounded. □
6.3. Fréchet spaces. When a topology is defined by countably many seminorms,
its basic finite intersections form a countable local base, so it is metrizable. We can
write down a compatible translation-invariant metric explicitly.

Proposition 6.2. If a topology on X is defined by a separating sequence {pi} of
seminorms, then for any positive sequence ci → 0,

d(x, y) = sup
i≥1

cipi(x− y)

1 + pi(x− y)

is a compatible translation-invariant metric.

Proof. Exercise, as in the source. □

Editorial note. The source uses a maximum. It exists for x 6= y because the
nonnegative terms tend to zero and at least one is positive; at x = y all terms
vanish. The supremum notation also covers both cases directly.

Definition 6.2 (Fréchet space). A Fréchet space is a TVS whose topology is in-
duced by a countable separating family of seminorms, and which is complete for a
compatible translation-invariant metric.

Remark 6.1. If d1, d2 are compatible translation-invariant metrics on the same TVS,
then d1 is complete if and only if d2 is complete. As illustrated in Problem Set 2,
Part 2, Problem 1, this need not hold without translation invariance.

Example 6.2. C(R) is a Fréchet space for the seminorms
pn(f) = max

−n≤x≤n
|f(x)|.

These form a countable separating family. Since p1 ≤ p2 ≤ · · · , the convex sets
Vn = {f ∈ C(R) : pn(f) < 1/n}

form a local base at zero. A compatible metric is

d(f, g) = sup
n≥1

1

n

pn(f − g)

1 + pn(f − g)
.

To see completeness, let {fi} be Cauchy for d. For each fixed n, pn(fi − fj) → 0
as i, j → ∞. Thus the restrictions converge uniformly on [−n, n] to a continuous
function f(n). Uniqueness of uniform limits gives f(m) = f(n) on [−n, n] for m > n.
These limits define f ∈ C(R). For every n, pn(fi− f) → 0, and hence d(fi, f) → 0.

The space Cc(R) with the same seminorm topology is not Fréchet, since it is not
complete. More generally, C(Ω) is Fréchet when Ω ⊂ Rn is open (with the topology
of uniform convergence on compact subsets).
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7. Convexity and Hilbert spaces

7.1. Review (September 22, 2015). A seminorm is a nonnegative, subadditive,
absolutely homogeneous function. A separating family of seminorms induces a
locally convex TVS topology making every seminorm continuous. A Fréchet space
has a countable such family and a complete compatible translation-invariant metric,
for example

d(x, y) = sup
n

cnpn(x− y)

1 + pn(x− y)
, cn > 0, cn → 0.

Today’s topic is convexity.

7.2. The Minkowski functional. Let X be a vector space and A ⊂ X be convex
and absorbing, with 0 ∈ A.

Definition 7.1. The Minkowski functional associated with A is
µA(x) = inf{t > 0 : x ∈ tA}.

It is finite and nonnegative because A is absorbing.

This need not be a linear functional in the sense to be defined later. If x ∈ tA
and s > t > 0, write x = ty with y ∈ A. Then

x = s

(
t

s
y +

s− t

s
0

)
∈ sA

by convexity. Consequently, {t > 0 : x ∈ tA} is an upper interval, with endpoint
µA(x). It follows that

{x : µA(x) < 1} ⊂ A ⊂ {x : µA(x) ≤ 1}.

Indeed, if µA(x) < 1, some 0 < t < 1 has x ∈ tA ⊂ A; if x ∈ A, then µA(x) ≤ 1.

Proposition 7.1. For a convex absorbing set A containing zero,
(1) µA(x+ y) ≤ µA(x) + µA(y);
(2) µA(tx) = tµA(x) for every real t ≥ 0;
(3) if A is also balanced, then µA is a seminorm.

Proof. Given ε > 0, set t = µA(x) + ε and s = µA(y) + ε. Then x/t, y/s ∈ A. By
convexity,

x+ y

s+ t
=

t

s+ t

x

t
+

s

s+ t

y

s
∈ A.

Hence µA(x+ y) ≤ s+ t = µA(x) + µA(y) + 2ε. Let ε ↓ 0.
For t > 0, the equivalence x ∈ sA⇐⇒ tx ∈ tsA gives

µA(tx) = inf{s > 0 : x ∈ (s/t)A} = tµA(x).

For t = 0, use µA(0) = 0. If A is balanced, αA = A whenever |α| = 1, since αA ⊂ A
and α−1A ⊂ A. For α 6= 0, multiplication by α/|α| therefore leaves A unchanged,
so

µA(αx) = µA(|α|x) = |α|µA(x).

Together with subadditivity, this proves the seminorm property. □

Theorem 7.2. A locally convex TVS whose topology is induced by a complete
translation-invariant metric is a Fréchet space.
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Proof. Metrizability gives a countable local base {Wn} at zero. Local convexity
lets us choose convex neighborhoods Un ⊂ Wn; then choose balanced convex open
neighborhoods Vn ⊂ Un. The Vn form a countable local base. Let pn = µVn . These
are seminorms. If x 6= 0, choose n with x /∈ Vn. Since {pn < 1} ⊂ Vn, pn(x) ≥ 1,
so the family separates points. We claim

Vn = {x : pn(x) < 1}.
One inclusion was proved above. If x ∈ Vn, openness and continuity of scalar
multiplication give x/t ∈ Vn for some 0 < t < 1 sufficiently close to one. Thus
pn(x) ≤ t < 1. Consequently, the Vn are open for the seminorm topology, so the
original topology is contained in it.

Conversely, its basic neighborhoods are finite intersections of

{x : pn(x) < 1/k} =
1

k
Vn,

which are open in the original topology. Thus the topologies agree. Completeness
now proves that X is Fréchet. □

This yields the alternative definition: a Fréchet space is a locally convex TVS
with a complete compatible translation-invariant metric.

Theorem 7.3 (Normability criterion). A TVS is normable if and only if zero has
a convex bounded neighborhood.

Proof. If a compatible norm exists, its open unit ball is convex and bounded. Con-
versely, let V be a convex bounded neighborhood of zero, and choose a balanced
convex open neighborhood U ⊂ V . Then U is bounded. Set ‖x‖ = µU (x), a
seminorm. The sets {n−1U} form a local base by boundedness. For x 6= 0, the
Hausdorff property gives n with x /∈ n−1U , so µU (x) ≥ 1/n > 0. Thus this is a
norm. Moreover, {x : ‖x‖ < 1/n} = n−1U , so the norm topology coincides with
the original topology. □

7.3. Hilbert spaces. We conclude the first part of the course with a brief introduc-
tion to Hilbert spaces, whose theory will be studied in detail later. The additional
structure, compared with the preceding spaces, is that of angles or inner products.

Definition 7.2 (Inner product). An inner product on a real vector space is a
symmetric positive definite bilinear form. On a complex vector space it is a function
(·, ·) : X×X → C which is linear in the first variable, conjugate-linear in the second,
and satisfies

(x, y) = (y, x), (x, x) > 0 (x 6= 0).

In particular, (αx, y) = α(x, y) and (x, αy) = α(x, y). Such an X is an inner
product space.

Editorial note. The complex symmetry condition is called conjugate symmetry,
rather than “skew-symmetry” as written in the source.

Example 7.1. For complex-valued square-integrable functions on [0, 1],

(f, g) =

ˆ 1

0

f(x)g(x) dx

is an inner product on L2([0, 1]).
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Editorial note. As usual, L2 consists of equivalence classes modulo equality almost
everywhere; this is needed for positive definiteness.

Proposition 7.4. An inner product induces a norm ‖x‖ = (x, x)1/2.

Proof. Positive definiteness gives ‖x‖ > 0 for x 6= 0. Sesquilinearity gives

‖αx‖ = (|α|2(x, x))1/2 = |α| ‖x‖ .

The Cauchy–Schwarz inequality |(x, y)| ≤ ‖x‖ ‖y‖ (proof: exercise) gives

‖x+ y‖2 = ‖x‖2 + 2Re(x, y) + ‖y‖2

≤ ‖x‖2 + 2|(x, y)|+ ‖y‖2 ≤ (‖x‖+ ‖y‖)2.

Taking square roots proves the triangle inequality. □

Definition 7.3 (Hilbert space). An inner product space is a Hilbert space if its
induced norm is complete.

Every Hilbert space is a Banach space. Hilbert spaces have a rich structure
closely related to Euclidean space, with many applications in mathematics and
physics. The source summarizes the spaces by the following lettered classes:

A Vector spaces
B Topological vector spaces
C Normable TVSs
D Metrizable TVSs
E Spaces with a complete compatible translation-invariant metric
F Banach spaces
G Spaces of second category in themselves
H Locally convex TVSs
I Locally bounded TVSs
J TVSs with a countable local base at zero
K Fréchet spaces
L Hilbert spaces
M Inner product spaces

The inclusion diagram can be expressed by

L ⊂ F ⊂ K ⊂ E ⊂ D = J ⊂ B ⊂ A,

L ⊂M ⊂ C ⊂ H ⊂ B, C ⊂ I ⊂ D, E ⊂ G,

K = H ∩ E, C = H ∩ I, F = C ∩ E = K ∩ I, L = E ∩M = F ∩M.

Editorial note. The hand-drawn diagram mixes abstract metric spaces and TVSs.
Here E means TVSs complete for a compatible translation-invariant metric (the
F-spaces of Lecture 9). The source’s formula C = H ∩I = K∩I is corrected: K∩I
consists of Banach spaces, since it includes completeness.

Theorem 7.5 (Minimum-norm point in a closed convex set). Let H be a Hilbert
space, and E ⊂ H be nonempty, closed, and convex. There is a unique x ∈ E such
that

‖x‖ = inf{‖y‖ : y ∈ E}.
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Proof. The parallelogram law
‖x+ y‖2 + ‖x− y‖2 = 2 ‖x‖2 + 2 ‖y‖2

is an exercise. Set d = infy∈E ‖y‖, and choose xn ∈ E with ‖xn‖ → d. Convexity
gives (xn + xm)/2 ∈ E, so the parallelogram law yields

1

4
‖xn − xm‖2 + d2 ≤ 1

2
‖xn‖2 +

1

2
‖xm‖2 −→ d2.

Thus {xn} is Cauchy. Completeness and closedness give a limit x ∈ E with ‖x‖ = d.
If also y ∈ E and ‖y‖ = d, then

1

4
‖x− y‖2 + d2 ≤ 1

2
‖x‖2 + 1

2
‖y‖2 = d2,

so x = y. □
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8. Linear operators and finite-dimensional spaces

8.1. Review (September 25, 2015). The Minkowski functional of a convex ab-
sorbing set is subadditive and positively homogeneous. It yields the characterization
of Fréchet spaces as locally convex complete metrizable TVSs, and the normability
criterion: local convexity together with local boundedness. A Hilbert space is a
complete inner product space.

8.2. Linear operators.

Definition 8.1. For vector spaces X,Y over the same field, a map L : X → Y is
a linear operator (linear map or linear transformation) if

L(αx+ βy) = αL(x) + βL(y).

When Y is the scalar field, it is a linear functional.

Example 8.1. Multiplication Mα(x) = αx is linear. Translation Ta(x) = x+ a is
linear only when a = 0. The map f 7→

´ 1
0
f(x) dx on C([0, 1]) is a linear functional;

f 7→
´ 1
0
f(x)2 dx is not linear. In a complex Hilbert space, x 7→ (x, y) is linear for

fixed y, whereas y 7→ (x, y) is conjugate-linear for fixed x. For fixed f ∈ C([0, 1]),
the multiplication operator Mf : g 7→ fg on C([0, 1]) is linear. For f ∈ C([0, 2π]),
its Fourier coefficients

f̂(n) =
1

2π

ˆ 2π

0

f(x)e−inx dx, n ∈ Z,

define a linear map into `∞(Z), since |f̂(n)| ≤ ‖f‖∞. For a vector space of scalar
functions on a set S, evaluation δa(f) = f(a) is a linear functional for each a ∈ S.
If Ω ⊂ Rn is open and bounded and V ∈ C∞(Ω), then

∆+ V : C∞(Ω) → C∞(Ω), f 7→ ∆f + V f, ∆f =

n∑
i=1

∂2xi
f,

is linear. An integral kernel gives another example:

(Kf)(x) =

ˆ
Ω

k(x, y)f(y) dy.

Editorial note. For the integral-kernel example, the source states k ∈ C(Ω×Ω) but
does not specify a domain for f or hypotheses ensuring integrability. The formula
is linear whenever the integrals are defined, for example for k ∈ C(Ω × Ω) and
f ∈ C(Ω) on bounded Ω.

For a linear map L : X → Y the following properties are easy to prove:
(1) L0 = 0.
(2) The image of a linear subspace is a linear subspace; in particular, ImL =

L(X) is a subspace of Y .
(3) The inverse image of a linear subspace is a linear subspace; in particular,

kerL = L−1({0}) is a subspace of X.
(4) Images and inverse images preserve convexity and balancedness.

The linear maps X → Y form a vector space under pointwise operations. Composi-
tions of linear maps are linear. Invertibility and linear isomorphisms are defined as
in linear algebra. Many finite-dimensional concepts extend to infinite dimensions;
others, such as trace and determinant, require special classes of operators.
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When X,Y carry TVS structures, a natural question is when a linear map is
continuous.

Proposition 8.1. A linear map L : X → Y between TVSs is continuous if it is
continuous at zero.

Proof. Let L(x) = y and let V be a neighborhood of y. Then −y + V is a neigh-
borhood of zero. By continuity at zero, choose a neighborhood U of zero in X with
L(U) ⊂ −y + V . Thus

L(x+ U) = L(x) + L(U) ⊂ y + (−y + V ) = V.

□

Remark 8.1. This argument also gives uniform continuity in the vector-space sense:
for every neighborhood V of zero in Y , one neighborhood U of zero in X works at
all points, since x1 − x2 ∈ U implies L(x1)− L(x2) ∈ V .

Definition 8.2 (Bounded linear operator). A linear map between TVSs is bounded
if it takes bounded sets to bounded sets. This does not mean a globally bounded
scalar-valued function; a nonzero linear functional cannot have globally bounded
absolute value.

Proposition 8.2. Every continuous linear map between TVSs is bounded.

Proof. Let E ⊂ X be bounded and V be a neighborhood of zero in Y . Choose a
neighborhood U of zero with L(U) ⊂ V . For some s > 0 and all t > s, E ⊂ tU .
Hence L(E) ⊂ L(tU) = tL(U) ⊂ tV , so L(E) is bounded. □

Theorem 8.3. Let X be a metrizable TVS, Y any TVS, and L : X → Y linear.
The following are equivalent:

(1) L is continuous;
(2) L is bounded;
(3) xn → 0 implies {Lxn : n ≥ 1} is bounded;
(4) xn → 0 implies Lxn → 0;
(5) L is continuous at zero.

Proof. We have proved (1)⇒(2) and (5)⇒(1). For (2)⇒(3), a convergent sequence
in any TVS is bounded (prove this as an exercise), so its image is bounded. For
(3)⇒(4), take a compatible translation-invariant metric d on X. For xn → 0, write
dn = d(xn, 0) and choose the positive integer

γn =

⌊
1√

dn + 1/n

⌋
+ 1.

Then γn → ∞, and the triangle inequality with translation invariance gives

d(γnxn, 0) ≤ γndn ≤ dn√
dn + 1/n

+ dn ≤
√
dn + 1/n+ dn −→ 0.

Thus {γnLxn} is bounded by (3). Since 1/γn → 0, the bounded-set criterion
(Problem Set 3, Part 1, Problem 3(2)) gives Lxn → 0. Finally, if (5) fails, some
neighborhood V of zero in Y has no neighborhood of zero mapped into it. Choose
a decreasing countable local base Un at zero and points xn ∈ Un with Lxn /∈ V .
Then xn → 0 but Lxn 6→ 0, contradicting (4). □
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8.3. Finite-dimensional vector spaces. For simplicity use the scalar field C;
the same conclusions hold over R. Give Cn its standard norm topology.

Proposition 8.4. Every linear map L : Cn → Y into a complex TVS is continuous.

Proof. For a basis e1, . . . , en, if zk =
∑n

i=1 z
(i)
k ei → 0, then all coordinates tend to

zero. Thus L(zk) =
∑

i z
(i)
k L(ei) → 0 by continuity of the vector operations. The

preceding theorem gives continuity. □

Theorem 8.5. Let Y be an n-dimensional subspace of a complex TVS X. Every
linear isomorphism L : Cn → Y is a homeomorphism.

Proof. L is continuous by the proposition. To show that L−1 is continuous, it
suffices to check zero. The unit sphere S ⊂ Cn is compact, so K = L(S) is
compact. Since L is injective, 0 /∈ K. In the Hausdorff space Y , compact sets
are closed, so choose a balanced open neighborhood V of zero disjoint from K.
Then E = L−1(V ) is balanced, contains zero, and avoids S. Hence E ⊂ B(0, 1):
otherwise a vector of norm at least one could be scaled into S while staying in E.
For ε > 0,

L−1(εV ) = εE ⊂ B(0, ε).

This proves continuity of L−1 at zero. □

Corollary 8.1. There is only one Hausdorff topology on Cn making its usual vector
operations continuous.

Proof. The identity from standard Cn to Cn with any TVS topology is a linear
isomorphism, hence a homeomorphism by the theorem. Therefore that topology
equals the standard one. □

Corollary 8.2. Any two norms on Cn are equivalent: there exist c1, c2 > 0 such
that

c1 ‖z‖1 ≤ ‖z‖2 ≤ c2 ‖z‖1 .

Proof. The two norm topologies coincide. Continuity of the identity implies that
some ball {z : ‖z‖2 < r} is contained in {z : ‖z‖1 < 1}. Homogeneity gives
‖z‖1 ≤ r−1 ‖z‖2. Reverse the roles of the two norms for the other inequality. □

Corollary 8.3. Every norm on Cn is complete.

Proof. It is equivalent to the complete standard norm. □

Corollary 8.4. Every finite-dimensional subspace Y of a TVS X is closed.

Proof. Let L : Cn → Y be a linear isomorphism and homeomorphism. For a
convergent sequence yk ∈ Y , yk → y ∈ X, take any neighborhood U of zero in Cn.
Choose a symmetric neighborhood V of zero in X such that (V + V ) ∩ Y ⊂ L(U).
Eventually yk ∈ y+V , so yk − yl ∈ (V +V )∩Y and L−1(yk)−L−1(yl) ∈ U . Thus
L−1(yk) is Cauchy in Cn, with limit z. Continuity gives yk → L(z); uniqueness
implies y = L(z) ∈ Y . For general X, apply the same argument to any net (yλ)
in Y converging in X. Its inverse image is a Cauchy net in the complete finite-
dimensional Euclidean space and hence converges. This proves that all closure
points of Y lie in Y , so Y is closed. □
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Editorial note. The source gives the sequence argument alone. For a general TVS,
sequential closedness does not suffice; the last paragraph extends the argument to
nets. In a metrizable X the sequence argument already proves the result.
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9. The Banach–Steinhaus theorem

9.1. Review (September 29, 2015). For a linear map between TVSs, continuity
at zero implies continuity, and continuity implies boundedness. If the domain is
metrizable, boundedness also implies continuity. Finite-dimensional vector spaces
have a unique compatible Hausdorff vector-space topology; all their norms are
equivalent and complete, and they are closed in every TVS containing them.

9.2. Equicontinuity. Recall the uniform form of equicontinuity for a family Λ ⊂
C(Ω):

∀ε > 0 ∃δ > 0 : |x1 − x2| < δ =⇒ |f(x1)− f(x2)| < ε (f ∈ Λ).

The analogous notion for linear maps is particularly natural because continuity at
zero implies uniform continuity.

Definition 9.1. A family Λ of linear maps from a TVS X to a TVS Y is equicon-
tinuous if for every neighborhood V of zero in Y , there is a neighborhood U of zero
in X such that L(U) ⊂ V for every L ∈ Λ.

By linearity, x1 − x2 ∈ U then implies L(x1)− L(x2) ∈ V simultaneously for all
L ∈ Λ. For a one-element family, equicontinuity is continuity. Every member of an
equicontinuous family is continuous and hence bounded.

Proposition 9.1. If Λ is an equicontinuous family of linear maps X → Y , then
for each bounded set E ⊂ X, there is a bounded set F ⊂ Y with L(E) ⊂ F for every
L ∈ Λ.

Proof. Put F =
⋃

L∈Λ L(E). Given a neighborhood V of zero in Y , choose a
neighborhood U of zero in X such that L(U) ⊂ V for all L. For some s > 0 and
every t > s, E ⊂ tU . Thus L(E) ⊂ tL(U) ⊂ tV for every L, so F ⊂ tV . This
proves boundedness. □

Three fundamental theorems (in fact four, as usually grouped) form “the big
three” of functional analysis. They are applications of the Baire category theorem.
Recall that a set is of first category if it is a countable union of nowhere dense sets,
and of second category otherwise. Nonempty complete metric spaces are of second
category; countable intersections of dense open subsets remain dense.

Definition 9.2 (F-space). An F-space is a metrizable TVS complete for a com-
patible translation-invariant metric. Equivalently, every such metric is complete.

A Fréchet space is precisely a locally convex F-space. Thus
Hilbert ⊂ Banach ⊂ Fréchet ⊂ F-space ⊂ metrizable TVS.

Theorem 9.2 (Banach–Steinhaus). Let X be an F-space, Y any TVS, and Λ a
family of continuous linear maps X → Y . If Λ is pointwise bounded, meaning

Λx = {L(x) : L ∈ Λ} is bounded in Y for every x ∈ X,

then Λ is equicontinuous.

By Proposition 9.1, the conclusion also implies uniform boundedness on each
bounded subset of X. Conversely, equicontinuity implies pointwise boundedness,
since singletons are bounded in every TVS.
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Proof of Theorem 9.2. Given a neighborhood V of zero in Y , choose a closed bal-
anced neighborhood W with W +W ⊂ V . To justify this choice, observe that for
any subset S and neighborhood U of zero,

S ⊂ S + U.

Indeed, if y /∈ S + U , the neighborhood y − U contains no point of S, so y /∈ S.
Choose a balanced open neighborhood O with O+O+O+O ⊂ V , and setW = O.
Then W ⊂ O +O, so W +W ⊂ V ; closure preserves balancedness.
Editorial note. This spells out the closed-neighborhood construction in the source
margin.

Pointwise boundedness implies that for each x, some integer n has L(x) ∈ nW
for every L ∈ Λ. Define

Xn = {x ∈ X : L(x) ∈ nW for every L ∈ Λ} =
⋂
L∈Λ

L−1(nW ).

Then X =
⋃

nXn and every Xn is closed, by continuity of the maps and closedness
of nW . Baire’s theorem gives an n with IntXn 6= ∅. Set

U0 =
1

n
IntXn, U = U0 − U0.

The set U is an open neighborhood of zero, and L(U0) ⊂ W for all L. Since W is
symmetric,

L(U) ⊂ L(U0)− L(U0) ⊂W +W ⊂ V.

Thus Λ is equicontinuous. □

The same argument gives a more general statement.

Theorem 9.3 (General Banach–Steinhaus theorem). Let X,Y be TVSs and Λ a
family of continuous linear maps X → Y . If

B = {x ∈ X : Λx is bounded in Y }

is of second category in X, then Λ is equicontinuous and B = X.

Corollary 9.1 (Pointwise limits). Let X be an F-space, Y a TVS, and Ln : X → Y
continuous and linear. If L(x) = limn→∞ Ln(x) exists for every x ∈ X, then
L : X → Y is continuous and linear.

Proof. Linearity follows by taking limits in the vector operations. Convergent se-
quences in a TVS are bounded, so Banach–Steinhaus implies that {Ln} is equicon-
tinuous. Given a neighborhood V of zero in Y , choose a closed neighborhood
W ⊂ V . Equicontinuity gives a neighborhood U of zero in X with Ln(U) ⊂W for
every n. Taking pointwise limits gives L(U) ⊂ W ⊂ V . Thus L is continuous at
zero, and hence everywhere. □

Editorial note. The source obtains L(U) ⊂ V after passing to the limit. Choosing
a smaller closed neighborhood first makes the continuity conclusion explicit.

Remark 9.1. More generally, if B = {x : limn Ln(x) exists} is of second category in
X and Y is an F-space, then B = X and the resulting L is continuous.
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9.3. The case of normed spaces. A subset F of a normed space Y is bounded
exactly when supy∈F ‖y‖ < ∞. For normed spaces X,Y , a linear map L : X → Y
is bounded if and only if for each c1 > 0, some c2 > 0 satisfies

L(BX(0, c1)) ⊂ BY (0, c2).

By linearity it suffices to check the unit ball. Bounded linear maps are precisely
continuous linear maps. Write

L(X,Y ) = {L : X → Y : L is continuous and linear}.
This is a vector space, with the operator norm

‖L‖ = sup
∥x∥X=1

‖Lx‖Y = sup
x ̸=0

‖Lx‖Y
‖x‖X

.

For X = {0} the operator norm is zero.

Proposition 9.4. The operator norm is a norm on L(X,Y ).

Proof. Exercise, as in the source. □
Theorem 9.5 (Uniform boundedness principle). Let X be a Banach space, Y a
normed space, and Λ ⊂ L(X,Y ). If for each x ∈ X,

sup
L∈Λ

‖Lx‖Y <∞,

then supL∈Λ ‖L‖ <∞.

Proof. Banach–Steinhaus gives equicontinuity. Apply Proposition 9.1 to the unit
sphere of X: its images under all L ∈ Λ lie in one bounded subset of Y . Thus ‖L‖
has a common finite upper bound. □
Remark 9.2. This is also called the resonance theorem, since its contrapositive says

sup
L∈Λ

‖L‖ = ∞ =⇒ ∃x0 ∈ X : sup
L∈Λ

‖Lx0‖Y = ∞.
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10. The open mapping theorem

10.1. Review (October 9, 2015). The Banach–Steinhaus theorem says that a
pointwise bounded family of continuous linear maps from an F-space to a TVS is
equicontinuous and therefore uniformly bounded on bounded sets. For a Banach
domain and a normed codomain, this becomes the uniform boundedness principle:
pointwise boundedness implies a common bound for the operator norms.

10.2. Open maps. Recall that a map is continuous if inverse images of open sets
are open.

Definition 10.1. A map f : X → Y between topological spaces is an open map if
f(U) is open in Y whenever U is open in X.

Example 10.1. A homeomorphism and its inverse are both open maps. For topo-
logical spaces X,Y , the coordinate projections πX : X×Y → X and πY : X×Y →
Y are open, since open rectangles form a base of the product topology.

Proposition 10.1. An open linear map L : X → Y between TVSs is surjective.

Proof. L(X) is an open vector subspace of Y and contains zero. It is therefore
absorbing, so

Y =

∞⋃
k=1

kL(X) = L(X).

□

Lemma 10.1. A linear map L : X → Y between TVSs is open if and only if it
is open at zero: for each neighborhood U of zero in X, the set L(U) contains a
neighborhood of zero in Y .

Proof. Only sufficiency needs proof. If U is open and y ∈ L(U), choose x ∈ U with
Lx = y. The set −x + U is a neighborhood of zero, so some neighborhood V of
zero in Y satisfies

V ⊂ L(−x+ U) = −y + L(U).

Thus y + V ⊂ L(U) and L(U) is open. □

Theorem 10.2 (Open mapping theorem). Let X be an F-space, Y a TVS, and
L : X → Y a continuous linear map. If L(X) is of second category in Y , then L is
open and L(X) = Y .

Proof. Fix a complete compatible translation-invariant metric d on X. It suffices
to show that L(U) contains a neighborhood of zero for each U = Bd(0, r). Since
X =

⋃
k≥1 kU ,

L(X) =
⋃
k≥1

kL(U).

The second-category hypothesis implies that some kL(U) = kL(U) has nonempty
interior. Hence L(U) has nonempty interior. Put Un = Bd(0, 2

−nr). By the
same argument, each L(Un) has nonempty interior. Translation invariance and the
triangle inequality give Un+1−Un+1 ⊂ Un. IfWn is a nonempty open set contained
in L(Un+1), then

L(Un) ⊃ L(Un+1)− L(Un+1) ⊃ L(Un+1)− L(Un+1) ⊃Wn −Wn.
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Thus every L(Un) contains a neighborhood of zero.
We show that L(U1) ⊂ L(U). Take y1 ∈ L(U1). Because L(U2) contains a

neighborhood of zero, choose x1 ∈ U1 such that y2 = y1−Lx1 ∈ L(U2). Inductively
choose xn ∈ Un and yn ∈ L(Un) with

yn+1 = yn − Lxn.

Since d(xn, 0) < 2−nr, the partial sums sn =
∑n

k=1 xk are Cauchy. Completeness
gives sn → x. Moreover,

d(x, 0) ≤ d(x1, 0) +

∞∑
k=2

2−kr <
r

2
+
r

2
= r,

so x ∈ U . We also have yn → 0. Indeed, for any neighborhood V of zero in
Y , choose an open neighborhood W with W + W ⊂ V . Continuity of L gives
L(Un) ⊂W for large n, and hence L(Un) ⊂W ⊂W +W ⊂ V . Finally,

Lsn =

n∑
k=1

Lxk = y1 − yn+1 −→ y1.

By continuity Lsn → Lx, so y1 = Lx ∈ L(U). Since L(U1) contains a neighborhood
of zero, so does L(U). The lemma proves openness, and the preceding proposition
gives surjectivity. □
Corollary 10.1. Every continuous surjective linear map between F-spaces is open.

Proof. Its image is the complete metric space Y , which is of second category. □
Corollary 10.2 (Bounded inverse theorem). A continuous bijective linear map
between F-spaces has continuous inverse.

Proof. It is bijective and open. □
Corollary 10.3. If X,Y are Banach spaces and L : X → Y is continuous, linear,
and bijective, there are c1, c2 > 0 such that

c1 ‖x‖X ≤ ‖Lx‖Y ≤ c2 ‖x‖X .

Proof. L is bounded, giving the upper estimate. The inverse is continuous and
bounded, so ‖x‖X ≤ C ‖Lx‖Y , giving the lower estimate. □
Corollary 10.4. Suppose two norms ‖·‖1 , ‖·‖2 make X Banach and ‖x‖1 ≤
C1 ‖x‖2 for all x. Then there is C2 > 0 with C2 ‖x‖2 ≤ ‖x‖1 for all x.

Proof. Apply the bounded inverse theorem to the identity map from (X, ‖·‖2) to
(X, ‖·‖1). □
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11. Closed graphs and closed operators

11.1. Review (October 16, 2015). The open mapping theorem says that a con-
tinuous linear map from an F-space whose image is of second category in the target
TVS is open, hence surjective. In particular, a continuous bijective linear map be-
tween F-spaces has continuous inverse. (Problem Set 5, Part 1 also shows that the
target in the open mapping theorem is an F-space.) Today we study applications.

11.2. The closed graph theorem.

Definition 11.1 (Graph). For a map f : X → Y , its graph is

Γf = {(x, f(x)) : x ∈ X} ⊂ X × Y.

It is a closed graph if it is closed in the product topology.

Proposition 11.1. If X is a topological space, Y is Hausdorff, and f : X → Y is
continuous, then Γf is closed.

Proof. We show that Ω = (X × Y ) \ Γf is open. If (x0, y0) ∈ Ω, then y0 6= f(x0).
Choose disjoint open neighborhoods V of y0 and W of f(x0). By continuity choose
a neighborhood U of x0 with f(U) ⊂ W . Then U × V contains (x0, y0) and is
disjoint from the graph: if x ∈ U and y = f(x), then y ∈W , so y /∈ V . □

Remark 11.1. The Hausdorff hypothesis is needed. The identity map on any space
is continuous, whereas its graph, the diagonal ∆ = {(x, x) : x ∈ X}, is closed only
if X is Hausdorff. Why? Conversely, if K ⊂ Rn is compact, a map f : K → K
with closed graph is continuous.

Theorem 11.2 (Closed graph theorem). Let X,Y be F-spaces and L : X → Y
linear. If ΓL is closed in X × Y , then L is continuous.

Proof. Let dX , dY be complete compatible translation-invariant metrics. Then

d((x1, y1), (x2, y2)) = dX(x1, x2) + dY (y1, y2)

is a complete translation-invariant metric compatible with the product topology
(exercise). Thus X × Y is an F-space. The graph ΓL is a vector subspace, since
L is linear, and is closed. A closed subset of a complete metric space is complete
(Problem Set 2, Part 1, Problem 1(2)), so ΓL is an F-space. The projection

π1 : ΓL → X, (x, Lx) 7→ x

is continuous, linear, and bijective. The inverse mapping theorem makes π−1
1 con-

tinuous. Since the coordinate projection πY is continuous and L = πY ◦ π−1
1 , L is

continuous. □

Remark 11.2. In this metrizable setting, graph closedness is equivalent to: if xn → x
and Lxn → y, then y = Lx. We used the inverse mapping theorem to prove the
closed graph theorem. Conversely, if L is continuous and bijective, its graph is
closed; swapping coordinates shows that ΓL−1 is closed, so the closed graph theorem
gives continuity of L−1. One can also prove the closed graph theorem directly, and
use it to prove the version of the open mapping theorem for continuous surjective
linear maps between F-spaces. Thus these formulations are equivalent.
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11.3. Closed operators. Let X,Y be Banach spaces. In applications, a linear
operator may only be defined on a vector subspace Dom(L) ⊂ X. Its graph is then

ΓL = {(x, Lx) : x ∈ Dom(L)} ⊂ X × Y.

Definition 11.2 (Closed operator). L is a closed operator (a closed graph operator
in the source) if ΓL is closed in X × Y . Equivalently, if xn ∈ Dom(L), xn → x in
X, and Lxn → y in Y , then x ∈ Dom(L) and Lx = y.

Example 11.1. If L : X → Y is injective, continuous, and linear, then L−1 :
ImL→ X is a closed operator, since its graph is obtained from the closed graph of
L by swapping coordinates.

Example 11.2. On X = C([0, 1]) with its uniform norm, differentiation D = d/dx
with domain C1([0, 1]) is closed: uniform convergence fn → f and f ′n → g implies
f ∈ C1 and f ′ = g. It is unbounded for the uniform norm, since

‖D(xn)‖∞ = n ‖xn‖∞ = n.

In particular, it is not continuous on its domain equipped with the norm inherited
from X.

The domain of an operator need not be closed in X.

Proposition 11.3. Let X be a normed space, Y a Banach space, and L : Dom(L) →
Y continuous and linear for the inherited norm. There is a continuous linear ex-
tension

L : Dom(L) → Y,
∥∥L∥∥ = ‖L‖ .

Proof. For x ∈ Dom(L), choose xn ∈ Dom(L) with xn → x. Boundedness gives
‖Lxn − Lxm‖ ≤ C ‖xn − xm‖, so Lxn is Cauchy and has a limit in Y . Define
Lx = limn Lxn. The limit is independent of the approximating sequence: interlace
any two choices, or use the same norm estimate. Passing to limits proves linearity
and

∥∥Lx∥∥ ≤ ‖L‖ ‖x‖. Thus
∥∥L∥∥ ≤ ‖L‖; restriction gives the reverse inequality. □

Definition 11.3 (Closable operator). An operator L admits a closure, or is closable,
if ΓL is the graph of an operator. Every continuous linear operator on a normed
domain with Banach target is closable.

Theorem 11.4 (Hörmander). Let X,Y, Z be Banach spaces and L1 : Dom(L1) ⊂
X → Y , L2 : Dom(L2) ⊂ X → Z be linear operators with Dom(L1) ⊂ Dom(L2).
Suppose L1 is closed and L2 is closable. Then there is C > 0 such that

‖L2x‖Z ≤ C
(
‖L1x‖Y + ‖x‖X

)
(x ∈ Dom(L1)).

Proof. ΓL1
is a closed subspace of the Banach space X × Y , with norm ‖(x, y)‖ =

‖x‖X + ‖y‖Y , so it is Banach. Define
L3 : ΓL1 → Z, L3(x, L1x) = L2x.

This is linear and everywhere defined. We show its graph is closed. Suppose
(xn, L1xn) → (x, y) and L2xn → z. Closedness of L1 gives x ∈ Dom(L1) and
y = L1x. The closure of L2 then satisfies L2x = z. Since x ∈ Dom(L2), z = L2x =
L3(x, y). The closed graph theorem gives boundedness of L3, which is exactly

‖L2x‖Z ≤ C(‖x‖X + ‖L1x‖Y ).
□
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Example 11.3. Take X = Y = Z = C([0, 1]), L1 = d2/dx2 on C2([0, 1]), and
L2 = d/dx on C1([0, 1]). The theorem yields

‖f ′‖∞ ≤ C
(
‖f ′′‖∞ + ‖f‖∞

)
(f ∈ C2([0, 1])).
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12. The Hahn–Banach extension theorem

12.1. Review (October 20, 2015). For F-spaces X,Y , a linear map L : X → Y
is continuous if and only if its graph is closed. Equivalently, xn → x and Lxn → y
must imply y = Lx. Today we prove Hahn–Banach.

12.2. Order and the axiom of choice. Unlike the Banach–Steinhaus and open
mapping theorems, whose proofs rely on completeness and category, the Hahn–
Banach theorem is proved using a form of the axiom of choice. We use Zorn’s
lemma.

Definition 12.1 (Partial order). A set P with a relation � is partially ordered if
the relation is transitive, reflexive, and antisymmetric:

a � b, b � c⇒ a � c, a � a, a � b, b � a⇒ a = b.

A subset Q ⊂ P is totally ordered, or a chain, if any two of its elements are
comparable. An upper bound for Q is an element a ∈ P such that b � a for all
b ∈ Q. An element a ∈ P is maximal if a � b implies a = b.

Lemma (Zorn’s lemma). If a nonempty partially ordered set has an upper bound
for every chain, then it has a maximal element.

An equivalent statement is the Hausdorff maximality theorem: every nonempty
partially ordered set contains a chain maximal among chains.

12.3. The real Hahn–Banach theorem.

Theorem 12.1 (Hahn–Banach, real version). Let X be a real vector space and
p : X → R satisfy

p(x+ y) ≤ p(x) + p(y), p(tx) = tp(x) (t ≥ 0).

Let Y ⊂ X be a vector subspace and ` : Y → R linear with `(y) ≤ p(y) for all
y ∈ Y . Then ` has a linear extension ̂̀ : X → R satisfying ̂̀(x) ≤ p(x) for all x.

The hypotheses on p are weaker than being a seminorm.

Proof. First extend by one dimension. If Y 6= X, choose x0 /∈ Y and set Z =
Y + Rx0. For y1, y2 ∈ Y ,

`(y1) + `(y2) = `(y1 + y2) ≤ p(y1 + y2) ≤ p(y1 − x0) + p(x0 + y2).

Thus
`(y1)− p(y1 − x0) ≤ p(x0 + y2)− `(y2).

The left-hand expressions have a finite supremum a0, satisfying
`(y1)− p(y1 − x0) ≤ a0 ≤ p(x0 + y2)− `(y2).

Define ˜̀(y + αx0) = `(y) + αa0. The representation is unique, so this defines a
linear extension. If α > 0, then˜̀(y + αx0) = α

(
`(y/α) + a0

)
≤ αp(y/α+ x0) = p(y + αx0).

If α < 0, put b = −α > 0. Then˜̀(y + αx0) = b
(
`(y/b)− a0

)
≤ bp(y/b− x0) = p(y + αx0).

The case α = 0 is the original domination.
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Now let P be all pairs (Z, ˜̀) where Z is a subspace containing Y and ˜̀ : Z → R
extends ` and is dominated by p. This set is nonempty, since (Y, `) ∈ P . Order it
by extension:

(Z1, `1) � (Z2, `2) ⇐⇒ Z1 ⊂ Z2 and `2|Z1 = `1.

For a chain {(Zν , `ν)}, put Z =
⋃

ν Zν . This is a vector subspace: any two vectors
lie together in one member of the chain. The formula ˜̀(z) = `ν(z) for z ∈ Zν is
well-defined by compatibility of the chain, linear, and dominated by p. Hence (Z, ˜̀)
is an upper bound. Zorn’s lemma gives a maximal element. The one-dimensional
extension argument shows that its domain cannot be a proper subspace of X. It
therefore provides the required extension to all of X. □

Theorem 12.2 (Hahn–Banach, complex version). Let X be a complex vector space,
p a seminorm, Y ⊂ X a complex subspace, and ` : Y → C complex-linear with
|`(y)| ≤ p(y). There is a complex-linear extension ̂̀ : X → C with |̂̀(x)| ≤ p(x) for
every x ∈ X.

Proof. Exercise, using the real version, as in the source. □

12.4. Immediate applications. Hahn–Banach is an existence theorem rather
than a constructive procedure; its extension is generally not unique. The set of
extensions satisfying the same domination is convex.

Example 12.1. Let X be all bounded real-valued functions on [0, 1], with no
measurability requirement, and let Y = C([0, 1]). Set

p(f) = sup
x∈[0,1]

|f(x)|, `(f) =

ˆ 1

0

f(x) dx (f ∈ Y ).

The Hahn–Banach hypotheses hold, so integration on continuous functions extends
to a dominated linear functional on all bounded functions.

Editorial note. This extends the integration functional; it does not assert that
every bounded function becomes Lebesgue measurable or integrable, nor that the
extension has countable-additivity properties.

For normed spaces X,Y , recall that L(X,Y ) with the operator norm is normed,
and is Banach if Y is Banach.

Definition 12.2 (Dual space). The dual space of a normed space X over F is
X∗ = L(X,F), with dual norm

‖L‖X∗ = sup
∥x∥=1

|Lx|.

In particular, X∗ is Banach even if X is incomplete.

Corollary 12.1 (Norm-preserving extension). Let Y ⊂ X be a subspace of a
normed space and ` ∈ Y ∗. There is L ∈ X∗ extending ` with ‖L‖X∗ = ‖`‖Y ∗ .

Proof. Use p(x) = ‖`‖Y ∗ ‖x‖X , which is a seminorm and dominates |`| on Y . Hahn–
Banach gives an extension with norm at most ‖`‖. Restriction gives the reverse
inequality. □

Corollary 12.2 (Norming functional). For every nonzero x0 in a normed space
X, there is L ∈ X∗ with ‖L‖ = 1 and Lx0 = ‖x0‖.
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Proof. On Y = Fx0, define `(αx0) = α ‖x0‖. Then ‖`‖ = 1; extend it by the
preceding corollary. □

Editorial note. The nonzero assumption makes the one-dimensional proof valid. For
x0 = 0, the conclusion still holds when X 6= {0} by choosing a norming functional
at any nonzero vector; it fails for X = {0}.
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13. The geometric Hahn–Banach theorem

13.1. Review (October 23, 2015). The real Hahn–Banach theorem concerns a
real vector space X, a sublinear function p : X → R (subadditive and positively
homogeneous), a subspace Y , and a linear functional ` : Y → R with ` ≤ p on Y .
It gives an extension L : X → R with L|Y = ` and L ≤ p. There is no topology
in this statement and no assertion of continuity. For a normed space, every ` ∈ Y ∗

extends to L ∈ X∗ with ‖L‖X∗ = ‖`‖Y ∗ . In particular, for x0 6= 0 there is L ∈ X∗ of
norm one with Lx0 = ‖x0‖. Consequences (quiz) are that X∗ separates points, and
separates a point x0 from a closed subspace Y not containing it: there is L ∈ X∗

with Lx0 = 1 and L|Y = 0.

13.2. Separating convex sets in a TVS. Let X be real and ` : X → R be
nonzero and linear. Its image is a nonzero subspace of R, hence it is surjective. For
c ∈ R, the set

Hℓ,c = {x ∈ X : `(x) = c}
is a hyperplane. Different level sets differ by translation: if `(x0) = c − c′, then
Hℓ,c = Hℓ,c′ + x0.
Editorial note. The translation sign in the handwritten formula is corrected so that
applying ` to the translated points gives c.

Continuity is not part of the definition of a hyperplane.

Proposition 13.1. In a real TVS, a hyperplane Hℓ,c is closed if and only if ` is
continuous.

Proof. If ` is continuous, Hℓ,c = `−1({c}) is closed. Conversely, if one level set is
closed, all are closed by translation. For ε > 0, choose a balanced neighborhood
U of zero disjoint from Hℓ,ε. The balanced set `(U) ⊂ R contains zero but not ε.
Since a balanced real set is an interval symmetric about zero, `(U) ⊂ (−ε, ε). Thus
` is continuous at zero, and therefore everywhere. □

A hyperplane Hℓ,c separates A,B ⊂ X if
`(x) ≤ c ≤ `(y) (x ∈ A, y ∈ B).

It strictly separates them if both inequalities are strict.

Theorem 13.2 (Geometric Hahn–Banach theorem). Let X be a real TVS and
A,B disjoint nonempty convex subsets. If A is open, there are L ∈ X∗ and c ∈ R
such that

Lx < c ≤ Ly (x ∈ A, y ∈ B).

The idea is first to separate an open convex neighborhood of zero from a point
outside it, by extending a functional on the line joining zero to that point. In
general, 0 /∈ A− B; translate A− B to an open convex neighborhood of zero, and
apply this idea to the old zero.

0
A

B

HL,c
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Proof. Fix x0 ∈ A, y0 ∈ B, and let

C = A−B + y0 − x0 =
⋃
y∈B

(A− y + y0 − x0).

This is convex, open, and contains zero. Its Minkowski functional µC(x) = inf{t >
0 : x ∈ tC} is sublinear. Since A∩B is empty, y0−x0 /∈ C, so µC(y0−x0) ≥ 1. On
Y = R(y0−x0) define `(t(y0−x0)) = t. For t ≥ 0, t ≤ tµC(y0−x0) = µC(t(y0−x0));
for t < 0, t < 0 ≤ µC(t(y0 − x0)). Thus ` ≤ µC , and Hahn–Banach gives a linear
extension L : X → R dominated by µC . On C, L < 1; by linearity, on −C, L > −1.
Hence |L(x)| < 1 on the neighborhood C ∩ (−C). Scaling this neighborhood proves
continuity of L, so L ∈ X∗. For x ∈ A and y ∈ B,

Lx− Ly + 1 = L(x− y + y0 − x0) ≤ µC(x− y + y0 − x0) < 1.

Here L(y0 − x0) = 1, and openness of C gives the strict final bound (compare Quiz
3). Thus Lx < Ly for every pair. Put c = supx∈A Lx, which is finite because any
Ly, y ∈ B, is an upper bound. Then Lx ≤ c ≤ Ly. Finally, the nonzero continuous
linear functional L is an open map (Problem Set 5, Part 2, Problem 2(1)), so L(A)
is open in R. No point of L(A) equals its supremum; therefore Lx < c on A. □

Every real-linear functional on a complex vector space is uniquely the real part of
a complex-linear functional (Problem Set 7, Part 1, Problem 1); one is continuous
if and only if the other is.

Theorem 13.3 (Complex version). For disjoint nonempty convex subsets A,B of
a complex TVS, with A open, there are L ∈ X∗ and c ∈ R such that

ReLx < c ≤ ReLy (x ∈ A, y ∈ B).

13.3. Separation in locally convex spaces. We extend the normed-space conse-
quences in the review to locally convex TVSs, beginning with a variant of geometric
Hahn–Banach.

Theorem 13.4. Let X be a real locally convex TVS and A,B disjoint nonempty
convex sets. If A is compact and B is closed, then there are L ∈ X∗ and c1 < c2
such that

Lx ≤ c1 < c2 ≤ Ly (x ∈ A, y ∈ B).

Recall that compactness means every open covering has a finite subcover.

Proof. For each x ∈ A, choose a neighborhood Vx of zero such that (x+Vx +Vx)∩
B = ∅; this is possible since B is closed. The sets x + Vx cover A, so choose a
finite subcover with centers x1, . . . , xn. Choose a convex neighborhood V ⊂

⋂
i Vxi

of zero. Then (A + V ) ∩ B = ∅. Apply Theorem 13.2 to the open convex set
A + V and B, obtaining L ∈ X∗ separating their images. Set c1 = supL(A) and
c2 = supL(A+V ). The set L(A) is compact and L(A+V ) is open; since the former
is contained in the latter, c1 < c2. Separation gives c2 ≤ Ly on B, completing the
proof. □

There is a complex version with ReL in the inequalities. Since singletons are
compact, the following corollaries are immediate.

Corollary 13.1. The continuous dual of a locally convex TVS separates points: if
x 6= y, there exists L ∈ X∗ with Lx 6= Ly.
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Corollary 13.2. If Y is a vector subspace of a locally convex TVS X and x0 /∈ Y ,
there exists L ∈ X∗ such that Lx0 = 1 and Ly = 0 for all y ∈ Y .

Corollary 13.3. If Y is a vector subspace of a locally convex TVS X, then every
` ∈ Y ∗ extends to some L ∈ X∗.
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14. Weak topologies

14.1. Review (October 27, 2015). Geometric Hahn–Banach separates disjoint
nonempty convex sets A,B in a real TVS when A is open: Lx < c ≤ Ly for
L ∈ X∗. In a locally convex TVS, compact A and closed B admit a uniform gap
Lx ≤ c1 < c2 ≤ Ly. The continuous dual then separates points, separates a point
outside the closure of a subspace from that subspace, and extends continuous linear
functionals from subspaces. Recall that every Fréchet space is locally convex.

14.2. Weak topologies induced by maps. A topology T1 is weaker than T2
when T1 ⊂ T2: every T1-open set is T2-open. The topology generated by a family
S of subsets is the intersection of all topologies containing S; finite intersections of
members of S form a base for it (including the empty intersection X).

Example 14.1. For a TVS X and a closed subspace N , the quotient topology
on X/N is characterized by E open if and only if π−1(E) is open in X. It is the
strongest topology making π : X → X/N continuous, and the weakest making π
open. The product topology on X ×Y , generated by open rectangles U ×V , is the
weakest making both coordinate projections continuous.

Definition 14.1. Let E = {fα : X → Yα} be maps from a set X into topological
spaces. The weakest topology making every fα continuous is the E-topology, or
weak topology induced by E . It is generated by all sets f−1

α (Uα) with Uα open in
Yα.

Example 14.2. On C([0, 1]), evaluation Evx(f) = f(x) for x ∈ [0, 1] induces the
topology of pointwise convergence: fi → f means fi(x) → f(x) for every x. This
differs from the topology of uniform convergence induced by ‖f‖∞ = sup[0,1] |f |.
For any family of topological spaces Xα, the product topology on∏

α

Xα = {(xα) : xα ∈ Xα}

is the weak topology induced by all coordinate projections.

Theorem 14.1 (Tychonoff). A product of compact topological spaces is compact
in the product topology.

This standard and difficult theorem is equivalent to the axiom of choice (and to
Zorn’s lemma). The product topology is weaker than the box topology, generated
by all products

∏
α Uα with every Uα open. Such a box product need not be

compact even when all factors are compact.

Proposition 14.2. If E = {fα : X → Yα} separates points of X and each Yα is
Hausdorff, its induced weak topology is Hausdorff.

Proof. For x 6= y, choose α with fα(x) 6= fα(y). Disjoint open neighborhoods
U1, U2 of these images have disjoint inverse images, which are neighborhoods of x, y
in the weak topology. □

14.3. The weak topology of a TVS.

Theorem 14.3. Let X ′ be a separating family of linear functionals on a vector
space X. The X ′-topology makes X a locally convex TVS. Its continuous dual is
exactly the linear span of X ′.
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The proof is omitted in the source; see Rudin, pp. 64–65. A local base at zero
consists of the convex balanced sets

VL1,...,Ln;r1,...,rn = {x ∈ X : |Lix| < ri, 1 ≤ i ≤ n}, Li ∈ X ′, ri > 0.

Now suppose X is a TVS whose continuous dual X∗ separates points, as is true for
every locally convex TVS.

Definition 14.2. The weak topology of X is the X∗-topology, denoted σ(X,X∗).
It is the weakest topology keeping all originally continuous linear functionals con-
tinuous.

It is weaker than the original topology, usually strictly so. Even a TVS which
is not locally convex may have a separating dual; its weak topology then makes
it locally convex. Basic weak neighborhoods of zero have the preceding form with
Li ∈ X∗.

Definition 14.3 (Weak convergence). We write xn ⇀ x if L(xn) → L(x) for every
L ∈ X∗.

IfX is infinite-dimensional, every weak neighborhood of zero contains an infinite-
dimensional subspace, namely the common kernel of the finitely many functionals
defining a contained basic neighborhood. In particular, the weak topology is not
locally bounded. This is one reason to study general topologies beyond metric
topologies.

Example 14.3. Let X = `2. As will be shown later (or in Problem Set 8, Part
1), X∗ is represented by `2: every functional is Lx = (x, y) =

∑
i aibi for some

y = (bi) ∈ `2. For the standard unit vectors en, ‖en‖ = 1, so en does not converge
in norm to zero. But (en, y) = bn → 0 for every y ∈ `2, hence en ⇀ 0.

Editorial note. The handwritten example uses real coordinates; conjugates are
included here so the same displayed formula applies over C.

Proposition 14.4. If E is a convex subset of a locally convex TVS, its weak closure
E

w equals its closure E in the original topology.

Proof. Every weakly closed set is originally closed, so E ⊂ E
w. Conversely, if

x0 /∈ E, separate the compact set {x0} and the closed convex set E by geometric
Hahn–Banach. There are L ∈ X∗ and c with Lx0 < c < Ly for every y ∈ E in the
real case (use ReL in the complex case). The weak neighborhood {x : Lx < c} of
x0 misses E, so x0 /∈ E

w. Thus E w ⊂ E. □
Corollary 14.1. For a convex subset E of a locally convex TVS, E is closed if and
only if it is weakly closed, and E is dense if and only if it is weakly dense.

Editorial note. The final inclusion in the handwritten proof is corrected to E w ⊂ E,
which is what the argument proves.
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15. The weak-star topology and Banach–Alaoglu

15.1. Review (October 30, 2015). A separating family of linear functionals
induces a locally convex TVS topology. The weak topology ofX is theX∗-topology.
It is weaker than the original topology; in infinite dimensions it is not normable
and often not even metrizable. In a locally convex TVS, convex sets have the same
closure for the weak and original topologies.

15.2. The weak-star topology on the dual. For a normed space, the dual
is naturally a Banach space with ‖L‖X∗ = sup∥x∥≤1 |Lx|. For a general TVS
this construction does not apply, but a weak topology still does. For any TVS
X (without requiring its dual to separate points), each x ∈ X defines a linear
evaluation functional

evx : X∗ → F, evx(L) = Lx.

The family X = {evx : x ∈ X} separates points of X∗.
Definition 15.1. The X -topology onX∗ is called its weak-star topology. We denote
it by σ(X∗, X).

It makes X∗ a locally convex TVS. Basic neighborhoods of zero are
{L ∈ X∗ : |Lxi| < ri, 1 ≤ i ≤ n}, ri > 0.

For normed spaces, this generally differs from the dual norm topology. For an
infinite-dimensional Banach space X, the weak-star topology on all of X∗ is not
metrizable. Although unit balls in infinite-dimensional normed spaces need not be
compact, weak-star topology has the following compactness property.
Theorem 15.1 (Banach–Alaoglu). Let X be a TVS and V a neighborhood of zero.
Then its polar

K = {L ∈ X∗ : |Lx| ≤ 1 for every x ∈ V }
is weak-star compact.

The idea is to realize K as a closed subset of a compact product.

Proof. Since V is absorbing, for each x ∈ X choose a finite C(x) > 0 with x ∈
C(x)V . For L ∈ K, linearity gives |Lx| ≤ C(x). Let

Dx = {α ∈ F : |α| ≤ C(x)}, P =
∏
x∈X

Dx.

Each Dx is compact; Tychonoff’s theorem makes P compact. An element of P is a
scalar function f on X with |f(x)| ≤ C(x) for every x. Thus K ⊂ P .

First, the weak-star topology and the topology inherited from P agree on K. A
neighborhood base at L0 for the former consists of

{L ∈ X∗ : |Lxi − L0xi| < ε, 1 ≤ i ≤ n},
and a base for the latter consists of the corresponding conditions |f(xi)−L0xi| < ε
on f ∈ P . Restricting both to K gives the same sets.

Second, K is closed in P . Let f0 lie in its product closure. For any x, y ∈ X,
scalars α, β, and ε > 0, a product neighborhood of f0 controls the three values at
x, y, αx+ βy. Choose f ∈ K in this neighborhood. Its linearity gives

|f0(αx+ βy)− αf0(x)− βf0(y)|
≤ (1 + |α|+ |β|)ε.
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Since ε is arbitrary, f0 is linear. Similarly, for x ∈ V , approximating its single value
by f ∈ K gives |f0(x)| ≤ 1 + ε, hence |f0(x)| ≤ 1. This bound on a neighborhood
of zero proves continuity: for any ε > 0, |f0(x)| < ε on (ε/2)V . Thus f0 ∈ K. So
K is closed in compact P , and the equality of the two induced topologies proves
weak-star compactness. □

15.3. Applications.

Corollary 15.1. For any normed space X, the closed unit ball of X∗ is weak-star
compact.

Proof. Take V = {x : ‖x‖ ≤ 1}. Its polar is {L : ‖L‖X∗ ≤ 1}. Indeed, the operator
norm inequality gives one inclusion; if ‖L‖ > 1, some unit vector has |Lx| > 1,
giving the reverse inclusion. □

Corollary 15.2. Every Banach space can be realized isometrically as a closed vector
subspace of C(Ω) with its uniform norm, for some compact Hausdorff space Ω.

Proof. Let Ω be the closed dual unit ball with its weak-star topology. It is compact
and Hausdorff. Define

Φ : X → C(Ω), (Φx)(L) = Lx.

This is linear, since (Φ(αx1 + βx2))(L) = αLx1 + βLx2. Each Φx is continuous by
the definition of weak-star topology. Hahn–Banach gives

‖Φx‖∞ = sup
∥L∥≤1

|Lx| = ‖x‖ .

Thus Φ is a linear isometry. Completeness of X implies that Φ(X) is closed. □

Theorem 15.2. A subset E of a locally convex TVS is bounded if and only if it is
weakly bounded.

Proof. Each weak neighborhood of zero is an original neighborhood; therefore orig-
inal boundedness implies weak boundedness.

Conversely, suppose E is weakly bounded. Given an original neighborhood U of
zero, choose a convex balanced open neighborhood V with V ⊂ U . Set

K = {L ∈ X∗ : |Lx| ≤ 1 for every x ∈ V }.
We claim

V = {x ∈ X : |Lx| ≤ 1 for every L ∈ K}.
One inclusion follows because the right-hand side is a closed set containing V . If
x0 /∈ V , geometric Hahn–Banach separates x0 from V . Because V is balanced, one
can normalize the separating functional to obtain L ∈ K with |Lx0| > 1, proving
the other inclusion.

Weak boundedness says that for each L ∈ X∗, supx∈E |Lx| < ∞. The set K is
convex and weak-star compact by Banach–Alaoglu. Apply the following variation
of Banach–Steinhaus (the source refers to Rudin, p. 47): ifK is compact and convex
in a TVS and Γ is a family of continuous linear maps into another TVS, pointwise
boundedness on K implies that all T (K), T ∈ Γ, lie in one bounded set. Here
use the weak-star TVS X∗, the scalar target, and the evaluations evx, x ∈ E. We
obtain a finite a > 0 with

|Lx| ≤ a (x ∈ E, L ∈ K).
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The claim gives x/a ∈ V for every x ∈ E. For t > a, balancedness yields E ⊂ tV ⊂
tU . Thus E is originally bounded. □
Corollary 15.3. If X is normed and E ⊂ X satisfies supx∈E |Lx| < ∞ for every
L ∈ X∗, then supx∈E ‖x‖ <∞.

15.4. Separability and metrizable compact sets.

Definition 15.2. A space is separable if it has a countable dense subset.

For example, Rn is separable since Qn is dense. The space `∞ is not separable:
the uncountable set of all sequences with entries zero or one has pairwise distance
one, so balls of radius less than 1/2 centered at its points are disjoint and a countable
dense set cannot meet all of them.

Theorem 15.3. If X is a separable TVS and K ⊂ X∗ is weak-star compact, then
K is metrizable in its weak-star topology.

Proof. Choose a countable dense subset {xn} of X, and set fn(L) = Lxn. Each
fn is weak-star continuous. They separate points of X∗: equality on the dense set
implies equality everywhere by continuity of the functionals. Compactness gives
positive constants Cn with |fn(L)| ≤ Cn on K. Then

d(L1, L2) =

∞∑
n=1

|fn(L1)− fn(L2)|
2nCn

defines a metric on K. The series converges uniformly, so this metric topology is
weaker than the weak-star topology. The identity from the compact weak-star space
to the Hausdorff metric space is a continuous bijection, hence a homeomorphism.

□

Editorial note. The constants Cn are chosen strictly positive, and the compact-
to-Hausdorff argument completes the topology verification left implicit after the
metric formula in the source.

Corollary 15.4. Let X be a separable TVS and V a neighborhood of zero. If
Ln ∈ X∗ and |Lnx| ≤ 1 for all x ∈ V and all n, then some subsequence Lnk

converges pointwise on X to a functional L ∈ X∗.

Proof. All Ln lie in the polar of V , which is compact and metrizable, hence sequen-
tially compact. □
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16. Compact convex sets and extreme points

16.1. Review (November 6, 2015). The weak-star topology on X∗ is the weak-
est making every evaluation L 7→ Lx continuous. Its basic neighborhoods impose
finitely many bounds |Lxi| < ε. Banach–Alaoglu makes polars of neighborhoods
weak-star compact, in particular the closed dual unit ball. Every Banach space
embeds as a closed subspace of some C(Ω). In a locally convex TVS, boundedness
equals weak boundedness. For separable X, weak-star compact subsets of X∗ are
metrizable.

16.2. Convex hulls.

Definition 16.1. The convex hull of E in a vector space is

co(E) =

{
k∑

i=1

tixi : xi ∈ E, ti ≥ 0,

k∑
i=1

ti = 1, k ∈ N

}
.

Such sums are convex combinations.

This hull is convex and contains E; any convex set containing E contains its
hull. Consequently,

co(E) =
⋂

{A : E ⊂ A, A convex}.

Indeed, one inclusion follows from minimality, and the intersection is convex and
contains E, giving the other. In a TVS the closure co(E) is the closed convex hull.

Example 16.1. For Lp([0, 1]), 0 < p < 1, every set E with an interior point has
co(E) = Lp([0, 1]); see Problem Set 2, Part 2, Problem 4(2), or Rudin, p. 37.

Proposition 16.1. In a locally convex TVS, xn ⇀ x0 implies x0 ∈ co{xn : n ≥ 1}.

Proof. The weak and original closures of the convex hull coincide, and the weak
limit belongs to its weak closure. □

Proposition 16.2. If A1, . . . , An are compact convex subsets of a TVS, then
co(A1 ∪ · · · ∪ An) is compact.

Proof. Let S = {(t1, . . . , tn) : ti ≥ 0,
∑

i ti = 1}, the standard simplex. The
continuous map

S ×A1 × · · · × An → X, ((ti), (xi)) 7→
∑
i

tixi

has compact image K, contained in the indicated convex hull. The image contains
each Ai and is convex. In fact, in a convex combination of two such sums, combine
the terms belonging to Ai using the coefficient si = tti + (1 − t)t′i. If si > 0, their
new point is

tti
si
xi +

(1− t)t′i
si

x′i ∈ Ai;

terms with si = 0 vanish. Thus K equals the convex hull and is compact. □

In particular, the convex hull of finitely many points is compact. For general
compact E, its convex hull need not be closed or compact.

Definition 16.2. A subset E of a TVS is totally bounded if for every neighborhood
U of zero there are x1, . . . , xn with E ⊂

⋃n
i=1(xi + U).
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For a translation-invariant compatible metric this means that every ε > 0 admits
a finite covering by ε-balls. Every compact subset is totally bounded.

Proposition 16.3. The convex hull of a totally bounded subset of a locally convex
TVS is totally bounded.

Proof. Given a neighborhood U of zero, choose a convex neighborhood V with
V + V ⊂ U . Cover E by finitely many xi + V . Then co(E) ⊂ co{x1, . . . , xn}+ V ,
since the latter is convex and contains E. The finite convex hull is compact, so
finitely many translates yj + V cover it. Therefore

co(E) ⊂
⋃
j

(yj + V + V ) ⊂
⋃
j

(yj + U).

□
Corollary 16.1. For a compact subset K of a Fréchet space, co(K) is compact.

Proof. K and hence its convex hull are totally bounded. In a complete metric space
the closure of a totally bounded set is compact (exercise). □
16.3. Extreme points.

Definition 16.3. A nonempty subset S ⊂ K is an extreme set of K if
x ∈ S, x = tx1 + (1− t)x2, 0 < t < 1, x1, x2 ∈ K =⇒ x1, x2 ∈ S.

A point x is extreme if {x} is an extreme set. Write Ex(K) for all extreme points.
The set K itself is an extreme set of K.

Example 16.2. For real C([0, 1]) with its uniform norm, the extreme points of
the closed unit ball are the constant functions 1 and −1. If |f(t0)| < 1 somewhere,
a sufficiently small continuous perturbation near t0 expresses f as the midpoint of
two distinct elements of the unit ball. For a closed Euclidean unit ball in Rn, the
extreme points form its unit sphere. An open ball has no extreme point (exercise).

Theorem 16.4 (Krein–Milman). Let X be a TVS whose dual separates points. If
K is a nonempty compact convex subset, then

K = co(Ex(K)).

In particular, K has extreme points.

We first establish the following proposition.

Proposition 16.5. If X∗ separates points and K ⊂ X is compact, then every
compact extreme set of K contains an extreme point of K.

Proof. Fix such a set K0. Let P be all compact extreme sets of K contained in
K0, ordered by inclusion. It is nonempty since K0 ∈ P . For a chain Q ⊂ P , let
SQ =

⋂
S∈Q S.

This is compact. It is nonempty: otherwise the open sets K0 \S would cover K0,
and a finite subcover would give a finite intersection of chain members equal to the
empty set. Such an intersection is one of its nonempty members, a contradiction. It
is extreme as well: a nontrivial convex decomposition of a point in every S ∈ Q has
both endpoints in every S. Thus each chain has a lower bound. Zorn’s lemma gives
a minimal member M of P. If M had two points, a continuous linear functional
separating them would give a proper compact extreme subset by maximizing its
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real part on M , contradicting minimality. Hence M is a singleton, proving the
proposition. □

The source uses the following two lemmas, whose proofs are exercises.

Lemma 16.1. If X∗ separates points and A,B are disjoint nonempty compact
convex subsets, there is L ∈ X∗ with supx∈A ReLx < infy∈B ReLy.

Lemma 16.2. If S is a compact extreme set of compact K and L ∈ X∗, then
SL = {x ∈ S : ReLx = sup

y∈S
ReLy}

is a compact extreme set of K.

Proof of Theorem 16.4. Let C = co(Ex(K)). Since K is closed and convex, C ⊂ K
and C is compact. If x0 ∈ K \ C, Lemma 16.1 gives L ∈ X∗ with supx∈C ReLx <
ReLx0. The maximizing set

KL = {x ∈ K : ReLx = sup
y∈K

ReLy}

is compact and extreme by Lemma 16.2, and disjoint from C. But Proposition 16.5
gives an extreme point of K in KL, contradicting Ex(K) ⊂ C. □

Remark 16.1. Using compact-versus-closed geometric separation in a locally convex
TVS in place of Lemma 16.1, the same argument shows that any compact subset K,
even without assuming convexity, satisfies K ⊂ co(Ex(K)). In general the closed
convex hull may have extreme points outside K. If that hull is compact, however,
the following converse holds.

Theorem 16.6. If K is compact in a locally convex TVS and co(K) is compact,
then Ex(co(K)) ⊂ K.

See Rudin, pp. 76–77, for the proof.
Applications of Krein–Milman include the Stone–Weierstrass theorem (the source

cites a Hua seminar presentation), and the following.

Corollary 16.2. The closed unit ball B of the dual of a Banach space satisfies
B = co(Ex(B))

w∗

.

Proof. Combine Banach–Alaoglu and Krein–Milman. □

Corollary 16.3. The space c0 = {(ai) : ai → 0}, with its usual supremum norm,
is not isometrically the dual of a Banach space.

Proof. Its closed unit ball has no extreme points. □

Editorial note. The source says “not the dual of any Banach space”. The displayed
extreme-point argument directly rules out an isometric dual realization with this
norm; that is the precise conclusion used here.

Another application is Birkhoff’s theorem on doubly stochastic matrices. Let

K = {(aij) ∈ Rn×n : aij ≥ 0,
∑
i

aij = 1,
∑
j

aij = 1}.

Theorem 16.7 (Birkhoff). Every doubly stochastic matrix is a convex combination
of permutation matrices.
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The idea is that K is compact and convex, and its extreme points are exactly
the permutation matrices, namely its zero-one matrices.
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17. Dual spaces and reflexivity

17.1. Review (November 10, 2015). We studied convex hulls and extreme
points. Krein–Milman says that a nonempty compact convex set in a TVS with
separating dual is the closed convex hull of its extreme points. For applications see
Lax, Chapters 13 and 14.

17.2. Examples of dual spaces. For a Banach space X, X∗ = L(X,F) is a
Banach space. Examples are:

(1) c∗0 = `1 (quiz), hence c∗∗0 = `∞ ⊋ c0.
(2) (`1)∗ = `∞ (Problem Set 9, Part 1, Problem 2).
(3) For 1 < p < ∞ and 1/p + 1/q = 1, (`p)∗ = `q; thus (`p)∗∗ = `p (Problem

Set 8, Part 1, Problem 4).
(4) Similarly, (L1)∗ = L∞ and (Lp)∗ = Lq for 1 < p < ∞, 1/p + 1/q = 1, in

the usual measure-space setting.
(5) For a Hilbert space H, its dual is represented by H.

For the last example, each y ∈ H defines Ly(x) = (x, y). Cauchy–Schwarz gives
‖Ly‖ ≤ ‖y‖; testing at x = y gives the reverse inequality, so ‖Ly‖ = ‖y‖.

Theorem 17.1 (Riesz representation for Hilbert spaces). For every L ∈ H∗ there
is a unique y ∈ H with L = Ly.

We use the orthogonal decomposition lemma.

Lemma 17.1. For a closed subspace M of a Hilbert space, H = M ⊕M⊥, where
M⊥ = {y : (x, y) = 0 for all x ∈M}.

Proof. M⊥ is a closed vector subspace, as an intersection of kernels of continuous
(possibly conjugate-linear) functionals. Also M ∩M⊥ = {0} by positive definite-
ness. For x ∈ H, the closed convex set x − M has a minimum-norm point by
Lecture 7. Thus there is x1 ∈M with ‖x− x1‖ = infy∈M ‖x− y‖.

Put x2 = x − x1. If x2 /∈ M⊥, choose and scale y ∈ M so that (x2, y) = 1. For
sufficiently small positive ε,

‖x− x1 − εy‖2 = ‖x2‖2 − 2ε+ ε2 ‖y‖2 < ‖x2‖2 ,
contradicting minimality. Hence x = x1 + x2 with x2 ∈M⊥. □
Proof of Theorem 17.1. The case L = 0 is immediate. Otherwise kerL is a proper
closed subspace, and H = kerL⊕ (kerL)⊥. Choose a unit vector z ∈ (kerL)⊥ and
put y = Lz z. For every x,

x =

(
x− Lx

Lz
z

)
+
Lx

Lz
z

is its orthogonal decomposition, the first term lying in kerL. Thus

(x, y) =

(
Lx

Lz
z, Lz z

)
= Lx.

If (x, y1) = (x, y2) for all x, taking x = y1 − y2 gives ‖y1 − y2‖2 = 0, proving
uniqueness. □
Theorem 17.2 (Riesz representation for continuous functions). For a compact
Hausdorff space Ω, the dual of real C(Ω) is the space of finite signed regular Borel
measures. For complex scalars one uses finite complex regular Borel measures.



FUNCTIONAL ANALYSIS 53

For proofs see Rudin’s Real and Complex Analysis, Reed–Simon, Volume I, or
the appendix of Lax. The dual of `∞ is not `1; see Problem Set 10, Part 1.

Elements ofX∗ are linear functionals onX, while elements ofX act by evaluation
on X∗. To treat them symmetrically, write x∗ instead of L or `, and write 〈x, x∗〉 =
x∗(x).

For any normed space,
‖x∗‖ = sup

∥x∥≤1

|〈x, x∗〉|, ‖x‖ = sup
∥x∗∥≤1

|〈x, x∗〉|.

The latter is the norm-preservation fact in the embedding of Lecture 15.

Theorem 17.3. For normed spaces X,Y and L ∈ L(X,Y ),
‖L‖ = sup{|〈Lx, y∗〉| : ‖x‖ ≤ 1, ‖y∗‖ ≤ 1}.

Proof. Take the supremum of ‖Lx‖ = sup∥y∗∥≤1 |〈Lx, y∗〉| over the unit ball of
X. □
17.3. Reflexive spaces. A Banach space has the canonical embedding

J : X −→ X∗∗, (Jx)(x∗) = 〈x, x∗〉.
The norm formula shows that J is isometric. Its image is closed, so X may be
regarded as a closed subspace of its bidual.

Definition 17.1. A normed space is reflexive if its canonical embedding onto X∗∗

is surjective. A reflexive space is necessarily Banach.

Finite-dimensional spaces are reflexive, since the dimensions of X, X∗, and X∗∗

agree. Hilbert spaces are reflexive, as are `p and Lp for 1 < p <∞. The spaces `1,
c0, and C([0, 1]) are not reflexive. We will prove the following characterization.

Theorem 17.4. A Banach space is reflexive if and only if its closed unit ball is
weakly compact.
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18. Reflexivity and weak compactness

18.1. Review (November 13, 2015). Riesz representation identifies Hilbert-
space functionals as Lx = (x, y) for unique y. The orthogonal decomposition
H = M ⊕M⊥ for closed subspaces follows from the unique minimum-norm point
in any nonempty closed convex subset of a Hilbert space. We use 〈x, x∗〉 = x∗(x),
and call a Banach space reflexive when its canonical embedding into X∗∗ is onto.

18.2. Kakutani’s characterization.
Theorem 18.1 (Kakutani). A Banach space is reflexive if and only if its closed
unit ball is weakly compact.
Proof. If X is reflexive, identify it with X∗∗. The closed unit ball is weak-star
compact in X∗∗ by Banach–Alaoglu. This weak-star topology is precisely the weak
topology of X, since both are induced by X∗.

Conversely, let B ⊂ X be weakly compact and let J : X → X∗∗ be the canonical
isometric embedding. By Problem Set 8, Part 1, Problem 3, J is continuous for the
weak topologies. The weak-star topology on X∗∗ is weaker than its weak topology,
since X∗∗∗ contains the canonical copy of X∗. Hence J : Xweak → X∗∗

weak-star is
continuous. Thus J(B) is weak-star compact and therefore closed in the Hausdorff
weak-star bidual. By Problem Set 10, Part 1, Problem 3 (Goldstine’s statement),
J(B) is weak-star dense in the closed bidual unit ball B∗∗. Consequently J(B) =
B∗∗. Scaling now gives J(X) = X∗∗, proving reflexivity. □
Proposition 18.2. Every closed subspace of a reflexive Banach space is reflexive.
Proof. Hahn–Banach says every element of M∗ is a restriction of an element of
X∗. Therefore the weak topology on M equals that inherited from weak X. Its
closed unit ball is BM = BX ∩M . Both M and BX are norm-closed and convex,
hence weakly closed. Since BX is weakly compact, BM is weakly compact in M ;
Theorem 18.1 applies. □
Proposition 18.3. A Banach space X is reflexive if and only if X∗ is reflexive.
Proof. If X = X∗∗, the weak and weak-star topologies on X∗ agree. Banach–
Alaoglu therefore makes its unit ball weakly compact, so X∗ is reflexive. Con-
versely, if X∗ is reflexive, the implication just proved makes X∗∗ reflexive. Its
closed subspace J(X) is then reflexive, and hence so is X. □
Corollary 18.1. A bounded closed convex subset of a reflexive Banach space is
weakly compact.
Proof. It is weakly closed by convexity, and contained in a sufficiently large multiple
of the weakly compact unit ball. □
Proposition 18.4. Every nonempty closed convex subset C of a reflexive Banach
space contains a point c with ‖c‖ = minx∈C ‖x‖. The minimizing point need not be
unique.
Proof. Let t0 = infx∈C ‖x‖. For t > t0, the sets

Ct = {x ∈ C : ‖x‖ ≤ t} = C ∩B(0, t)

are nonempty, bounded, closed, and convex, hence weakly compact. The nested
family Ct0+1/n has nonempty intersection. A point c in the intersection has ‖c‖ ≤
t0 + 1/n for every n, hence ‖c‖ = t0. □
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The norm itself is not generally weakly continuous: in `2, en ⇀ 0 while ‖en‖ = 1.

18.3. Separability and weak subsequences. Recall that separability means
having a countable dense set. Lecture 15 showed that weak-star compact subsets
of the dual of a separable TVS are metrizable; sequences in a fixed neighborhood
polar therefore have weak-star convergent subsequences (compare Problem Set 9,
Part 1, Problem 3(3)).
Editorial note. The review in the source says “any weak-star bounded sequence” in
the dual of a separable TVS. Without further assumptions, pointwise boundedness
alone need not place a sequence in a compact polar. The preceding precise form is
the result proved in Lecture 15; for Banach domains, uniform boundedness supplies
the needed control.

Theorem 18.5. If the dual of a normed space is norm-separable, the space is
separable.

Proof. Exercise. Hint: choose a countable dense family {x∗n} in X∗, and xn ∈ X
with ‖xn‖ ≤ 1 and |〈xn, x∗n〉| ≥ 1

2 ‖x
∗
n‖. Use geometric Hahn–Banach to show

that the rational linear combinations of the xn (rational complex coefficients in the
complex case) are dense in X. □
Theorem 18.6. Every bounded sequence in a reflexive Banach space has a weakly
convergent subsequence.

Proof. Let {xn} be bounded and let Y be the norm-closed span of these vectors.
It is a closed subspace of X, hence reflexive, and is separable by construction.
Since Y ∗∗ = Y is separable, the preceding theorem applied to Y ∗ shows that
Y ∗ is separable. Regard the bounded sequence as a sequence in Y ∗∗. A suitable
multiple of its closed unit ball is weak-star compact and metrizable, since its predual
Y ∗ is separable. Thus a subsequence xnk

converges weak-star in Y ∗∗ to some
x0 ∈ Y ∗∗ = Y :

〈xnk
, y∗〉 → 〈x0, y∗〉 (y∗ ∈ Y ∗).

For any x∗ ∈ X∗, restrict to Y to obtain
〈xnk

, x∗〉 = 〈xnk
, x∗|Y 〉 −→ 〈x0, x∗|Y 〉 = 〈x0, x∗〉.

Thus xnk
⇀ x0 in X. □

The conclusion fails with norm convergence in place of weak convergence. A
deep converse says that a Banach space is reflexive if every bounded sequence has
a weakly convergent subsequence.
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19. Annihilators and adjoint operators

19.1. Review (November 17, 2015). For a Banach space, reflexivity, reflexivity
of the dual, and weak compactness of the closed unit ball are equivalent. Closed
subspaces of reflexive spaces are reflexive. In a reflexive space, bounded closed
convex sets are weakly compact, nonempty closed convex sets have minimum-norm
elements, and bounded sequences have weakly convergent subsequences (with a
converse characterization).

19.2. Duals of subspaces and quotient spaces. In a Hilbert space, (M⊥)⊥ =
M (Problem Set 10, Part 1, Problem 1), and H = M ⊕M⊥ when M is closed. A
general Banach space has no angle structure, but duality replaces orthogonality.

Definition 19.1 (Annihilators). For subspaces M ⊂ X and N ⊂ X∗, define

M⊥ = {x∗ ∈ X∗ : 〈x, x∗〉 = 0 (x ∈M)},
⊥N = {x ∈ X : 〈x, x∗〉 = 0 (x∗ ∈ N)}.

These are intersections of kernels: M⊥ is weak-star closed (and hence weakly and
norm closed); ⊥N is weakly closed (and hence norm closed). Clearly M ⊂ ⊥(M⊥)
and N ⊂ (⊥N)⊥.

Proposition 19.1.
⊥(M⊥) =M, (⊥N)⊥ = N

w∗

.

Here M is also the weak closure of M .

Proof. Closedness gives M ⊂ ⊥(M⊥). If x /∈ M , geometric Hahn–Banach gives
x∗ ∈ M⊥ with 〈x, x∗〉 6= 0, so x /∈ ⊥(M⊥). For the second equality use the same
argument in the weak-star TVS X∗, whose continuous dual consists of evaluations
by elements of X. □

In general the norm closure of N may be strictly smaller than (⊥N)⊥. If X is
reflexive, the two agree.

For a closed subspace M of a Banach space, X/M is Banach with the quotient
norm ‖π(x)‖X/M = infz∈M ‖x+ z‖.

Theorem 19.2. There are canonical isometric linear isomorphisms

M∗ ∼= X∗/M⊥, (X/M)∗ ∼=M⊥.

Proof. For m∗ ∈ M∗ choose a Hahn–Banach extension x∗ ∈ X∗ and set Φ(m∗) =
x∗+M⊥. This is well-defined since two extensions differ by an element ofM⊥, and
is linear. It is surjective by restriction. Choose the extension with ‖x∗‖ = ‖m∗‖.
Every x∗ + n∗, n∗ ∈M⊥, restricts to m∗, so

‖m∗‖ ≤ inf
n∗∈M⊥

‖x∗ + n∗‖ = ‖Φ(m∗)‖ ≤ ‖x∗‖ = ‖m∗‖ .

Thus Φ is isometric and injective.
Define Ψ : (X/M)∗ →M⊥ by Ψ(y∗) = y∗ ◦π. This vanishes on M and is linear.

For x∗ ∈ M⊥, the formula y∗(πx) = x∗(x) is well-defined and continuous, giving
surjectivity. Equivalently, its kernel is the closed subspace π(kerx∗) of X/M , as
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noted in the source. The quotient map takes the open unit ball B of X onto the
open unit ball of X/M . Therefore

‖Ψ(y∗)‖ = sup
x∈B

|〈πx, y∗〉|

= sup
y∈π(B)

|〈y, y∗〉| = ‖y∗‖ .

Thus Ψ too is an isometric isomorphism. □
19.3. Adjoints of linear operators. Problem Set 6, Part 2 considers a densely
defined operator in a Hilbert space and its adjoint, characterized by (Lx, y) =
(x, L∗y) for x ∈ DomL and y ∈ DomL∗, and shows that L∗ has closed graph.
We now give the Banach-space formulation. Let X,Y be Banach spaces and let
L : DomL ⊂ X → Y be linear with dense domain. Define

DomL∗ = {y∗ ∈ Y ∗ : ∃C > 0 |〈Lx, y∗〉| ≤ C ‖x‖ (x ∈ DomL)}.
The constant may depend on y∗; this domain is a vector subspace, but need not
be dense in Y ∗. For such a y∗, the bounded functional x 7→ 〈Lx, y∗〉 on DomL
extends to x∗ ∈ X∗ by Hahn–Banach. Density and continuity make the extension
unique. Set L∗y∗ = x∗. This defines the linear adjoint

L∗ : DomL∗ ⊂ Y ∗ → X∗, 〈Lx, y∗〉 = 〈x, L∗y∗〉.
If L ∈ L(X,Y ), its adjoint domain is all of Y ∗.

Proposition 19.3. For L ∈ L(X,Y ), L∗ ∈ L(Y ∗, X∗) and ‖L∗‖ = ‖L‖.

Proof. Using the dual norm formula from Lecture 17,
‖L∗‖ = sup

∥y∗∥≤1

sup
∥x∥≤1

|〈x, L∗y∗〉|

= sup
∥x∥≤1, ∥y∗∥≤1

|〈Lx, y∗〉| = ‖L‖ .

□
In finite dimensions the adjoint is represented by the corresponding adjoint ma-

trix.
Editorial note. For the Banach dual pairing used here, the matrix in dual bases
is the transpose. Under the Hilbert-space Riesz identification, the complex Hilbert
adjoint has the conjugate-transpose matrix. This clarifies the source’s use of the
symbol A∗.

Proposition 19.4. The adjoint of any densely defined linear operator between
Banach spaces has closed graph.

Proof. Suppose y∗n ∈ DomL∗, y∗n → y∗ and L∗y∗n → x∗ in norm. For x ∈
DomL, pass to the limit in 〈Lx, y∗n〉 = 〈x, L∗y∗n〉 to get 〈Lx, y∗〉 = 〈x, x∗〉. Hence
|〈Lx, y∗〉| ≤ ‖x∗‖ ‖x‖, so y∗ ∈ DomL∗ and L∗y∗ = x∗. □

For the graphs ΓL ⊂ X × Y and ΓL∗ ⊂ Y ∗ ×X∗, introduce
J : Y ∗ ×X∗ → X∗ × Y ∗, J(y∗, x∗) = (−x∗, y∗).

Lemma 19.1. J(ΓL∗) = Γ⊥
L .

Proof. (y∗, x∗) ∈ ΓL∗ is equivalent to 〈Lx, y∗〉 = 〈x, x∗〉 for all x ∈ DomL, or
〈x,−x∗〉+ 〈Lx, y∗〉 = 0 for every such x. This is precisely (−x∗, y∗) ∈ Γ⊥

L . □
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Proposition 19.5. For a densely defined linear operator, kerL∗ = (imL)⊥.

Proof. L∗y∗ = 0 implies 〈Lx, y∗〉 = 0 on the domain. Conversely this vanishing
puts y∗ in the adjoint domain, and 〈x, L∗y∗〉 = 0 on the dense domain implies
L∗y∗ = 0. □
Proposition 19.6. If L is closed and densely defined, then kerL = ⊥(imL∗).

Proof. As an exercise, verify
ΓL ∩ (X × {0}) = kerL× {0},

⊥(Γ⊥
L + (X × {0})⊥

)
= ⊥(imL∗)× {0}.

Since ΓL is closed, the double-annihilator identity makes the left-hand side of the
second equality equal to ΓL ∩ (X × {0}). The conclusion follows. □

Consequently,
⊥ kerL∗ = imL.

If L is closed, also
(kerL)⊥ = imL∗ w∗

⊃ imL∗,

where the final closure is in norm.
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20. Double adjoints and the closed range theorem

20.1. Review (November 20, 2015). For a closed subspace M of a Banach
space X, M∗ ∼= X∗/M⊥ and (X/M)∗ ∼= M⊥. A densely defined linear operator
L : Dom(L) ⊂ X → Y has an adjoint L∗ : Dom(L∗) ⊂ Y ∗ → X∗ satisfying

〈Lx, y∗〉 = 〈x, L∗y∗〉.
The adjoint is always closed. If L ∈ L(X,Y ), then L∗ ∈ L(Y ∗, X∗) and ‖L∗‖ = ‖L‖.
Here dual pairings mean evaluation of a functional on a vector.

20.2. The double adjoint. Let X,Y be Banach spaces, and L densely defined.
Assume Dom(L∗) is norm dense in Y ∗, so the double adjoint

L∗∗ : Dom(L∗∗) ⊂ X∗∗ → Y ∗∗

is defined. It satisfies
〈L∗y∗, x∗∗〉 = 〈y∗, L∗∗x∗∗〉 (y∗ ∈ Dom(L∗)),

and its domain consists of the x∗∗ for which
|〈L∗y∗, x∗∗〉| ≤ C ‖y∗‖ for all y∗ ∈ Dom(L∗)

for some C. The canonical embedding identifies the Banach space X with a closed
subspace of X∗∗.
Proposition 20.1. Under the canonical embeddings, Dom(L) ⊂ Dom(L∗∗) and
L∗∗x = Lx for x ∈ Dom(L).
Proof. For such x and every y∗ ∈ Dom(L∗),

〈L∗y∗, x〉 = 〈x, L∗y∗〉 = 〈Lx, y∗〉 = 〈y∗, Lx〉.
The last expression is bounded by ‖Lx‖ ‖y∗‖, proving the claim by the definition
of L∗∗. □
Corollary 20.1. If L ∈ L(X,Y ), then L∗∗|X = L under the canonical embeddings.
If X,Y are also reflexive, then L∗∗ = L.

For closed operators the continuity assumption can often be weakened.
Theorem 20.2. Suppose X,Y are reflexive Banach spaces and L is densely defined
and closed. Then Dom(L∗) is norm dense in Y ∗, and L∗∗ = L.
Proof. First let y ∈ Y = Y ∗∗ vanish on Dom(L∗). It suffices to prove y = 0 by
Hahn–Banach and reflexivity. If y 6= 0, then (0, y) /∈ ΓL. Since ΓL is a closed
subspace of X × Y , separation gives (x∗0, y∗0) ∈ X∗ × Y ∗ vanishing on ΓL but with
〈y, y∗0〉 6= 0. (Check (X × Y )∗ ∼= X∗ × Y ∗.) Vanishing on the graph means

〈x, x∗0〉+ 〈Lx, y∗0〉 = 0 (x ∈ Dom(L)),

so y∗0 ∈ Dom(L∗) and L∗y∗0 = −x∗0. This contradicts the choice of y. Thus the
domain of L∗ is dense.

To identify the double adjoint, recall J(a, b) = (−b, a) and the graph-annihilator
identity J(ΓL∗) = Γ⊥

L . By closedness and reflexivity,
ΓL = ⊥(Γ⊥

L ) =
⊥J(ΓL∗).

But (x, y) ∈ ΓL∗∗ is equivalent to
〈x, L∗y∗〉 = 〈y, y∗〉 for every y∗ ∈ Dom(L∗),

which is precisely (x, y) ∈ ⊥J(ΓL∗). Therefore ΓL∗∗ = ΓL. □
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20.3. The closed range theorem. Write N(L) = kerL and R(L) = ImL. For
a densely defined linear operator, N(L∗) = R(L)⊥. If L is also closed, N(L) =
⊥R(L∗). Consequently,

⊥N(L∗) = R(L), N(L)⊥ = R(L∗)
w∗

when L is closed.
Closedness of the range is important in applications.

Theorem 20.3 (Closed range theorem). Let X,Y be Banach spaces and L :
Dom(L) ⊂ X → Y a densely defined closed linear operator. The following are
equivalent:

(1) R(L) is norm closed in Y ;
(2) R(L∗) is norm closed in X∗;
(3) R(L∗) is weak-star closed in X∗;
(4) R(L) = ⊥N(L∗);
(5) R(L∗) = N(L)⊥.

Corollary 20.2. Under the same hypotheses,
(1) R(L) = Y if and only if L∗ is injective and R(L∗) is closed;
(2) R(L∗) = X∗ if and only if L is injective and R(L) is closed.

Proof. For (1), surjectivity gives N(L∗) = R(L)⊥ = {0} and, by the theorem,
closedness of R(L∗). Conversely, injectivity of L∗ makes R(L) dense, and the
theorem makes it closed. The proof of (2) is analogous using (5). □

In general, surjectivity of L implies injectivity of L∗, and surjectivity of L∗

implies injectivity of L, but the converses fail. For example,
L : `2 → `2, (a1, a2, . . .) 7→ (a1, a2/2, a3/3, . . .)

is self-adjoint and injective but not surjective.

Proof of Theorem 20.3. The identities give (1)⇔(4) and (3)⇔(5). Every weak-star
closed set is norm closed, so (3)⇒(2).

For (1)⇒(3), assume R(L) is closed and take x∗ ∈ N(L)⊥. Define
` : R(L) → F, `(Lx) = 〈x, x∗〉.

This is well-defined: two preimages differ by a vector of N(L). We use the following
form of the open mapping theorem, whose proof is an exercise: if X,Y are Banach,
T : Dom(T ) ⊂ X → Y is closed, and R(T ) is of second category in Y , then T is
open for the subspace topology on its domain. Apply it to L : Dom(L) → R(L),
whose target is Banach. For every ε > 0, some δ > 0 satisfies

L(BX(0, ε) ∩Dom(L)) ⊃ BY (0, δ) ∩R(L).
On this target ball, |`| ≤ ε ‖x∗‖, proving continuity. Hahn–Banach extends ` to
y∗ ∈ Y ∗. Then

〈Lx, y∗〉 = `(Lx) = 〈x, x∗〉 (x ∈ Dom(L)),

so y∗ ∈ Dom(L∗) and L∗y∗ = x∗. Thus R(L∗) ⊃ N(L)⊥, proving (5) and therefore
(3).

For (2)⇒(1), suppose R(L∗) is norm closed. Step 1. Put Y1 = R(L) and regard
L as L1 : Dom(L) → Y1. Then L∗

1 : Dom(L∗
1) ⊂ Y ∗

1 → X∗ is injective, since R(L1)
is dense in Y1. Every y∗1 ∈ Y ∗

1 extends to y∗ ∈ Y ∗ by Hahn–Banach. The identities
〈L1x, y

∗
1〉 = 〈Lx, y∗〉
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show that y∗1 ∈ Dom(L∗
1) if and only if its extension lies in Dom(L∗), and their

images under the adjoints agree. Restricting a functional in the other direction
gives the converse inclusion of ranges. Hence R(L∗

1) = R(L∗), which is closed. The
adjoint L∗

1 is closed. Applying the preceding open mapping statement to L∗
1 and

its Banach range gives, after shrinking a constant δ > 0 if necessary:
x∗ ∈ R(L∗

1), ‖x∗‖ ≤ 1 =⇒ ∃y∗ ∈ Dom(L∗
1) : L

∗
1y

∗ = x∗, ‖y∗‖ ≤ 1/δ.

Step 2. We claim
L1(BX(0, 1) ∩Dom(L1)) ⊃ BY (0, δ) ∩ Y1.

Compare the argument (a)⇒(b) on p. 100 of Rudin. Write C for the closed set on
the left; it is convex and balanced. If y0 ∈ Y1 \ C, geometric Hahn–Banach gives
y∗0 ∈ Y ∗

1 with
|〈L1x, y

∗
0〉| ≤ 1 (x ∈ BX(0, 1) ∩Dom(L1)), |〈y0, y∗0〉| = a > 1.

Homogeneity gives |〈L1x, y
∗
0〉| ≤ ‖x‖ on the domain, so y∗0 ∈ Dom(L∗

1).
Density of the domain and the last bound imply ‖L∗

1y
∗
0‖ ≤ 1. Step 1 gives

y∗ ∈ Dom(L∗
1) with ‖y∗‖ ≤ 1/δ and L∗

1y
∗ = L∗

1y
∗
0 . For y0 = L1x0 ∈ R(L1), it

follows that
a = |〈y0, y∗0〉| = |〈x0, L∗

1y
∗
0〉| = |〈x0, L∗

1y
∗〉| = |〈y0, y∗〉| ≤ ‖y0‖ /δ.

In fact injectivity of L∗
1 gives y∗ = y∗0 , so this last inequality holds for every y0 ∈ Y1.

Thus ‖y0‖ ≥ aδ > δ, proving the claim.
Editorial note. The source’s final estimate in Step 2 is written only for y0 ∈ R(L1).
Injectivity of L∗

1, already proved in Step 1, extends it to all y0 ∈ Y1, giving the
claimed inclusion. The constant in Step 1 may be reduced to avoid an issue at a
ball boundary.

Step 3. We prove
L1(BX(0, 1) ∩Dom(L1)) ⊃ BY (0, δ/2) ∩ Y1.

Compare (b)⇒(c) on pp. 100–101 of Rudin. Fix y1 in the target ball and positive εn
with

∑
n εn < δ/2. By Step 2 and rescaling, for any y ∈ Y1 and any desired positive

error, one can choose x ∈ Dom(L1) with ‖x‖ ≤ ‖y‖ /δ and L1x approximating y to
that error. Here the closure in Step 2 also contains the closed ball of radius δ, by
closedness. Inductively choose xn and yn+1 = yn − L1xn so that

‖xn‖ ≤ ‖yn‖ /δ, ‖yn+1‖ < εn.

Then ∑
n

‖xn‖ ≤ ‖y1‖
δ

+
1

δ

∑
n

εn < 1.

The partial sums zn lie in the domain and converge in X to some z with ‖z‖ < 1.
Also L1zn = y1 − yn+1 → y1. Closedness gives z ∈ Dom(L1) and L1z = y1. Thus
Step 3 holds. Since the range is a vector subspace containing a neighborhood of
zero in Y1, R(L1) = Y1, proving R(L) closed. □
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21. Compact operators

21.1. Review (November 27, 2015). A densely defined operator L has an ad-
joint L∗; when its domain is also dense, the double adjoint is defined. For a densely
defined closed operator between reflexive Banach spaces, Dom(L∗) is dense and
L∗∗ = L. For a densely defined closed operator between Banach spaces, the closed
range theorem equates closedness of R(L), norm and weak-star closedness of R(L∗),
and the identities R(L) = ⊥N(L∗), R(L∗) = N(L)⊥.

21.2. Compact operators. Let X,Y be Banach spaces and U = {x ∈ X : ‖x‖ <
1}.

Definition 21.1. A linear operator L : X → Y is compact if L(U) is compact in
Y . Equivalently, the image of every bounded set has compact closure; equivalently,
the image of every bounded sequence has a convergent subsequence.

Every compact subset of a Banach space is bounded (why?), so compact opera-
tors are bounded and hence continuous. Write K(X,Y ) for all compact operators.
A linear combination of two compact operators is compact, so K(X,Y ) is a vector
subspace of L(X,Y ).

Theorem 21.1. K(X,Y ) is closed in the operator norm.

Proof. Suppose Ln are compact and ‖Ln − L‖ → 0. To prove L(U) compact,
completeness of Y reduces the problem to total boundedness of L(U) (Problem Set
9, Part 2, Problem 4(1)). Given ε > 0, choose n with ‖Ln − L‖ < ε/2. Compactness
gives finitely many y1, . . . , ym ∈ Y with

Ln(U) ⊂
m⋃

k=1

B(yk, ε/2).

For x ∈ U , ‖Lx− Lnx‖ < ε/2, and Lnx is within ε/2 of some yk. Therefore
L(U) ⊂

⋃
k B(yk, ε). □

21.3. Finite-rank approximation. A bounded operator with finite-dimensional
range is compact. Its unit-ball image is bounded, and its closure in the finite-
dimensional range is compact. Such an operator is called finite-rank. Consequently,
an operator-norm limit of finite-rank operators is compact. The converse need not
hold for general Banach spaces, but it does hold with a Hilbert codomain.

Theorem 21.2. If Y is Hilbert, every L ∈ K(X,Y ) is an operator-norm limit of
finite-rank operators.

Proof. Given ε > 0, choose y1, . . . , yn ∈ Y such that L(U) ⊂
⋃

k B(yk, ε). Let Y1 =
span{y1, . . . , yn}, a closed subspace. The orthogonal decomposition Y = Y1 ⊕ Y ⊥

1

defines a linear projection P : Y → Y1. If y = y′ + y′′ is that decomposition,

‖Py‖2 = ‖y′‖2 ≤ ‖y′‖2 + ‖y′′‖2 = ‖y‖2 ,

so ‖P‖ ≤ 1. Set Lε = PL, which has finite rank. For x ∈ U , choose yk with
‖Lx− yk‖ < ε. Since Pyk = yk,

‖Lεx− yk‖ = ‖P (Lx− yk)‖ < ε, ‖Lεx− Lx‖ < 2ε.

Thus ‖Lε − L‖ ≤ 2ε, proving approximation. □
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Remark 21.1. If a compact operator L : X → Y has closed range, it has finite
rank. Indeed, L : X → R(L) is a continuous surjection between Banach spaces
and hence open. Since L(U) is compact, the range is locally compact, so it is
finite-dimensional.

21.4. Schauder’s theorem.

Theorem 21.3 (Schauder). For Banach spaces X,Y and L ∈ L(X,Y ), L is
compact if and only if L∗ is compact.

Proof. Suppose L is compact and let y∗n be a sequence in the unit ball of Y ∗. These
functionals are equicontinuous, since

|y∗n(y)− y∗n(y
′)| ≤ ‖y − y′‖ .

They are pointwise bounded on the compact set L(U). The Ascoli theorem (the
source refers to p. 394) gives a subsequence y∗nk

converging uniformly on that com-
pact set. Then ∥∥L∗y∗nk

− L∗y∗nl

∥∥ = sup
x∈U

|〈x, L∗(y∗nk
− y∗nl

)〉|

= sup
x∈U

|y∗nk
(Lx)− y∗nl

(Lx)| −→ 0.

Completeness of X∗ gives convergence of this image subsequence, so L∗ is compact.
Conversely, compactness of L∗ gives compactness of L∗∗ by the implication just
proved. The canonical embedding identifies the unit ball U ofX with a subset of the
unit ball U∗∗ ofX∗∗, and L∗∗|X = L under the canonical embeddings. Thus L(U) ⊂
L∗∗(U∗∗) is totally bounded in Y ∗∗ and hence in the isometrically embedded copy
of Y . Completeness of Y shows that L(U) is compact (again Problem Set 9, Part
2, Problem 4(1)). □

Next time we will prove the following theorem.

Theorem 21.4. Let X be Banach and L ∈ K(X). Then
(a) dimN(I − L) <∞;
(b) R(I − L) = ⊥N(I − L∗), and in particular the range is closed;
(c) N(I − L) = {0} if and only if R(I − L) = X;
(d) dimN(I − L) = dimN(I − L∗).

Editorial note. The annihilator in (b) is the preannihilator in X of a subspace of
X∗; the notation is made consistent with Lecture 20.
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22. The Fredholm alternative

22.1. Review (December 1, 2015). A linear operator L : X → Y is compact
if the image of its unit ball has compact closure; equivalently, the image of every
bounded sequence has a convergent subsequence. The compact operators K(X,Y )
form a closed subspace of L(X,Y ). Every finite-rank operator is compact. If Y is
a Hilbert space, every compact operator can be approximated in operator norm by
finite-rank operators. Schauder’s theorem says that L is compact if and only if its
dual operator L∗ is compact.

22.2. The Fredholm alternative. Let X be a Banach space and I its identity
operator.

Theorem 22.1. If L ∈ K(X) = K(X,X), then:
(a) dimker(I − L) <∞;
(b) Ran(I − L) is closed;
(c) Ran(I − L) = ⊥ ker(I − L∗);
(d) Ran(I − L) = X if and only if ker(I − L) = {0};
(e) dimker(I − L) = dimker(I − L∗).

Here ⊥E = {x ∈ X : f(x) = 0 for all f ∈ E} for E ⊂ X∗.

Corollary 22.1 (Fredholm alternative). For a compact operator L on a Banach
space X, exactly one of the following occurs:

• For every x0 ∈ X, the equation x− Lx = x0 has a unique solution.
• The homogeneous equation x − Lx = 0 has a nonzero finite-dimensional

solution space, of dimension n = dimker(I − L).

Proof. If ker(I − L) = {0}, part (d) gives existence for every right-hand side. If
(I−L)x1 = (I−L)x2, then x1−x2 ∈ ker(I−L), proving uniqueness. Otherwise part
(a) gives 0 < n < ∞, and a basis of the kernel consists of n linearly independent
homogeneous solutions. □
Proof of Theorem 22.1, parts (a)–(c). (a) Put Y = ker(I − L). On Y , Ly = y.
Thus the closed unit ball of Y is contained in the compact closure of the image
under L of the unit ball of X. It is closed, hence compact. A normed space with
compact closed unit ball is finite-dimensional (see Rudin, pp. 17–18, or supply a
Banach-space proof).

(b) Suppose yn = xn−Lxn → y0. Let dn = dist(xn, ker(I−L)). Since this kernel
is finite-dimensional, choose x̃n ∈ ker(I−L) attaining the distance: dn = ‖xn − x̃n‖.
Notice that
(22.1) yn = (xn − x̃n)− L(xn − x̃n).

We claim that {xn − x̃n} is bounded. Otherwise pass to indices nk with dnk
→ ∞

and set zk = (xnk
− x̃nk

)/dnk
. Then ‖zk‖ = 1 and zk − Lzk = ynk

/dnk
→ 0.

Compactness gives a subsequence with Lzk → w, hence zk → w. Taking limits
gives w = Lw, so w ∈ ker(I − L). On the other hand,

dist(zk, ker(I − L)) =
dist(xnk

, ker(I − L))

dnk

= 1.

Passing to the limit contradicts w ∈ ker(I − L). Thus the reduced sequence is
bounded. Pass to a subsequence for which L(xnk

− x̃nk
) → x0. Equation (22.1)

gives xnk
−x̃nk

→ z0 = y0+x0, and hence z0−Lz0 = y0. Therefore y0 ∈ Ran(I−L).
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(c) The general annihilator identity ⊥ ker(I − L∗) = Ran(I − L), together with
(b), proves the assertion. □

Proof of part (d). First suppose ker(I − L) = {0}. If X1 = Ran(I − L) 6= X, then
X1 is a Banach space by (b). Also LX1 ⊂ X1, since L(I − L)x = (I − L)Lx. The
restriction L1 = L|X1

is compact. Its range X2 = (I − L)X1 is closed by (b), and
X2 6= X1: otherwise (I − L)X1 = (I − L)X and injectivity would give X1 = X.
Continuing gives strictly decreasing closed subspaces

X ⊋ X1 ⊋ X2 ⊋ · · · , Xn = (I − L)nX.

We use Riesz’s lemma: for a proper closed subspace M of a normed space Y and
0 < ε < 1, there is y ∈ Y with ‖y‖ = 1 and dist(y,M) ≥ 1 − ε. Indeed, choose
z /∈M , put d = dist(z,M) > 0, and choose m ∈M with d ≤ ‖z −m‖ ≤ d/(1− ε).
Then y = (z − m)/ ‖z −m‖ has distance d/ ‖z −m‖ ≥ 1 − ε from M . Choose
xn ∈ Xn with ‖xn‖ = 1 and dist(xn, Xn+1) ≥ 1/2. For n > m,

Lxn − Lxm = −(xn − Lxn) + (xm − Lxm) + xn − xm ∈ Xm+1 − xm.

Consequently ‖Lxn − Lxm‖ ≥ 1/2, contradicting compactness. Thus Ran(I−L) =
X.

Conversely, if Ran(I − L) = X, then ker(I − L∗) = Ran(I − L)⊥ = {0}. By
Schauder’s theorem, L∗ is compact. The implication just proved, applied to L∗,
gives Ran(I − L∗) = X∗. Hence ker(I − L) = ⊥ Ran(I − L∗) = {0}. □

22.3. Complemented subspaces.

Definition 22.1. A closed subspace M of a TVS X is complemented if there is a
closed subspace N with X =M +N and M ∩N = {0}.

Example 22.1. If X is locally convex and dimM = n < ∞, then M is comple-
mented. Let e1, . . . , en be a basis, and write x =

∑
i αi(x)ei on M . The coordinate

isomorphism M → Fn is a homeomorphism, so its coordinates αi are continuous
linear functionals. Hahn–Banach extends them to continuous linear functionals Li

on X. Put N =
⋂

i kerLi. It is closed, M ∩ N = {0}, and for every x ∈ X the
vector x0 =

∑
i Li(x)ei satisfies x− x0 ∈ N . Thus X =M +N .

Example 22.2. IfM is closed and dim(X/M) = n <∞, thenM is complemented.
Let π : X → X/M be the quotient map. Choose representatives xi of a basis ei of
X/M , and put N = span{xi}. Then N is closed because it is finite-dimensional. If∑

i aixi ∈ M , applying π gives
∑

i aiei = 0, hence all ai = 0. Thus M ∩N = {0}.
Writing any π(x) in the basis also shows x−

∑
i aixi ∈M , proving X =M +N .

Proof of part (e). Write d = dimker(I − L) and d∗ = dimker(I − L∗). Suppose
d < d∗. The finite-dimensional kernel is complemented; let P be a continuous
projection onto it, constructed as in the first example. By (c), the closed range
Ran(I − L) has codimension d∗ (exercise). The second example provides a closed
complement N of dimension d∗. Choose an injective but nonsurjective linear map
` : ker(I − L) → N and set L̃ = L + `P . This is compact because `P has finite
rank. If (I − L̃)x = 0, then (I − L)x = `Px. The left side lies in Ran(I − L), the
right in N , so both vanish. Thus x ∈ ker(I − L) and Px = 0, which implies x = 0.

Part (d) now implies Ran(I − L̃) = X. But choose y ∈ N \Ran `. The equation
(I−L̃)x = y would imply (I−L)x ∈ N , and hence (I−L)x = 0. Then y = −`Px ∈
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Ran `, a contradiction. Therefore d∗ ≤ d. Apply this inequality to the compact
operator L∗:

dimker(I − L∗∗) ≤ dimker(I − L∗) ≤ dimker(I − L).

The canonical embedding X ↪→ X∗∗ intertwines L and L∗∗, so it embeds ker(I−L)
into ker(I − L∗∗). All the displayed dimensions must therefore be equal, proving
(e). □

Editorial note. In the final comparison the source writes L∗∗ = L on X. This means
equality after the canonical embedding; no reflexivity of X is assumed. Riesz’s
lemma is stated with 0 < ε < 1, the range needed for its displayed proof.
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23. Fredholm operators

23.1. Review (December 4, 2015). For a compact operator L on a Banach
space, ker(I − L) is finite-dimensional, Ran(I − L) is closed, and

Ran(I − L) = ⊥ ker(I − L∗).

The range of I − L∗ is also closed. Moreover, I − L is surjective if and only if it is
injective, and dimker(I − L) = dimker(I − L∗).

23.2. Definitions and examples. Let X,Y be Banach spaces.

Definition 23.1. A continuous linear operator L ∈ L(X,Y ) is Fredholm if its
kernel is finite-dimensional, its range is closed, and

codimRanL := dim(Y/RanL) <∞.

Write Fr(X,Y ) for the collection of Fredholm operators. Its index is the integer
indL = dimkerL− codimRanL.

This is an important class of operators in modern mathematics.

Remark 23.1. For operators between Banach spaces the closed-range condition fol-
lows from finite algebraic codimension and need not be imposed separately. More
generally, if the range of a bounded operator admits a closed algebraic complement,
its range is closed.

Example 23.1. If K ∈ K(X), then I −K is Fredholm of index zero, since
codimRan(I −K) = dimker(I −K∗) = dimker(I −K)

(compare Problem Set 12, Part 2, Problem 1(1)).

Example 23.2. On `2, consider the operator
L(a1, a2, a3, . . .) = (a3, a4, a5, . . .).

Its kernel is {(a1, a2, 0, 0, . . .)} and its range is all of `2, so indL = 2. Its adjoint is
L∗(a1, a2, . . .) = (0, 0, a1, a2, . . .),

with zero kernel and range of codimension two. Hence indL∗ = −2.

Example 23.3. The differentiation operator L : C1([0, 1]) → C([0, 1]), Lf = f ′,
is surjective: L(

´ x
0
f(t) dt) = f(x). Its kernel consists of constant functions. It is

Fredholm of index one (using the usual C1 and uniform norms).

For a Fredholm operator, injectivity means dimkerL = 0, and surjectivity means
indL = dimkerL.

Proposition 23.1. If L ∈ Fr(X,Y ), then L∗ ∈ Fr(Y ∗, X∗) and indL∗ = − indL.

Proof. The closed range theorem gives closedness of RanL∗. The annihilator and
quotient identities give

dimkerL∗ = codimRanL, codimRanL∗ = dimkerL.

Subtract the dimensions. □
Lemma 23.1. For bounded operators L1 : X → Y and L2 : Y → Z, if two of
L1, L2, L2L1 are Fredholm, then so is the third, and

ind(L2L1) = indL2 + indL1.
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Proof. Exercise, as in the source. □

Proposition 23.2. Fr(X,Y ) is open in L(X,Y ), and the index is locally constant.

Proof. For L Fredholm, choose closed complements

X = kerL⊕X1, Y = RanL⊕ Y1.

Let i1 : X1 ↪→ X and P2 : Y → RanL be inclusion and projection. The operator
L0 = P2Li1 = L|X1

: X1 → RanL is a continuous linear isomorphism, with
continuous inverse. For L̃ sufficiently close to L,∥∥∥P2L̃i1 − L0

∥∥∥ ≤ ‖P2‖
∥∥∥L̃− L

∥∥∥ ‖i1‖
is small, so L̃0 = P2L̃i1 is invertible (compare Problem Set 5, Part 1, Problem 4).
The operators i1, P2 are Fredholm of indices − dimkerL and dimY1, respectively.
Applying Lemma 23.1 yields Fredholmness of L̃ and

0 = ind L̃0 = codimRanL+ ind L̃− dimkerL.

Thus ind L̃ = indL. □

23.3. Parametrices and compact perturbations.

Theorem 23.3. For L ∈ L(X,Y ) the following are equivalent:
(1) L is Fredholm.
(2) There is a parametrix (pseudo-inverse) L̃ ∈ L(Y,X) such that L̃L = IX +

K1 and LL̃ = IY +K2, with K1,K2 finite rank.
(3) The same identities hold for some L̃ with K1,K2 compact.
(4) There are L̃1, L̃2 ∈ L(Y,X) and compact K1,K2 such that L̃1L = IX +K1

and LL̃2 = IY +K2.

Proof. The implications (2)⇒(3)⇒(4) are immediate. For (4)⇒(1), the space

kerL ⊂ ker(L̃1L) = ker(IX +K1)

is finite-dimensional. Also

RanL ⊃ Ran(LL̃2) = Ran(IY +K2)

has finite codimension. The preceding remark supplies closedness of the range. For
(1)⇒(2), use the decompositions from the preceding proof and define L̃ = i1L

−1
0 P2,

or
L̃(y + y1) = L−1

0 y (y ∈ RanL, y1 ∈ Y1).

This is bounded. Let −K1 be projection onto kerL, and −K2 projection onto Y1.
They have finite rank, and direct calculation gives L̃L−IX = K1, LL̃−IY = K2. □

Remark 23.2. The construction gives LK1 = 0 and L̃K2 = 0, so we may choose the
parametrix with LL̃L = L and L̃LL̃ = L̃.

Theorem 23.4. If L is Fredholm and K ∈ K(X,Y ), then L+K is Fredholm and
ind(L+K) = indL.
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Proof. Choose a parametrix L̃ as above. It is Fredholm with ind L̃ = − indL. The
identities

(L+K)L̃ = IY +K2 +KL̃, L̃(L+K) = IX +K1 + L̃K

show that L + K is Fredholm. The composition on the first side is an identity
plus a compact operator, hence has index zero. Index additivity therefore gives
ind(L+K) = − ind L̃ = indL. □
Theorem 23.5. A Fredholm operator has index zero if and only if it is a compact
perturbation of an invertible bounded operator: L = L0 +K, with L0 invertible and
K compact.

Proof. Exercise, as in the source. □
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24. The spectrum

24.1. Review (December 8, 2015). An operator between Banach spaces is Fred-
holm when its kernel and cokernel are finite-dimensional; its range is then closed.
The index is dimkerL − codimRanL. Fredholm operators form an open set, and
the index is locally constant. They are precisely the operators admitting a two-sided
parametrix modulo compact operators. The index changes sign under duality, is
additive under composition, and is unchanged by compact perturbations.

24.2. Resolvent and spectrum. In finite dimensions, λ is an eigenvalue of L :
Cn → Cn if and only if ker(L − λI) 6= {0}, if and only if Ran(L − λI) 6= Cn, if
and only if L − λI is not invertible. Now let X be a complex Banach space and
L ∈ L(X). (The definitions extend to closed operators with domains contained in
X.)

Definition 24.1. The resolvent set is

ρ(L) = {λ ∈ C : λI − L is bijective and (λI − L)−1 ∈ L(X)}.

Its members are called regular points. The resolvent at λ is Rλ(L) = (λI − L)−1.
The spectrum is σ(L) = C \ ρ(L).

For bounded L, the inverse mapping theorem shows that bijectivity of λI − L
already implies boundedness of its inverse.

Definition 24.2 (Types of spectrum). (1) The point spectrum σp(L) consists
of eigenvalues: λ ∈ σp(L) exactly when ker(λI − L) 6= {0}. The dimension
of this kernel is the (geometric) multiplicity.

(2) The continuous spectrum σc(L) consists of λ ∈ σ(L) for which λI − L is
injective and has dense range.

(3) The residual spectrum σr(L) consists of λ ∈ σ(L) for which λI − L is
injective and its range is not dense.

Example 24.1 (The unilateral shift). On `2, define

L(a1, a2, . . .) = (0, a1, a2, . . .).

It has no eigenvalues: La = λa forces every coordinate to vanish. Since L is injective
with nondense range, 0 ∈ σr(L). Also 1 ∈ σc(L). Indeed,

(I − L)(a1, a2, . . .) = (a1, a2 − a1, a3 − a2, . . .)

is injective. Its range is dense because

Ran(I − L) = ⊥ ker(I − L∗), L∗(a1, a2, . . .) = (a2, a3, . . .),

and L∗ has no nonzero fixed vector in `2. The full residual and continuous spectra
are problem-set exercises.
Editorial note. To finish the assertion 1 ∈ σc(L), note that I − L is not surjective:
the preimage of (1, 0, 0, . . .) would be (1, 1, 1, . . .), which is not in `2.

Proposition 24.1. If |λ| > ‖L‖, then λ ∈ ρ(L).

Proof. Since
∥∥λ−1L

∥∥ < 1, the operator I − λ−1L is invertible by the Neumann
series, so λI − L is invertible. □
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The Neumann-series assertion (Problem Set 5, Part 1, Problem 4) is

A−1 =

∞∑
k=0

(I −A)k if ‖I −A‖ < 1,
∥∥A−1

∥∥ ≤ 1

1− ‖I −A‖
.

The series converges to a bounded operator (also compare the pointwise limit corol-
lary of Banach–Steinhaus in Lecture 9).

Proposition 24.2. ρ(L) is open.

Proof. For λ0 ∈ ρ(L), factor
λI − L = (λ0I − L)

[
I + (λ− λ0)(λ0I − L)−1

]
.

The bracket is invertible whenever |λ− λ0| <
∥∥(λ0I − L)−1

∥∥−1. □

Corollary 24.1. σ(L) is a compact subset of C.

Definition 24.3. The spectral radius is r(L) = sup{|λ| : λ ∈ σ(L)}.

Proposition 24.3 (Resolvent identity). For λ, µ ∈ ρ(L),
Rλ(L)−Rµ(L) = (µ− λ)Rλ(L)Rµ(L).

Proof. Insert I = (µI − L)Rµ in Rλ, and write µI − L = (µ− λ)I + (λI − L). □

24.3. Spectrum of a compact operator. Let K be compact on a complex Ba-
nach space X.

Proposition 24.4. If dimX = ∞, then 0 ∈ σ(K).

Proof. Otherwise K is invertible, so I = KK−1 is compact. Its closed unit ball
would be compact, implying dimX <∞, a contradiction. □

Proposition 24.5. Every nonzero point of σ(K) is an eigenvalue.

Proof. If λ 6= 0 is not an eigenvalue, then ker(I − λ−1K) = {0}. The Fredholm
alternative makes I − λ−1K surjective, hence invertible. Thus λ ∈ ρ(K). □

Theorem 24.6. Zero is the only possible accumulation point of σ(K).

Proof. Suppose distinct nonzero eigenvalues λn converge to λ 6= 0, and choose
eigenvectors xn withKxn = λnxn. The vectors x1, . . . , xn are linearly independent.
To see this, if

∑n
i=1 αixi = 0 with α1 6= 0, apply the polynomial

p(K), p(t) =

n∏
i=2

t− λi
λ1 − λi

.

It gives α1x1 = 0, a contradiction. Let En = span{x1, . . . , xn}, a strictly increasing
sequence. By Riesz’s lemma choose yn ∈ En with ‖yn‖ = 1 and dist(yn, En−1) ≥
1/2. For n > m ≥ 2,

Kyn
λn

− Kym
λm

=
Kyn − λnyn

λn
− Kym − λmym

λm
+ yn − ym.

All terms except yn belong to En−1: writing yn =
∑n

i=1 aixi gives (K − λn)yn =∑n−1
i=1 ai(λi − λn)xi. Hence the displayed norm is at least 1/2.
Compactness gives a convergent subsequence of Kyn. Since λn → λ 6= 0, it also

gives a convergent subsequence of Kyn/λn, a contradiction. □
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Corollary 24.2. For each ε > 0, the set {λ ∈ σ(K) : |λ| > ε} is finite. If X
is infinite-dimensional, the spectrum has one of the forms {0}, {0, λ1, . . . , λn}, or
{0, λ1, λ2, . . .} with λn → 0.

Each nonzero eigenvalue has finite multiplicity. This follows directly from the
Fredholm theorem, or by using independent eigenvectors for one fixed eigenvalue
in the preceding construction.

Proposition 24.7. For λ 6= 0, λ ∈ σp(K) if and only if λ ∈ σp(K
∗), where K∗ is

the Banach dual operator.

Proof. The Fredholm theorem gives dimker(λI −K) = dimker(λI −K∗) for λ 6=
0. □

Editorial note. The spectral forms including zero require dimX = ∞; in finite
dimensions a compact operator can be invertible. The restriction λ 6= 0 is also
necessary in the last proposition; the source’s proof divides by λ.

For a general bounded operator the preceding eigenvalue assertion need not hold.
One can prove the following instead.

Proposition 24.8. For L ∈ L(X):
(a) If λ ∈ σp(L), then λ ∈ σp(L

∗) ∪ σr(L∗).
(b) If λ ∈ σr(L), then λ ∈ σp(L

∗).

Proof. Exercise, as in the source. □
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25. Orthonormal bases in Hilbert spaces

25.1. Review (December 11, 2015). The resolvent set is open and its com-
plement, the spectrum, is compact. The spectrum is the disjoint union of point,
continuous, and residual spectra, according to failure of injectivity, or injectivity
with dense proper range, or injectivity with nondense range. For a compact oper-
ator on an infinite-dimensional space, zero belongs to the spectrum, every nonzero
spectral point is an eigenvalue, and zero is the only possible accumulation point.

25.2. Hilbert-space facts. A Hilbert space H is a complete inner product space.
Our inner product is linear in the first argument and conjugate-linear in the second:

(αx+ βy, z) = α(x, z) + β(y, z), (x, y) = (y, x), (x, x) > 0 (x 6= 0).

Its norm is ‖x‖ =
√
(x, x). We have already proved:

(1) Cauchy–Schwarz: |(x, y)| ≤ ‖x‖ ‖y‖ (Problem Set 4, Part 1).
(2) The parallelogram law: ‖x+ y‖2 + ‖x− y‖2 = 2 ‖x‖2 + 2 ‖y‖2.
(3) Every nonempty closed convex set E has a unique element of smallest norm

(Lecture 7).
(4) For a closed vector subspaceM ,H =M⊕M⊥ (Lecture 17). The orthogonal

projection is continuous with norm at most one, and norm one if M 6= {0}
(Lecture 21).

(5) Every L ∈ H∗ has a unique representing vector y ∈ H such that L(x) =
(x, y) and ‖L‖ = ‖y‖ (Lecture 17).

(6) A compact map from a normed space into H is an operator-norm limit of
finite-rank maps (Lecture 21).

(7) xn → x in norm if and only if xn ⇀ x and ‖xn‖ → ‖x‖ (midterm).
Examples include Rn, Cn, `2, L2, and H1(D) (compare Problem Set 4, Part 1). An
important distinction from general Banach spaces is orthogonality: x ⊥ y means
(x, y) = 0. For nonzero vectors the source also uses

θ = arccos
|(x, y)|
‖x‖ ‖y‖

as an angle. This is an acute angle between their one-dimensional subspaces; in real
Euclidean geometry the usual oriented-vector angle uses (x, y) without the absolute
value.

Definition 25.1. A family {eα}α∈A is orthogonal if (eα, eβ) = 0 for distinct indices.
It is orthonormal if additionally ‖eα‖ = 1, or equivalently (eα, eβ) = δαβ .

Every orthonormal set is linearly independent.

25.3. Bases and expansions. For any finite or countably infinite linearly indepen-
dent sequence x1, x2, . . ., Gram–Schmidt produces an orthonormal sequence with
span{e1, . . . , en} = span{x1, . . . , xn} for every n:

y1 = x1, e1 = y1/ ‖y1‖ , yn = xn −
n−1∑
i=1

(xn, ei)ei, en = yn/ ‖yn‖ .

Definition 25.2. An orthonormal set is complete, or an orthonormal basis, if it is
maximal under inclusion among orthonormal sets.
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The collection of orthonormal sets is partially ordered by inclusion. The union
of a chain is an upper bound, so Zorn’s lemma gives:

Proposition 25.1. Every nonzero Hilbert space has an orthonormal basis.

A basis may be uncountable. Recall that a space is separable if it has a countable
dense subset.

Proposition 25.2. A Hilbert space has a finite or countably infinite orthonormal
basis if and only if it is separable.

Proof. Exercise, as in the source. □

Theorem 25.3. For an orthonormal set S = {eα} in H and x ∈ H:
(1) Bessel’s inequality holds:

∑
α |(x, eα)|2 ≤ ‖x‖2. Only countably many sum-

mands can be nonzero.
(2) If S is a basis, then

x =
∑
α

(x, eα)eα, ‖x‖2 =
∑
α

|(x, eα)|2

(the latter is Parseval’s identity).
(3) Conversely, if either displayed identity holds for every x, then S is an

orthonormal basis.

Proof. For any finite orthonormal subset {e1, . . . , en},

(25.1) 0 ≤

∥∥∥∥∥x−
n∑

i=1

(x, ei)ei

∥∥∥∥∥
2

= ‖x‖2 −
n∑

i=1

|(x, ei)|2.

Thus, for each positive integerm, only finitely many coefficients have absolute value
at least 1/m. Their union is countable, so list all nonzero coefficients as (x, ei), with
either finitely many or a sequence of indices. Taking suprema of the finite sums
proves (1).

The finite-dimensional case of (2) is familiar. In the infinite case, Bessel’s in-
equality makes the series of squared coefficients convergent. The partial sums
xn =

∑n
i=1(x, ei)ei satisfy

‖xn − xm‖2 =

n∑
i=m+1

|(x, ei)|2 −→ 0.

Completeness gives a limit x̂. For each listed ej , (x − x̂, ej) = 0 by continuity of
the inner product; for every unlisted eα, both (x, eα) and (x̂, eα) vanish. Hence
x− x̂ ⊥ S. Maximality of S implies x = x̂, since otherwise its normalization could
be added to S. Taking limits in (25.1) proves Parseval’s identity. Conversely, if S
were not maximal, there would be a nonzero x0 orthogonal to all its members. The
expansion would give x0 = 0; Parseval’s identity would give ‖x0‖2 = 0. Either is a
contradiction. □

Editorial note. The reduction to a countable list in the source is a list of the nonzero
coefficients of a fixed vector, not an assumption that the whole orthonormal basis
is countable.

The proof also shows that
∑

α cαeα converges whenever
∑

α |cα|2 <∞, and that
an orthonormal set is a basis exactly when S⊥ = {0}.
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Corollary 25.1. Every infinite orthonormal sequence en converges weakly to zero.

Proof. Bessel’s inequality gives (x, en) → 0 for every x. By Riesz representation,
these inner products test all continuous linear functionals, so en ⇀ 0. □

Nevertheless ‖en − em‖ =
√
2 for n 6= m.

25.4. Bounded operators on a Hilbert space.

Proposition 25.4. Let H be a complex Hilbert space and L ∈ L(H). If (Lx, x) = 0
for every x ∈ H, then L = 0.

Proof. Expanding the hypothesis at x+y gives 0 = (Ly, x)+(Lx, y). Expanding at
x+ iy gives 0 = i(Ly, x)− i(Lx, y). Therefore (Ly, x) = 0 for every x, y, so Ly = 0
for every y. □
Remark 25.1. The assertion fails for real Hilbert spaces. Rotation of R2 by π/2 is
a nonzero bounded linear operator with (Lx, x) = 0 for all x.
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26. Adjoints, normal, unitary, and self-adjoint operators

26.1. Review (December 15, 2015). Every Hilbert space has an orthonormal
basis, finite or countable precisely when it is separable. An orthonormal set {eα}
is a basis exactly when every vector has its orthonormal expansion, or equivalently
when Parseval’s identity holds for every vector.

26.2. The Hilbert-space adjoint. Take Hilbert spaces H1,H2 and a bounded
linear map L : H1 → H2. Riesz representation gives conjugate-linear isometric
bijections

Φi : Hi → H∗
i , y 7→ Ly = (·, y), Lαy = αLy.

Thus the Banach dual operator L∗
dual : H

∗
2 → H∗

1 corresponds to the operator
L∗ = Φ−1

1 L∗
dualΦ2 : H2 → H1.

It is linear: the two conjugate-linear identifications cancel.

Proposition 26.1. The adjoint L∗ ∈ L(H2,H1) is uniquely characterized by
(Lx, y)H2 = (x, L∗y)H1 (x ∈ H1, y ∈ H2).

For densely defined operators an adjoint can also be defined; see Problem Set 6,
Part 2, Problem 2.

Example 26.1. On H = L2([0, 1]), let Lf(x) =
´ 1
0
k(x, y)f(y) dy for continuous k

on [0, 1]2. Then Fubini’s theorem gives

(Lf, g) =

ˆ 1

0

ˆ 1

0

k(x, y)f(y)g(x) dy dx

=

ˆ 1

0

f(x)

ˆ 1

0

k(y, x)g(y) dy dx.

Consequently L∗g(x) =
´ 1
0
k(y, x)g(y) dy.

In finite dimensions, the adjoint is represented by the conjugate transpose matrix
(in orthonormal coordinates). For Hilbert spaces, “adjoint” will henceforth mean
this Hilbert-space adjoint.

Many properties agree with the Banach dual adjoint:
(L2L1)

∗ = L∗
1L

∗
2, (L∗)∗ = L, ‖L∗‖ = ‖L‖ .

Scalar multiplication differs:
(αL1 + βL2)

∗ = αL∗
1 + βL∗

2.

The Banach dual version has α, β instead of their conjugates.

Proposition 26.2. For L ∈ L(H1,H2), ‖L∗L‖ = ‖L‖2 = ‖LL∗‖.

Proof. ‖L∗L‖ ≤ ‖L∗‖ ‖L‖ = ‖L‖2. Conversely,
‖Lx‖2 = (L∗Lx, x) ≤ ‖L∗L‖ ‖x‖2 ,

so ‖L‖2 ≤ ‖L∗L‖. Apply this to L∗ as well. □

In Hilbert spaces annihilators can be replaced by orthogonal complements inside
the original space: M⊥ = {x : (x, y) = 0 for all y ∈M}.

Proposition 26.3. kerL = (RanL∗)⊥ and kerL∗ = (RanL)⊥.
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Proof. Lx = 0 if and only if (Lx, y) = (x, L∗y) = 0 for every y. This proves the
first equality; apply it to L∗ for the second. □

Corollary 26.1. L ∈ L(H) is invertible if and only if kerL∗ = {0} and some
α > 0 satisfies ‖Lx‖ ≥ α ‖x‖ for all x.

Proof. The lower bound is equivalent to injectivity with closed range (Problem Set
5, Part 2, Problem 4). The kernel condition makes the range dense, so it is all of
H. □

Corollary 26.2. If L is invertible, then L∗ is invertible and (L∗)−1 = (L−1)∗.

Proof. Take adjoints of LL−1 = L−1L = I. □

26.3. Normal and unitary operators. From now on H is a complex Hilbert
space.

Definition 26.1. A bounded operator L on H is normal if LL∗ = L∗L, self-adjoint
if L = L∗, and unitary if LL∗ = L∗L = I. Every self-adjoint or unitary operator is
normal.

Proposition 26.4. L is normal if and only if ‖Lx‖ = ‖L∗x‖ for every x.

Proof. The equality of the two squared norms is equivalent to ((LL∗−L∗L)x, x) = 0
for every x. On a complex Hilbert space, the proposition at the end of Lecture 25
makes this equivalent to LL∗ = L∗L. □

Corollary 26.3. For normal L, kerL = kerL∗. Such an L is invertible exactly
when ‖Lx‖ ≥ α ‖x‖ for some α > 0 and every x.

The operator L − λI is normal whenever L is normal. Thus ker(L − λI) =
ker(L∗ − λI).

Corollary 26.4. For a normal operator, Lx = λx if and only if L∗x = λx.
Eigenvectors for distinct eigenvalues are orthogonal.

Proof. Only the last assertion remains. If Lxi = λixi, then
λ1(x1, x2) = (Lx1, x2) = (x1, L

∗x2) = (x1, λ2x2) = λ2(x1, x2).

For λ1 6= λ2, this forces (x1, x2) = 0. □

Proposition 26.5. The following are equivalent:
(1) L is unitary;
(2) L is surjective and (Lx,Ly) = (x, y) for all x, y;
(3) L is surjective and ‖Lx‖ = ‖x‖ for all x.

Proof. (1)⇒(2) follows from L−1 = L∗ and (Lx,Ly) = (L∗Lx, y) = (x, y). The
implication (2)⇒(3) is immediate. For (3)⇒(1), the norm equality gives ((L∗L −
I)x, x) = 0, hence L∗L = I. The norm equality and surjectivity make L invertible,
so L∗ = L−1 and LL∗ = I. □

A unitary operator on a nonzero Hilbert space has norm one.

Proposition 26.6. The spectrum of a unitary operator lies on the unit circle.

Proof. Since ‖L‖ = 1, its spectrum lies in {|λ| ≤ 1}. For |λ| < 1, ‖λL∗‖ < 1, so
λI − L = −L(I − λL∗) is invertible. Thus no such λ belongs to the spectrum. □
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26.4. Self-adjoint operators. Self-adjoint operators play a major role in spectral
theory and mathematical physics. The integral operator above is self-adjoint exactly
when k(x, y) = k(y, x). For every L, the operators LL∗, L∗L, (L + L∗)/2, and
(L− L∗)/(2i) are self-adjoint, and

L =
L+ L∗

2
+ i

L− L∗

2i
.

Proposition 26.7. The spectrum of a self-adjoint operator is real.

Proof. Write λ = α+ iβ. Self-adjointness makes the cross terms cancel in
‖(L− λI)x‖2 = ‖(L− αI)x‖2 + β2 ‖x‖2 .

If β 6= 0, this is bounded below by β2 ‖x‖2. Since L− λI is normal, the preceding
invertibility criterion shows it is invertible. Thus spectral points must have β =
0. □
Corollary 26.5. A self-adjoint operator has no residual spectrum.

Proof. If λ ∈ σr(L), the range of λI − L is nondense, so λ ∈ σp(L
∗) by the

orthogonal-complement identity. For self-adjoint L, the spectrum is real and L∗ =
L, so λ ∈ σp(L), contradicting the disjointness of the point and residual spectra
(compare Problem Set 13, Part 1). □
Proposition 26.8. L is self-adjoint if and only if (Lx, x) ∈ R for every x ∈ H.

Proof. If L = L∗, then (Lx, x) = (x, Lx) = (Lx, x). Conversely, expanding the
reality condition at x+ y and x+ iy yields

(Lx, y) + (Ly, x) ∈ R, −i(Lx, y) + i(Ly, x) ∈ R.
These two identities imply (Ly, x) = (y, Lx) for every x, y, hence L = L∗. □
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27. Compact self-adjoint operators and operator ideals

27.1. Review (December 18, 2015). Hilbert adjoints satisfy (L2L1)
∗ = L∗

1L
∗
2,

(αL)∗ = αL∗, (L∗)∗ = L, and ‖L∗‖ = ‖L‖. Normality is equivalent to ‖Lx‖ =
‖L∗x‖; eigenvectors for distinct eigenvalues are orthogonal. A unitary is a surjective
isometry and has spectrum on the unit circle. A self-adjoint operator is character-
ized by real quadratic forms, has real spectrum, and has no residual spectrum.
Problem Set 14, Part 1 also gives, for self-adjoint L,

‖L‖ = sup
x ̸=0

|(Lx, x)|
(x, x)

, ‖L‖ ∈ σ(L) or − ‖L‖ ∈ σ(L).

Consequently a self-adjoint operator with spectrum {0} is zero.

27.2. Spectral theorem for compact self-adjoint operators. Suppose L 6= 0
is compact and self-adjoint on H. Its spectrum is real, and every nonzero spectral
point is an eigenvalue. One of ±‖L‖ is therefore an eigenvalue; for a corresponding
unit eigenvector x, |(Lx, x)| = ‖L‖. Thus the supremum of |(Lx, x)| over the unit
sphere is attained at an eigenvector. The nonzero eigenvalues can be listed, with
multiplicities, as a finite sequence or as λn → 0, ordered by |λ1| ≥ |λ2| ≥ · · · . Each
eigenspace is finite-dimensional. Choose an orthonormal basis in each eigenspace.
For example, the list 3, 3,−2.5, 2,−2,−2,−2, 1, . . . denotes multiplicity two for 3
and multiplicity three for −2.

Let the corresponding orthonormal eigenvectors be e1, e2, . . ., so Lei = λiei, and
put M = span{ei}.

Lemma 27.1. L(M) ⊂M and L(M⊥) ⊂M⊥.

Proof. If x ∈ M , write x =
∑

i αiei. Continuity gives Lx =
∑

i αiλiei ∈ M ;
convergence also follows from |λi| ≤ ‖L‖. If y ∈ M⊥, then for x ∈ M , (x, Ly) =
(Lx, y) = 0, so Ly ∈M⊥. □

The restriction L1 = L|M⊥ is compact and self-adjoint. It has no nonzero spec-
tral point: such a point would be an eigenvalue, and its eigenvector would be-
long both to M and M⊥. Thus L1 = 0 by the self-adjoint norm formula, and
M⊥ ⊂ kerL. Conversely, for y ∈ kerL and x =

∑
i αiei ∈M ,(

n∑
i=1

αiei, y

)
=

(
L

n∑
i=1

αi

λi
ei, y

)
=

(
n∑

i=1

αi

λi
ei, Ly

)
= 0.

Taking limits shows y ∈ M⊥. Hence M⊥ = kerL. Choose an orthonormal basis
{fα} of this kernel, whose vectors are zero-eigenvalue eigenvectors. Its union with
{ei} is an orthonormal basis of H.

Theorem 27.1 (Spectral theorem). Every compact self-adjoint operator on a
Hilbert space admits an orthonormal basis of eigenvectors. If the space is sepa-
rable, the basis is finite or countable.

Every x ∈ H can be written x =
∑

i αiei + x0 with x0 ∈ kerL, so

Lx =
∑
i

λi(x, ei)ei.

The finite-rank truncations Lkx =
∑k

i=1 λi(x, ei)ei converge to L in operator norm.
Zero may belong to the continuous spectrum rather than the point spectrum. For
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example, if bi 6= 0 and bi → 0, the diagonal map (ai) 7→ (aibi) on `2 is compact and
injective; its point spectrum is the set of nonzero diagonal values (Problem Set 12,
Part 1).

Corollary 27.1 (Singular-value decomposition). For a compact L ∈ L(H) there
are orthonormal sets {ei}, {fi} and positive numbers λi, a finite list or sequence
tending to zero, such that

Lx =
∑
i

λi(x, ei)fi.

Proof. L∗L is compact, self-adjoint, and positive. Let its nonzero eigenvalues and
orthonormal eigenvectors be µi, ei. Then µi = (L∗Lei, ei) = ‖Lei‖2 > 0. Set
λi =

√
µi and fi = Lei/λi. Since

(fi, fj) =
(L∗Lei, ej)

λiλj
= δij ,

this is an orthonormal set. If x =
∑

i(x, ei)ei + x0 with L∗Lx0 = 0, then ‖Lx0‖2 =
(L∗Lx0, x0) = 0, so the expansion for Lx follows. □

The λi are the singular values, the positive square roots of the nonzero eigenval-
ues of L∗L. The operator |L|x =

∑
i λi(x, ei)ei is bounded (indeed compact) and

satisfies |L|2 = L∗L; write |L| =
√
L∗L. More generally, every positive bounded

operator L has a unique positive square root. Here positivity means (Lx, x) ≥ 0
for every x and implies self-adjointness.

27.3. Hilbert–Schmidt operators. Let H be separable with orthonormal basis
{en} and L ∈ L(H).

Lemma 27.2. For another orthonormal basis {fm},∑
n

‖Len‖2 =
∑
n,m

|(Len, fm)|2 =
∑
m

‖L∗fm‖2 .

The sums may be infinite. In particular,
∑

n ‖Len‖
2 is independent of the orthonor-

mal basis.

Proof. Parseval and (Len, fm) = (en, L
∗fm) give the displayed identities, with in-

terchange valid for nonnegative sums. Repeating with a different basis in the do-
main proves independence. □
Definition 27.1. L is Hilbert–Schmidt if

‖L‖2HS :=
∑
n

‖Len‖2 <∞.

For b = (bi) ∈ `∞, the diagonal operator L(ai) = (aibi) on `2 has ‖L‖2HS =∑
i |bi|2, so it is Hilbert–Schmidt exactly when b ∈ `2.

Proposition 27.2. The Hilbert–Schmidt operators have the following properties:
(1) L is Hilbert–Schmidt if and only if L∗ is.
(2) ‖L‖ ≤ ‖L‖HS.
(3) If L1 is Hilbert–Schmidt and L2 is bounded, both L1L2 and L2L1 are Hilbert–

Schmidt.
(4) They form a vector space L2; the Hilbert–Schmidt norm makes it a Hilbert

space.
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Proof. Exercise, as in the source. □
Theorem 27.3. Every Hilbert–Schmidt operator is compact.

Proof. Let PN be projection onto span{e1, . . . , eN}. Then LN = LPN is finite rank,
and

‖L− LN‖ ≤ ‖L− LN‖HS =

(∑
n>N

‖Len‖2
)1/2

−→ 0.

Thus L is compact. This also proves that finite-rank operators are dense in L2 for
the Hilbert–Schmidt norm. □

If L is additionally self-adjoint, ‖L‖2HS =
∑

j λ
2
j , with eigenvalues counted with

multiplicity.
Editorial note. The source defines the Hilbert–Schmidt “norm” as the sum of
squares, omitting its square root; that sum is the squared norm. The norm com-
parisons, convergence estimate, and eigenvalue formula above use the standard
square-root normalization consistently. The basis-change identity uses L∗fm, as its
proof requires.

27.4. Trace-class operators. For general bounded L, the positive operator |L| =√
L∗L is defined by the positive-square-root theorem. The sum

∑
n(|L|en, en) is

independent of the orthonormal basis, by the preceding basis-independence result
applied to

√
|L|.

Definition 27.2. L is of trace class if
‖L‖1 := tr |L| :=

∑
n

(|L|en, en) <∞.

Write L1 for the trace-class operators.

The analogues of the Hilbert–Schmidt properties hold:

Proposition 27.4. (1) L1 is a vector space.
(2) If L1 ∈ L1 and L2 is bounded, then L1L2, L2L1 ∈ L1.
(3) (L1, ‖·‖1) is a Banach space and ‖L‖ ≤ ‖L‖1.
(4) L ∈ L1 implies L∗ ∈ L1.
(5) Every trace-class operator is compact.

Proof. Exercise, as in the source. □
For a positive trace-class operator, trL =

∑
i λi, where the eigenvalues are

counted with multiplicity. More generally:

Theorem 27.5. A compact operator is of trace class if and only if its singular
values satisfy

∑
i λi <∞.

Editorial note. The source’s last page writes |L|2 = LL∗. We retain the convention
|L|2 = L∗L introduced on page 3, which is the standard absolute value and matches
the singular-value definition.
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28. Functions of self-adjoint operators

28.1. Review (December 22, 2015). A compact self-adjoint operator has real
nonzero eigenvalues, listed with multiplicities in decreasing absolute value and tend-
ing to zero if the list is infinite. Together with an orthonormal basis of its kernel,
its nonzero eigenvectors form an orthonormal basis of H. Thus L =

∑
i λi(·, ei)ei.

For a general compact operator, the singular-value expansion is L =
∑

i λi(·, ei)fi,
where λi are the positive square roots of the nonzero eigenvalues of L∗L. On a sep-
arable Hilbert space, Hilbert–Schmidt and trace-class operators are characterized
by

‖L‖2HS =
∑
n

‖Len‖2 <∞, ‖L‖1 = tr |L| =
∑
n

(|L|en, en) <∞.

The latter equals the sum of the singular values.

28.2. Ordering self-adjoint operators.
Definition 28.1. A bounded operator A on a complex Hilbert space is positive if
(Ax, x) ≥ 0 for every x, written A ≥ 0. For self-adjoint A,B, write A ≥ B when
A−B ≥ 0.

Positivity means nonnegativity here. Both LL∗ and L∗L are positive. Since real
quadratic forms characterize self-adjointness, every positive operator is self-adjoint;
its eigenvalues are nonnegative.
Proposition 28.1. For self-adjoint L, −‖L‖ I ≤ L ≤ ‖L‖ I.
Proof. By the quadratic-form norm formula (Problem Set 14, Part 1, Problem
1), |(Lx, x)| ≤ ‖L‖ ‖x‖2. Thus both ((‖L‖ I − L)x, x) and ((‖L‖ I + L)x, x) are
nonnegative. □

If L ≥ 0 and L ≤ 0, then L = 0.
Lemma 28.1 (Cauchy–Schwarz for a positive operator). If L ≥ 0, then |(Lx, y)| ≤√

(Lx, x)
√
(Ly, y).

Proof. Exercise, as in the source. □
Lemma 28.2. 0 ≤ A ≤ B implies ‖A‖ ≤ ‖B‖.
Proof. Apply the quadratic-form norm formula. □
Theorem 28.2 (Monotone strong convergence). An increasing sequence of self-
adjoint operators L0 ≤ L1 ≤ · · · ≤ B, bounded above by a self-adjoint B, has a
strong limit L∞ ∈ L(H): for every x ∈ H, Lnx→ L∞x in norm.
Proof. For each x, the scalar sequence (Lnx, x) increases and is bounded above by
(Bx, x), hence converges. For n ≥ m put A = Ln−Lm. Then 0 ≤ A ≤ B−L0 and
‖A‖ ≤ C := ‖B − L0‖. The positive-operator Cauchy–Schwarz inequality, with
y = Ax, gives

‖Ax‖2 = (Ax,Ax) ≤
√

(Ax, x)
√

(A2x,Ax)

≤
√

(Lnx, x)− (Lmx, x)C
3/2 ‖x‖ .

The right side tends to zero. Thus {Lnx} is Cauchy for every x, and its limit
defines L∞x. The pointwise-limit corollary of Banach–Steinhaus (Lecture 9) makes
L∞ bounded and linear. Its quadratic form is the limit of those of Ln, so it is
self-adjoint and L∞ ≤ B. □
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Editorial note. The source’s estimate uses 0 ≤ Ln−Lm ≤ Ln ≤ B, which presumes
L0 ≥ 0. The bound by B − L0 above removes this unstated restriction.

28.3. Polynomial functions of an operator.

Theorem 28.3. Suppose mI ≤ L ≤MI and a real polynomial p satisfies p(t) ≥ 0
on [m,M ]. Then p(L) ≥ 0.

Proof. The case m =M is immediate. For m < M , factor the nonzero polynomial
into real linear factors with roots outside the interval and real quadratic factors:

p(t) = c
∏
j

(t− αj)
∏
k

(βk − t)
∏
l

(
(t− γl)

2 + δ2l
)
,

where c > 0, αj ≤ m, βk ≥ M . Interior real roots have even multiplicity and are
included by allowing δl = 0. Every corresponding operator factor is positive, and
all commute. A product of commuting positive operators is positive: if A,B ≥ 0
and AB = BA, the positive square root A1/2 commutes with B (compare Problem
Set 14, Part 2), and (ABx, x) = (BA1/2x,A1/2x) ≥ 0. This proves the theorem;
p = 0 is trivial. □

Corollary 28.1. If p1(t) ≤ p2(t) on [m,M ], then p1(L) ≤ p2(L).

Proposition 28.4. If mI ≤ L ≤MI, then σ(L) ⊂ [m,M ].

Proof. First, −MI ≤ L ≤ MI gives ‖L‖ ≤ M by the quadratic-form formula,
so its real spectrum lies in [−M,M ]. In general, center at the midpoint: L′ =
L− (M +m)I/2 satisfies

−M −m

2
I ≤ L′ ≤ M −m

2
I.

Apply the first case to L′ and translate the spectrum. □

Choose a < m ≤ M < b. Let K[a, b] denote the bounded real-valued piece-
wise functions on [a, b] which are pointwise limits of decreasing sequences of real
continuous functions. We use the source’s class in constructing functions of L.

Lemma 28.3. Every ϕ ∈ K[a, b] is a pointwise limit of a decreasing sequence of
real polynomials pn on [a, b].

Proof. Choose continuous ϕn ↓ ϕ by definition. Weierstrass approximation gives a
real polynomial pn with∣∣∣∣pn(t)− (ϕn(t) +

3

2n+2

)∣∣∣∣ ≤ 1

2n+2
(t ∈ [a, b]).

Then
pn+1(t) ≤ ϕn+1(t) +

1

2n+1
≤ ϕn(t) +

1

2n+1
≤ pn(t),

and pn(t) → ϕ(t). □

For any such sequence, polynomial order gives p1(L) ≥ p2(L) ≥ · · · ≥ (inf ϕ)I.
The monotone convergence theorem, applied after reversing signs, therefore gives a
self-adjoint strong limit.

Definition 28.2. For ϕ ∈ K[a, b], define ϕ(L) = limn→∞ pn(L) in the strong
operator sense.
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Independence of the approximation follows from the next lemma.

Lemma 28.4. Let pn ↓ ϕ and qn ↓ ψ be polynomial approximations, with ϕ,ψ ∈
K[a, b] and ψ(t) ≤ ϕ(t) on [m,M ]. Then limn qn(L) ≤ limn pn(L).

Proof. Fix n. For each t0 ∈ [m,M ], choose N0(t0) such that qN (t0) < ψ(t0)+1/n ≤
ϕ(t0) + 1/n ≤ pn(t0) + 1/n for all N ≥ N0(t0). By continuity, the strict inequality
qN0(t0)(t) < pn(t) + 1/n persists in a neighborhood of t0. Choose finitely many
of these neighborhoods covering [m,M ], and let N0 be the largest of their indices.
Monotonicity gives qN (t) < pn(t) + 1/n on the whole interval whenever N ≥ N0.
Polynomial order yields qN (L) ≤ pn(L)+ I/n. Take the strong limit first in N and
then in n. □

Applying the lemma in both directions when ψ = ϕ proves well-definedness of
ϕ(L). The following properties are easy to prove:

(1) (ϕ1 + ϕ2)(L) = ϕ1(L) + ϕ2(L).
(2) For c ≥ 0, (cϕ)(L) = cϕ(L).
(3) For nonnegative ϕ1, ϕ2 ∈ K[a, b], (ϕ1ϕ2)(L) = ϕ1(L)ϕ2(L).
(4) ϕ1 ≥ ϕ2 on [m,M ] implies ϕ1(L) ≥ ϕ2(L).

Extend the definition to differences: if f = ϕ − ψ with ϕ,ψ ∈ K[a, b], put f(L) =
ϕ(L)−ψ(L). This is independent of the representation, since ϕ−ψ = ϕ̃− ψ̃ implies
ϕ+ ψ̃ = ϕ̃+ψ, and additivity gives identical operator differences. On the extended
classK[a, b]−K[a, b], scalar multiplication by every real c and products are allowed:

(cf)(L) = cf(L), (fg)(L) = f(L)g(L).

Editorial note. The first construction gives closure under multiplication by nonneg-
ative scalars and products of nonnegative functions in the original class of monotone
limits. The difference extension in the final paragraph of the source is essential be-
fore using arbitrary real scalars and products. Strong limits, rather than operator-
norm limits, are meant throughout.
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29. Spectral projections

29.1. Review (December 25, 2015). For self-adjoint operators, L1 ≤ L2 means
L2 − L1 ≥ 0. A monotone sequence L0 ≤ L1 ≤ · · · ≤ L converges strongly
to a bounded self-adjoint operator L∞ ≤ L. Let K[a, b] consist of the bounded
piecewise-continuous real functions that are decreasing pointwise limits of contin-
uous functions (equivalently, of suitable polynomials). The preceding lecture con-
structs ϕ(L) by strong limits for self-adjoint L with σ(L) ⊂ [m,M ] ⊂ (a, b), and
extends the definition to the difference class K[a, b] − K[a, b]. On this extended
class, the calculus respects addition, multiplication by real scalars, and products:

(ϕ1 + ϕ2)(L) = ϕ1(L) + ϕ2(L), (cϕ)(L) = cϕ(L),

(ϕ1ϕ2)(L) = ϕ1(L)ϕ2(L).

It also preserves order: ϕ1 ≥ ϕ2 implies ϕ1(L) ≥ ϕ2(L).

29.2. Projections.

Definition 29.1. P ∈ L(H) is a projection if P 2 = P . It is an orthogonal projection
if in addition P = P ∗.

Proposition 29.1. For a projection P :
(1) Px = x for x ∈ R(P );
(2) I − P is a projection, R(I − P ) = N(P ) and N(I − P ) = R(P );
(3) H = R(P ) +N(P ) and R(P ) ∩N(P ) = {0}.

In particular, R(P ) is closed.

Proof. If x = Py, then Px = P 2y = Py = x. Also (I −P )2 = I −P , and Px = 0 if
and only if (I − P )x = x, which is if and only if x ∈ R(I − P ). Applying the same
identity to I−P gives the other equality. Finally, x = Px+(I−P )x gives the sum
decomposition, and a vector belonging to both summands is fixed and annihilated
by P , hence is zero. □

For a closed subspace E ⊂ H, the decompositionH = E⊕E⊥ defines PE(x+y) =
x for x ∈ E, y ∈ E⊥. It is continuous with norm one if E 6= {0}, and R(PE) = E,
N(PE) = E⊥.

Proposition 29.2. A projection P is orthogonal if and only if R(P ) ⊥ N(P ). In
this case P = PR(P ).

Proof. If P = P ∗, for x ∈ R(P ) and y ∈ N(P ) = R(I − P ),

(x, y) = (Px, (I − P )y) = (x, P (I − P )y) = 0.

Conversely, the direct-sum decomposition and orthogonality give N(P ) = R(P )⊥,
so P = PR(P ). For x = x1 + x2 and y = y1 + y2 in the orthogonal decomposition,

(Px, y) = (x1, y1) = (x, Py),

showing P = P ∗. □

Corollary 29.1. If P is an orthogonal projection, then 0 ≤ P ≤ I.

Proof. (Px, x) = (Px, Px) = ‖Px‖2 ≥ 0, and ‖Px‖2 ≤ ‖x‖2 gives the upper
bound. □
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Proposition 29.3. For a projection P and T ∈ L(H), PT = TP if and only if
both R(P ) and N(P ) are invariant under T .

Proof. If they commute, Px = 0 implies PTx = TPx = 0, and x = Py implies
Tx = TPy = PTy ∈ R(P ). Conversely, decompose x = x1 + x2 with x1 ∈ R(P ),
x2 ∈ N(P ). Invariance gives PTx = PTx1 + PTx2 = Tx1 = TPx. □

Proposition 29.4. For an orthogonal projection P , σ(P ) = {0, 1} if both its range
and kernel are nonzero. For P = I it is {1}, and for P = 0 it is {0}, assuming
H 6= {0}.

Proof. We already know σ(P ) ⊂ [0, 1]. For λ /∈ {0, 1}, write y = y1 + y2 in
R(P )⊕N(P ) and set

x =
y1

λ− 1
+
y2
λ
.

Then (λI − P )x = y. The same decomposition shows injectivity. Nonzero vectors
in the range and kernel give eigenvalues one and zero, respectively, whenever those
spaces are nonzero. □

29.3. Spectral projections. Let L ∈ L(H) be self-adjoint with mI ≤ L ≤ MI.
For real λ define

χλ(t) =

{
1, t ≤ λ,

0, t > λ.

The continuous functions

χn,λ(t) =


1, t ≤ λ,

1− n(t− λ), λ < t < λ+ 1/n,

0, t ≥ λ+ 1/n

decrease pointwise to χλ. Thus the functional calculus defines the bounded self-
adjoint operator Eλ = χλ(L).

Lemma 29.1. Eλ is an orthogonal projection; Eλ = 0 for λ < m, Eλ = I for
λ > M ; and EλEµ = Eλ for λ < µ.

Proof. The identities χ2
λ = χλ and χλχµ = χλ give idempotence and the product

formula. The endpoint assertions follow because the functions are identically zero
or one on [m,M ] in the indicated cases. □

Proposition 29.5. Eλ is right-continuous in the strong operator topology:

Eλ+εx→ Eλx (ε ↓ 0).

Proof. Choose decreasing continuous ϕn with ϕn ≥ χλ+1/n and ϕn ↓ χλ. Then
ϕn(L) → Eλ strongly. For 0 < ε < 1/n,

ϕn(L) ≥ Eλ+1/n ≥ Eλ+ε ≥ Eλ.

The positive-operator squeeze gives the asserted strong limit. □

Proposition 29.6. R(Eλ) is invariant under L.

Proof. LEλ = EλL, since Eλ is a strong limit of polynomials in L. □
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If λ1 < λ2, the pointwise inequalities
λ1(χλ2

− χλ1
) ≤ t(χλ2

− χλ1
) ≤ λ2(χλ2

− χλ1
)

give
λ1(Eλ2 − Eλ1) ≤ L(Eλ2 − Eλ1) ≤ λ2(Eλ2 − Eλ1).

In particular, LEλ ≤ λEλ and λ(I − Eλ) ≤ L(I − Eλ).

29.4. Construction of the spectral integral. Take a partition
a < λ0 < m ≤ λ1 < · · · < λn−1 ≤M < λn < b

with mesh∆ = maxk(λk+1−λk) < ε. Choose µk ∈ [λk, λk+1] and putQk = Eλk+1
−

Eλk
. The Qk are mutually orthogonal projections with

∑
kQk = I. Summing the

preceding inequalities yields
n−1∑
k=0

λkQk ≤ L ≤
n−1∑
k=0

λk+1Qk.

Because −ε ≤ λk − µk ≤ λk+1 − µk ≤ ε,

−εI ≤
∑
k

(λk − µk)Qk ≤ L−
∑
k

µkQk ≤
∑
k

(λk+1 − µk)Qk ≤ εI.

For a self-adjoint operator, these order bounds imply∥∥∥∥∥L−
n−1∑
k=0

µk(Eλk+1
− Eλk

)

∥∥∥∥∥ ≤ ε.

Thus for any choices of sample points, the sums converge in operator norm as the
mesh tends to zero. This defines the spectral integral:

L =

ˆ b

a

λ dEλ =

ˆ M

m−η

λ dEλ =

ˆ ∞

−∞
λ dEλ (η > 0).
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30. Consequences of the spectral theorem

30.1. Review (December 29, 2015). For bounded self-adjoint L, set Eλ =
χλ(L), where χλ(t) = 1 for t ≤ λ and zero otherwise. These orthogonal projections
form the spectral family:

(1) Eλ = 0 for λ < m and Eλ = I for λ > M when mI ≤ L ≤MI;
(2) Eλ+ε → Eλ strongly as ε ↓ 0;
(3) for λ1 < λ2, Eλ1

Eλ2
= Eλ1

= Eλ2
Eλ1

.
The spectral theorem gives

L =

ˆ b

a

λ dEλ =

ˆ M

m−η

λ dEλ =

ˆ ∞

−∞
λ dEλ,

where the integral is the operator-norm limit of the sums
∑

k µk(Eλk+1
− Eλk

) as
the mesh tends to zero.

30.2. Continuity of the spectral family. The spectral family is right-continuous
but may have jumps from the left.

Example 30.1. Let L = diag(1, 2) on C2, with standard eigenvectors e1, e2. Then
L = 1(·, e1)e1 + 2(·, e2)e2, p(L) = p(1)(·, e1)e1 + p(2)(·, e2)e2

for every polynomial p. Passing to the characteristic functions gives

Eλ =


0, λ < 1,

PCe1 , 1 ≤ λ < 2,

I, λ ≥ 2.

Thus the left limit differs from Eλ at λ = 1, 2. For small ε > 0,
E1−εe1 = 0 6= E1e1 = e1, E1−εe2 = 0 = E1e2,

E2−εe1 = e1 = E2e1, E2−εe2 = 0 6= E2e2 = e2.

Editorial note. The final branch includes λ = 2 by the convention χλ = 1 on
(−∞, λ]; the handwritten case display uses only λ > 2 and leaves that endpoint
unstated.

Proposition 30.1. If λ0 ∈ σp(L), then limε↓0Eλ0−ε 6= Eλ0 in the strong operator
topology.

Proof. Let Lx0 = λ0x0 with x0 6= 0. Recall
λ1(Eλ2

− Eλ1
) ≤ L(Eλ2

− Eλ1
) ≤ λ2(Eλ2

− Eλ1
), λ1 < λ2,

λ(I − Eλ) ≤ L(I − Eλ), LEλ ≤ λEλ.

For Q = I − Eλ0+ε, apply the first of the latter two inequalities to x0:
(λ0 + ε)(Qx0, x0) ≤ (LQx0, x0) = (Qx0, Lx0) = λ0(Qx0, x0).

Since Q is orthogonal, (Qx0, x0) = ‖Qx0‖2 ≥ 0, so Qx0 = 0. Hence Eλ0+εx0 = x0,
and right-continuity gives Eλ0

x0 = x0. Similarly,
λ0(Eλ0−εx0, x0) ≤ (λ0 − ε)(Eλ0−εx0, x0)

forces Eλ0−εx0 = 0. Thus its left limit on x0 is zero, while Eλ0
x0 = x0. □
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Theorem 30.2. Conversely, if the strong left limit of Eλ at λ0 differs from Eλ0
,

then λ0 ∈ σp(L).

Proof. For λ < λ0, set Qλ = Eλ0
− Eλ and Hλ = R(Qλ). The increasing bounded

family Eλ has a strong left limit P0 ≤ Eλ0
. It is still an orthogonal projection: the

uniform bound ‖Eλ‖ ≤ 1 permits passage to the strong limit in E2
λ = Eλ.

By hypothesis Eλ0
−P0 6= 0. Choose a nonzero x0 in its range, so (Eλ0

−P0)x0 =
x0. For λ < λ1 < λ0,

(Eλ0 − Eλ)(Eλ0 − Eλ1) = Eλ0 − Eλ1 .

Taking λ1 ↑ λ0 shows Qλx0 = x0, so x0 ∈ Hλ for every λ < λ0. The spectral
bounds on this invariant subspace give

λI|Hλ
≤ L|Hλ

≤ λ0I|Hλ
.

Therefore ‖(L− λ0I)x0‖ ≤ (λ0 − λ) ‖x0‖. Letting λ ↑ λ0 gives Lx0 = λ0x0. □

For self-adjoint operators the residual spectrum is empty, so σ(L) = σp(L) ∪
σc(L). The preceding results imply strong continuity of the spectral family at
every real point of the continuous spectrum or the resolvent set.

Theorem 30.3. Suppose the spectral family is continuous at λ0, and there are
λn ↑ λ0, µn ↓ λ0 with Pn = Eµn

− Eλn
6= 0 for every n. Then λ0 ∈ σc(L).

Proof. On Hn = R(Pn), λnI ≤ L ≤ µnI. Choose xn ∈ Hn with ‖xn‖ = 1. Then

‖Lxn − λ0xn‖ ≤ µn − λn −→ 0.

Thus λ0 ∈ σ(L), since a bounded inverse would contradict this estimate. Continuity
excludes an eigenvalue, so it lies in the continuous spectrum. □

Theorem 30.4 (Resolvent intervals). (1) If Eλ = Eµ for λ < µ, then (λ, µ) ⊂
ρ(L).

(2) If [λ, µ] ⊂ ρ(L), then Eλ = Eµ.

Proof. For (1), put H1 = R(Eλ) and H2 = R(I − Eλ). These are orthogonal
invariant subspaces and H = H1 ⊕ H2. We have L|H1

≤ λI and L|H2
≥ µI. For

λ0 ∈ (λ, µ) it suffices to invert L− λ0I on both summands.
On H2, (L − λ0I)|H2 ≥ (µ − λ0)I; on H1, (λ0I − L)|H1 ≥ (λ0 − λ)I. Both are

bounded below by a positive constant and are self-adjoint, hence invertible. Their
direct sum gives the required inverse. For (2), at every λ̂ ∈ [λ, µ] the family is
continuous, and the preceding theorem implies it is constant in some interval about
λ̂: otherwise arbitrarily small enclosing intervals would have nonzero projection
differences and yield continuous spectrum. A finite subcover, or local constancy on
the connected interval, then shows Eλ = Eµ. □

30.3. Functions of self-adjoint operators.

Theorem 30.5. For every continuous real function ϕ on [a, b],

ϕ(L) =

ˆ b

a

ϕ(λ) dEλ = lim
∆→0

∑
k

ϕ(µk)(Eλk+1
− Eλk

)

in operator norm.
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Proof. First consider ϕ(t) = tm. Let Qk = Eλk+1
− Eλk

. Orthogonality gives
QkQl = 0 for k 6= l and Q2

k = Qk, so(∑
k

µkQk

)m

=
∑
k

µm
k Qk.

As the mesh tends to zero, the left side converges to Lm. Linearity proves the
formula for every polynomial p. For continuous ϕ, choose a polynomial p such that
|ϕ(t)− p(t)| < ε on [a, b].

Order preservation gives −εI ≤ ϕ(L) − p(L) ≤ εI, hence ‖ϕ(L)− p(L)‖ ≤ ε.
For a sufficiently fine partition, the polynomial case gives∥∥∥∥∥p(L)−∑

k

p(µk)Qk

∥∥∥∥∥ < ε.

Finally, orthogonality and the uniform approximation imply∥∥∥∥∥∑
k

(ϕ(µk)− p(µk))Qk

∥∥∥∥∥ ≤ ε.

Combining the three estimates bounds the error for ϕ by 3ε, proving the theorem.
□

Corollary 30.1. If a continuous ϕ vanishes on σ(L), then ϕ(L) = 0.

Proof. In the approximating spectral sums, choose a sample point in [λk, λk+1] ∩
σ(L) whenever this intersection is nonempty; then its coefficient is zero. If the closed
interval does not meet the spectrum, the resolvent-interval theorem gives Eλk

=
Eλk+1

. Thus every term is zero, and passage to the limit proves the claim. □
Corollary 30.2. If ϕ(t) 6= 0 for all t ∈ σ(L), then ϕ(L) is invertible.

Proof. Define a continuous ϕ̃ on [a, b] equal to 1/ϕ on the compact set σ(L). On
each complementary interval interpolate linearly between endpoint values; on outer
intervals extend constantly. This gives a continuous extension. Since ϕϕ̃ = 1 on
σ(L), the preceding corollary and multiplicativity give

ϕ(L)ϕ̃(L)− I = 0 = ϕ̃(L)ϕ(L)− I.

Thus ϕ̃(L) is the inverse. □
The End
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Appendix A. Problem Sets, Supplementary Materials, and Quiz
Solutions

A.1. Problem Set 1, Part 1. Assigned September 1, 2015; due September 8,
before class.

(1) Suppose (X, ‖·‖) is a normed vector space. Let d(x, y) = ‖x− y‖. Prove
that d is a metric compatible with the vector-space structure.

(2) Let X = {x = (a1, a2, . . .) : ai ∈ R}. Prove:
(1) X is an infinite-dimensional vector space.
(2) For x = (ai), y = (bi), the function

d(x, y) =

∞∑
i=1

2−i |ai − bi|
1 + |ai − bi|

is a metric on X.
(3) There is no norm on X with d(x, y) = ‖x− y‖.

(3) A subset A of a vector space is convex if αx + (1 − α)y ∈ A for x, y ∈ A
and 0 ≤ α ≤ 1. Prove:
(1) Every open ball in a normed space is convex.
(2) If d is translation-invariant and d(αx, αy) ≤ |α|d(x, y), then every open

ball is convex.
(3) The function

d((x1, y1), (x2, y2)) =
√

|x1 − x2|+
√

|y1 − y2|

is a translation-invariant metric on R2, but B(0, 1) is not convex.
(4) Let X be a normed space.

(1) Prove that its unit sphere contains a nontrivial line segment if and
only if there are linearly independent vectors x, y with ‖x‖ = ‖y‖ = 1
and ‖x+ y‖ = 2.

(2) Find a normed vector space satisfying (1).

A.2. Problem Set 1, Part 2. Assigned September 6, 2015; due September 8,
before class.

(1) Prove the following convergence properties:
(1) xn → x0, yn → y0 imply xn + yn → x0 + y0.
(2) xn → x0, αn → α0 imply αnxn → α0x0.
(3) In a metric space, xn → x0 implies d(xn, y) → d(x0, y) for every y.

Editorial note. The source assumes only a metric space for this entire
problem. Parts (1)–(2) require a topological vector space, for example a
normed space; vector operations need not exist in a general metric space.

(2) Let P be all polynomials on [0, 1], and put

d0(f, g) = max
[0,1]

|f − g|, d1(f, g) =

ˆ 1

0

|f − g| dx.

Is (P, d0) complete? Is (P, d1) complete?
(3) Define

`∞ = {(ai) : ai ∈ R, sup
i

|ai| <∞}, ‖(ai)‖ = sup
i

|ai|.

Prove this is a Banach space.
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(4) A series
∑

i xi in a normed space is absolutely convergent if
∑

i ‖xi‖ <∞.
Prove that the space is Banach if and only if every absolutely convergent
series converges.

A.3. Problem Set 2, Part 1. Assigned September 8, 2015; due September 15,
before class.

(1) Prove that a closed subset of a complete metric space is complete, and that
a complete subspace of a metric space is closed.

(2) Prove the equivalence of:
(1) (X, d) is complete;
(2) every nested sequence of nonempty closed balls B1 ⊃ B2 ⊃ · · · with

radii ri → 0 has a unique point in
⋂

iBi.
(3) Prove that nowhere differentiable continuous functions form a set of second

category in (C([0, 1]), d0). Hint: let An consist of those f for which some
s ∈ [0, 1] satisfies∣∣∣∣f(s+ h)− f(s)

h

∣∣∣∣ ≤ n whenever 0 < |h| < 1/n, 0 ≤ s+ h ≤ 1.

Prove that each An is nowhere dense. Cf. Zhang Gongqing and Lin Yuanqu,
pp. 92–93.

(4) Let (X, d) be a metric space.
(1) Call two Cauchy sequences (xn), (yn) equivalent if limn d(xn, yn) = 0.

Prove this is an equivalence relation.
(2) Let X̃ be the equivalence classes. Define

D(x̄, ȳ) = lim
n→∞

d(xn, yn), (xn) ∈ x̄, (yn) ∈ ȳ.

Prove that the limit exists, is independent of representatives, and
makes D a metric on X̃.

(3) Prove (X̃,D) is complete.
(4) Let X0 consist of classes of constant sequences. Prove that D(x0, y0) =

d(x0, y0), so X can be regarded as a metric subspace of X̃.
(5) Prove X0 is dense in X̃.
(6) Prove that if X is complete, then X0 = X̃.
The space X̃ is called the completion of X.

A.4. Problem Set 2, Part 2. Assigned September 11, 2015; due September 15,
before class.

(1) On R, consider

d1(x, y) = |x− y|, d2(x, y) =

∣∣∣∣ x

1 + |x|
− y

1 + |y|

∣∣∣∣ .
Prove that d2 is incomplete (whereas d1 is complete), and that they induce
the same topology.

(2) Let X be a TVS. Prove that the sum of two open sets is open. Construct
closed sets A,B for which A+B is not closed.

(3) The closure of A ⊂ X is the smallest closed set containing A. For a TVS
X, prove:
(1) A = {x ∈ X : U ∩A 6= ∅ for every open neighborhood U of x}.
(2) If A is a vector subspace, so is A.
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(3) If A is convex, so is A.
Editorial note. In (1), x ∈ X corrects the source’s x ∈ A.

(4) Let 0 < p < 1 and let Lp([0, 1]) consist of Lebesgue measurable functions
satisfying

´ 1
0
|f |p <∞. Prove:

(1) d(f, g) =
´ 1
0
|f − g|p dx is a translation-invariant metric.

(2) Its only convex open sets are ∅ and Lp([0, 1]).
Cf. Rudin, p. 37.
Editorial note. As usual, functions equal almost everywhere are identified;
otherwise the displayed distance is only a pseudometric.

A.5. Problem Set 3, Part 1. Assigned September 15, 2015; due September 22,
before class.

(1) Let B0 be a nonempty family of subsets of a vector space X satisfying:
(i) U, V ∈ B0 imply some W ∈ B0 has W ⊂ U ∩ V ;
(ii) for each U ∈ B0, some V ∈ B0 satisfies V + V ⊂ U ;
(iii) for each U ∈ B0, some V ∈ B0 satisfies αV ⊂ U for all |α| ≤ 1;
(iv) for every U ∈ B0 and x ∈ X, some δ > 0 has αx ∈ U for |α| ≤ δ.
Define
T = {A ⊂ X : for every x ∈ A there is U ∈ B0 with x+ U ⊂ A}.
Prove that T is a translation-invariant topology. If it is Hausdorff and zero
is interior to every U ∈ B0, prove that (X, T ) is a TVS and {IntU : U ∈ B0}
is a local base at zero.

(2) Prove that every convex neighborhood of zero in a TVS contains a balanced
convex neighborhood of zero.

(3) Prove:
(1) Closures and sums of bounded sets are bounded.
(2) E is bounded if and only if αnxn → 0 for every sequence xn ∈ E and

every scalar sequence αn → 0.
(3) If V is a bounded open neighborhood of zero and 0 6= αn → 0, then

{αnV } is a local base at zero.
Editorial note. The nonzero assumption on αn in (3) is necessary for these
to be open neighborhoods and is implicit in the source.

(4) Prove:
(1) The closure of a balanced set is balanced.
(2) A union of balanced sets is balanced.
(3) If E is convex and contains zero, then E is balanced if and only if

αx ∈ E whenever x ∈ E and |α| = 1.
(4) The convex hull of A is the intersection of all convex sets containing

A. Prove the convex hull of a balanced set is balanced.

A.6. Problem Set 3, Part 2. Assigned September 18, 2015; due September 22,
before class.

(1) Read pages 2–3 of Lecture 6 for the proof of its theorem.
(2) If the topology of X is defined by a separating sequence (pn) of seminorms,

prove that for every positive sequence cn → 0,

d(x, y) = max
n

cnpn(x− y)

1 + pn(x− y)
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is a compatible translation-invariant metric.
(3) If d1, d2 are compatible translation-invariant metrics on a TVS and d1 is

complete, prove that d2 is complete.
(4) Let X be the space of rapidly decreasing functions on R:

X =

{
f ∈ C∞(R) : ‖f‖n,m = sup

x∈R
|xmf (n)(x)| <∞ for all m,n ≥ 0

}
.

Prove that X is a vector space, that pn,m(f) = ‖f‖n,m form a separating
family of seminorms, and that X is Fréchet.

A.7. Problem Set 4, Part 1. Assigned September 22, 2015; due September 29,
before class.

(1) Prove:
(1) If p is a seminorm on X, then A = {x : p(x) < 1} is convex, balanced,

absorbing, and p = µA.
(2) For convex balanced absorbing A, its Minkowski functional µA is a

norm if and only if
⋂

t>0 tA = {0}.
(2) Let X be an inner product space.

(1) Prove |(x, y)| ≤ ‖x‖ ‖y‖ (Schwarz’s inequality).
(2) Prove the parallelogram law ‖x+ y‖2 + ‖x− y‖2 = 2 ‖x‖2 + 2 ‖y‖2.
(3) Conversely, if a norm satisfies the parallelogram law, prove there is an

inner product inducing it.
(3) (1) Read the proof of the last theorem in Lecture 7.

(2) In X = C([−1, 1]) with the uniform norm, let

K =

{
g(x) = 2x+ f(x) : f ∈ C([−1, 1]),

ˆ 0

−1

f(x) dx =

ˆ 1

0

f(x) dx = 0

}
.

Prove K is closed and convex, infg∈K ‖g‖ = 1, but no g ∈ K has
norm one. Thus the last theorem of Lecture 7 fails for general Banach
spaces.

(3) A Banach space is uniformly convex if

‖xn‖ ≤ 1, ‖yn‖ ≤ 1, ‖xn + yn‖ → 2 =⇒ ‖xn − yn‖ → 0.

Prove the last theorem in Lecture 7 holds for uniformly convex Banach
spaces. See p. 345, Exercise 32.

(4) Let D = {z ∈ C : |z| < 1} and

H2(D) = {f : f holomorphic in D,
ˆ
D

|f(z)|2 dA <∞}.

Prove that (f, g) =
´
D
f(z)g(z) dA is an inner product and that H2(D) is

a Hilbert space.

A.8. Problem Set 4, Part 2. Assigned September 25, 2015; due September 29,
before class.

(1) Read pages 4–5 of the lecture notes and reprove Corollary 4 on page 5 by
a simpler method assuming X is metrizable.
Editorial note. The source names Lecture 7 here, but the finite-dimensional
closed-subspace corollary appears on page 5 of Lecture 8.
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(2) (1) Prove that the image and inverse image of a convex (respectively, bal-
anced) set under a linear map are convex (respectively, balanced).

(2) Construct L1, L2 : X → X with L1L2 = I but neither operator invert-
ible.

(3) On the rapidly decreasing functions on R (Problem Set 3, Part 2, Problem
4), prove that Lm,nf = xmf (n) is linear and continuous for every m,n ≥ 0.

(4) (1) If X is a TVS and L : X → Cn is surjective and linear, prove L is
open.

(2) For a closed subspace N of a TVS X, give X/N the quotient topology:
V ⊂ X/N is open if and only if π−1(V ) is open, where π : X → X/N
is the canonical projection. Prove X/N is a TVS.

(3) If a surjective linear map L : X → Cn has closed kernel, prove it is
continuous.

A.9. Problem Set 5, Part 1. Assigned September 29, 2015; due October 13,
before class.

(1) Prove that
∑∞

n=1 anbn converges for every b ∈ `1 if and only if a ∈ `∞.
(2) (1) For normed spaces X,Y , prove a linear map L : X → Y is continuous

if and only if ‖Lx‖Y ≤ C whenever ‖x‖X < 1, for some C > 0.
(2) Let H be Hilbert and L : H → H linear, with (Lx, y) = (x, Ly) for

every x, y ∈ H. Prove L is continuous.
(3) Let X ⊂ `1 be the finitely supported sequences, and Ln : X → R, Ln(a) =

nan. Prove Ln is linear, supn |Ln(a)| <∞ for each a ∈ X, but supn ‖Ln‖ =
∞.

(4) If X is Banach and L : X → X is continuous and linear with ‖I − L‖ < 1,
prove L is invertible and L−1 is continuous.

A.10. Problem Set 5, Part 2. Assigned October 9, 2015; due October 13, before
class.

(1) Give X = C1([a, b]) the norm ‖f‖X = ‖f‖∞ + ‖f ′‖∞, and give Y =
C1([a, b]) the norm ‖f‖Y = ‖f‖∞. Are X,Y complete? For the identity
L : X → Y , are L and L−1 continuous?

(2) A nonzero continuous linear functional on an F-space is open. Prove this,
then prove the same under the weaker assumption that X is a TVS.

(3) Suppose X ⊂ C([0, 1]) ⊂ L2([0, 1]) is a closed subspace of L2([0, 1]). Prove
it is closed in C([0, 1]) and that ‖f‖∞ ≤ C ‖f‖2 for f ∈ X, for some C > 0.

(4) For Banach spaces X,Y and continuous linear L : X → Y , prove

∃c > 0 ∀x ∈ X : ‖Lx‖ ≥ c ‖x‖ ⇐⇒ kerL = {0} and ImL is closed.

A.11. Problem Set 6, Part 1. Assigned October 10, 2015; due October 20, before
class.

(1) Prove that for 1 < p <∞, `p with norm ‖a‖p = (
∑∞

i=1 |ai|p)1/p is Banach.
(2) Let X consist of sequences a = (ak) whose partial sums An =

∑n
k=1 ak

converge. Set ‖a‖ = supn |
∑n

k=1 ak|. Prove X is Banach and `1 ⊂ X is
dense.

(3) Read Rudin, Definition 1.40 and Theorem 1.41, pp. 30–32. If X is an F-
space, Y a TVS, and L : X → Y an open continuous surjective linear map,
prove Y ∼= X/ kerL, and conclude Y is an F-space.
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Editorial note. The source calls L an “open mapping” without explicitly
restating continuity, linearity, or surjectivity. These are required for the
quotient conclusion.

(4) (1) For F-spaces X,Y and a TVS Z, prove that a separately continuous
bilinear map B : X × Y → Z is jointly continuous.

(2) Let X = P([0, 1]) have norm ‖p‖ =
´ 1
0
|p(x)| dx. Prove B(p, q) =´ 1

0
p(x)q(x) dx is bilinear and separately continuous, but not jointly

continuous.

A.12. Problem Set 6, Part 2. Assigned October 16, 2015; due October 20, before
class.

(1) Prove that the product of two F-spaces is an F-space.
(2) Let L be a densely defined linear operator in a Hilbert space X. Define its

adjoint by

Dom(L∗) = {y ∈ X : ∃y∗ ∈ X ∀x ∈ Dom(L), (Lx, y) = (x, y∗)}, L∗y = y∗.

Prove L∗ is closed. Deduce another proof of Problem Set 5, Part 1, Problem
2(2).

(3) Suppose a Banach space has closed subspaces Y, Z with X = Y ⊕ Z. For
the unique decomposition x = y + z, define PY x = y and PZx = z. Prove
P 2
Y = PY , PY PZ = 0, and PY is continuous. Find an example with ‖PY ‖ >

1.
(4) (1) For a linear operator between Banach spaces, prove it admits a closure

if and only if xn ∈ Dom(L), xn → 0, Lxn → y always imply y = 0.
(2) On L2(Ω) consider the differential operator

P =
∑
|α|≤k

aα(x)∂
α.

Prove P admits a closure. Cf. Example 1.8 in the typed Lecture 8.
Editorial note. The source refers to a typed lecture for the coefficient
regularity and initial domain; these are not specified on this problem
sheet. The usual initial domain is C∞

c (Ω) with smooth coefficients.

A.13. Problem Set 7, Part 1. Assigned October 20, 2015; due October 27, before
class.

(1) Let X be complex and f : X → C, u = Re f . Prove that f is complex-linear
if and only if u is real-linear and f(x) = u(x)− iu(ix). Prove the complex
Hahn–Banach theorem.

(2) Let Y be a subspace of a normed space X, x0 /∈ Y , and Z = Y + Fx0.
Define `(y+αx0) = α. Prove that ` is linear, and continuous if and only if
x0 /∈ Y . Deduce

Y =
⋂

{kerL : L ∈ X∗, Y ⊂ kerL}.

(3) Suppose a linear functional ` and seminorms p1, . . . , pn onX satisfy |`(x)| ≤∑n
k=1 pk(x). Prove ` =

∑n
k=1 `k with linear `k satisfying |`k(x)| ≤ pk(x).

Hint: consider X̃ = Xn, p(x1, . . . , xn) =
∑

k pk(xk), and the diagonal
subspace Ỹ = {(x, . . . , x) : x ∈ X}.
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(4) Use Zorn’s lemma to prove every vector space has a Hamel basis. Prove no
infinite-dimensional F-space has a countable Hamel basis.

A.14. Problem Set 7, Part 2. Assigned October 23, 2015; due October 27, before
class.

(1) Prove Corollaries 1, 2, and 3 on page 5 of the course notes.
(2) In X = L2([−1, 1]), let

Ea = {f ∈ C([−1, 1]) : f(0) = a}, a ∈ R.

Prove Ea is convex and dense in X. Prove that for a 6= b, Ea and Eb cannot
be separated by a nonzero continuous linear functional on X.

(3) Let A,B be nonempty disjoint convex subsets of a real TVS, and suppose
A contains an interior point. Prove there exist 0 6= L ∈ X∗ and c ∈ R with
L(x) ≤ c ≤ L(y) for x ∈ A, y ∈ B. Construct an example showing that in
general one cannot replace this by L(x) < c ≤ L(y).

(4) Let X be the convergent scalar sequences and Y = c0, with the supremum
norm. Show both are Banach. If a continuous linear map L : X → Y
extends the identity on Y , prove ‖L‖ ≥ 2. Thus the norm-preserving
Hahn–Banach extension theorem does not extend to general vector-valued
operators.

A.15. Problem Set 8, Part 1. Assigned October 27, 2015; due November 3,
before class.

(1) If the dual of a TVS X separates points, prove that E ⊂ X is weakly
bounded if and only if each L ∈ X∗ is bounded as a scalar function on E.

(2) In C([0, 1]) with the supremum norm, put

fn(x) =


nx, 0 ≤ x ≤ 1/n,

2− nx, 1/n ≤ x ≤ 2/n,

0, 2/n ≤ x ≤ 1.

(n ≥ 2).

Prove fn 6→ 0 in norm, but fn ⇀ 0.
(3) For Fréchet spaces X,Y , denote their weak topologies by Xw, Y w. Prove

a linear map L : X → Y is continuous if and only if L : Xw → Y w is
continuous.

(4) For 1 < p < ∞, prove (`p)∗ = `q where 1/p + 1/q = 1. Show `p has
sequences converging weakly but not strongly.

A.16. Problem Set 9, Part 1. Assigned November 3, 2015; due November 10,
before class.

(1) Read the proofs of Theorem 2.2(b), p. 43; Theorem 2.9, p. 47; and Theorem
3.18, pp. 70–71.

(2) (1) Define weak-* convergence.
(2) Prove a weak-* convergent sequence has a unique limit.
(3) Prove (`1)∗ = `∞.
(4) For x = (ai) ∈ `∞, put xn = (0, . . . , 0, an, an+1, . . .). Prove xn → 0

weak-*.
(3) (1) Prove E ⊂ X∗ is weak-* bounded if and only if supL∈E |Lx| < ∞ for

every x ∈ X.
(2) Prove every weak-* convergent sequence is weak-* bounded.
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(3) If X is separable and (Ln) ⊂ X∗ is weak-* bounded, prove it has a
weak-* convergent subsequence.

Editorial note. Part (3), as stated on the sheet, needs an additional hypoth-
esis such as X Banach (so pointwise boundedness gives a common norm
bound). For a general separable normed space the conclusion need not
hold.

(4) (1) Let L1, . . . , Ln, L be linear functionals and suppose, for some ε, δ > 0,
{x : |Ljx| < ε (1 ≤ j ≤ n)} ⊂ {x : |Lx| < δ}.

Prove L is a linear combination of L1, . . . , Ln.
(2) If X∗ separates points and the weak topology of X is metrizable, prove

X∗ has a countable Hamel basis.
(3) Prove the weak topology of an infinite-dimensional normed space is

not metrizable.
(4) Prove the weak-* topology of the dual of an infinite-dimensional Ba-

nach space is not metrizable.

A.17. Problem Set 9, Part 2. Assigned November 6, 2015; due November 10,
before class.

(1) Prove Lemmas 1 and 2 on page 4 of the written notes.
(2) Find the extreme points of each following unit ball K:

(a) X1 = `2, K = {a :
∑

i |ai|2 ≤ 1};
(b) X2 = c0, K = {a : supi |ai| ≤ 1};
(c) X3 = L1([0, 1]), K = {f : ‖f‖1 ≤ 1};
(d) X4 = C([0, 1]), K = {f : sup[0,1] |f | ≤ 1};
(e) X5 = `∞, K = {a : supi |ai| ≤ 1}.
Which of X1, . . . , X5 are duals of Banach spaces? Explain.

(3) For pairwise orthogonal unit vectors un in a Hilbert space, let
K = {0, u1, 12u2,

1
3u3, . . .}.

Prove K is compact and co(K) bounded but not closed. Find all extreme
points of co(K).

(4) Prove that the closure of a totally bounded set in a complete metric space
is compact. Read Ascoli’s theorem in Rudin, p. 394.

A.18. Problem Set 10, Part 1. Assigned November 10, 2015; due November 17,
before class.

(1) For a subspace M of a Hilbert space, prove (M⊥)⊥ =M .
(2) Prove (`∞)∗ strictly contains the canonical copy of `1. Hint: on the conver-

gent sequences c ⊂ `∞, `((an)) = limn an is continuous and linear. Extend
it to L ∈ (`∞)∗ and show L /∈ `1.

(3) Let B be the closed unit ball of a Banach space X, and B∗∗ that of X∗∗.
Prove the canonical image of B is weak-* dense in B∗∗.

(4) Suppose a bilinear (real case) or sesquilinear (complex case) form B : H ×
H → F satisfies

|B(x, y)| ≤ C ‖x‖ ‖y‖ , |B(y, y)| ≥ b ‖y‖2 (b > 0).

Prove that every continuous linear functional L on H has a unique repre-
sentative y ∈ H with Lx = B(x, y) for all x ∈ H.
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Editorial note. The sheet writes Lx = (x, y) in the last line. The version
using B(x, y) is the intended Lax–Milgram conclusion suggested by the
hypotheses; with (x, y) it is simply the Riesz representation theorem.

A.19. Problem Set 10, Part 2. Assigned November 13, 2015; due November 17,
before class.

(1) If a normed space X has separable dual, prove X is separable. Show the
converse fails: prove `1 is separable, whereas `∞ is not (the latter was done
in class).

(2) Let B be the closed unit ball.
(1) If X is reflexive and x∗ ∈ X∗, show there is x0 ∈ B with 〈x0, x∗〉 =

‖x∗‖ = supx∈B |〈x, x∗〉|.
(2) For x∗ : c0 → R, x∗((an)) =

∑∞
n=1 an/2

n, prove x∗ ∈ c∗0 but no x0 ∈ B
attains ‖x∗‖.

(3) Prove every uniformly convex Banach space is reflexive. See Problem Set
4, Part 1, Problem 3(3).

(4) Let ϕ : X → (−∞,+∞] on a topological space. It is lower semicontinuous
if ϕc = {x : ϕ(x) ≤ c} is closed for every c ∈ R. On a vector space, it is
convex if ϕ(tx+ (1− t)y) ≤ tϕ(x) + (1− t)ϕ(y) for 0 < t < 1. Prove:
(1) If E is nonempty compact and ϕ lower semicontinuous, then ϕ attains

its infimum on E.
(2) The sublevel sets of a convex function are convex.
(3) On a locally convex TVS, a convex function lower semicontinuous for

the original topology is also weakly lower semicontinuous.
(4) If X is reflexive Banach, E nonempty closed and convex, and ϕ : E →

(−∞,+∞] is convex and lower semicontinuous with ϕ(x) → +∞ as
x ∈ E, ‖x‖ → ∞, then its infimum on E is attained. The coercivity
condition may be omitted when E is bounded.

Editorial note. For (3) the source assumes only that the dual separates
points; the usual closed-convex separation argument requires local convex-
ity. This hypothesis is made explicit here.

A.20. Problem Set 11, Part 1. Assigned November 17, 2015; due November 24,
before class. Here M⊥ denotes an annihilator and ⊥N a preannihilator.

(1) (1) For closed subspaces M1,M2 of a Banach space, prove

M1 ∩M2 = ⊥(M⊥
1 +M⊥

2 ), M⊥
1 ∩M⊥

2 = (M1 +M2)
⊥.

(2) For densely defined L : Dom(L) ⊂ X → Y , with graph ΓL, prove
ΓL ∩ (X × {0}) = kerL× {0},

⊥ Im(L∗)× {0} = ⊥(Γ⊥
L + (X × {0})⊥

)
.

(3) If L is also closed, prove kerL = ⊥ Im(L∗).
(2) For a closed subspace M of a Banach space X, prove: if X is reflexive, so

is X/M ; if M and X/M are reflexive, then X is reflexive.
(3) Find the adjoints in these examples:

(1) the inclusion L : X ↪→ Y of a closed Banach subspace;
(2) L : `1 → `1, (x1, x2, . . .) 7→ (0, x1, x2, . . .);
(3) L : `2 → `2, (x1, x2, . . .) 7→ (x1, x2/2, x3/3, . . .);
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(4) L : C∞
c (R) ⊂ L2(R) → L2(R), Lf = f ′′.

(4) (1) IfX is reflexive andN ⊂ X∗ is a norm-closed subspace, prove (⊥N)⊥ =
N .

(2) Identify c∗0 = `1 and set

N = {(an) ∈ `1 :

∞∑
n=1

(−1)nan = 0}.

Prove N is closed but strictly contained in (⊥N)⊥. Hint: prove ⊥N =
{0}.

A.21. Problem Set 11, Part 2. Assigned November 20, 2015; due November 24,
before class.

(1) A densely defined operator L in a Hilbert space is symmetric if Dom(L) ⊂
Dom(L∗) and L∗|Dom(L) = L. Prove that if L is symmetric, then L∗∗ is
symmetric.

(2) Prove the new version of the open mapping theorem on page 4 of the written
notes.

(3) For a densely defined closed operator between Banach spaces, prove L is
surjective if and only if there exists C > 0 such that

‖y∗‖ ≤ C ‖L∗y∗‖ (y∗ ∈ Dom(L∗)).

(4) For L ∈ L(X,Y ) between Banach spaces, prove: L is invertible if and only
if L∗ is invertible; when invertible, (L∗)−1 = (L−1)∗.

A.22. Problem Set 12, Part 1. Assigned November 27, 2015; due December 8,
before class. All spaces in these problems are Banach. Write K(X,Y ) for compact
operators.

(1) Prove:
(1) If L ∈ K(X,Y ) and X1 ⊂ X is closed, then L|X1 ∈ K(X1, Y ).
(2) If L1 ∈ L(X,Y ) and L2 ∈ L(Y, Z) and one is compact, then L2L1 is

compact.
(3) If L ∈ L(X,Y ) has closed range, it is compact if and only if it has

finite rank.
(2) For L ∈ L(X,Y ), prove:

(1) If L is compact, xn ⇀ x implies Lxn → Lx.
(2) If X is reflexive and xn ⇀ x always implies Lxn → Lx, then L is

compact.
(3) Examples of compact operators:

(1) For a = (ai) ∈ `∞ and 1 ≤ p ≤ ∞, let La : `p → `p, La((bi)) = (aibi).
Prove La is continuous and compact if and only if a ∈ c0.

(2) For k ∈ C([0, 1]2), prove Lkf(x) =
´ 1
0
k(x, y)f(y) dy is compact on

C([0, 1]).
(3) If k is continuous on {(x, y) : 0 ≤ y ≤ x ≤ 1}, prove the Volterra

operator Lkf(x) =
´ x
0
k(x, y)f(y) dy is compact on C([0, 1]).

(4) A sequence (xn) is a Schauder basis of X if every x ∈ X has a unique scalar
expansion x = limN→∞

∑N
n=1 anxn. Prove that a space with a Schauder

basis is separable, and that every compact L : X → X on such a space can
be approximated in operator norm by finite-rank operators.
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A.23. Problem Set 12, Part 2. Assigned December 1, 2015; due December 8,
before class.

(1) If L ∈ L(X,Y ) has closed range, prove the dimension relations
dimkerL = dim(X∗/ ImL∗), dimkerL∗ = dim(Y/ ImL).

Editorial note. These equalities are interpreted in the finite-dimensional
case: either side is finite exactly when the other is, and then the dimensions
agree. In general the associated spaces are dual to one another, which does
not imply equality of infinite Hamel dimensions.

(2) Read Rudin, Theorem 1.22, pp. 17–18. Use the lemma on page 3 of the
notes to prove that if the closed unit ball of a normed space is compact,
the space is finite-dimensional.

(3) Prove:
(1) If L ∈ L(X,Y ) is surjective, kerL is complemented in X if and only if

some L̃ ∈ L(Y,X) satisfies LL̃ = IY .
(2) If L is injective, its range is closed and complemented in Y if and only

if some L̃ ∈ L(Y,X) satisfies L̃L = IX .
(4) If L ∈ L(X,X) and Ln is compact for some positive integer n, prove

dimker(I − L) <∞ and Im(I − L) is closed.

A.24. Problem Set 12, Part 3. Assigned December 4, 2015; due December 8.
(1) If L ∈ L(X,Y ) between Banach spaces has a range admitting a closed

complementary subspace, prove its range is closed.
(2) (1) For L ∈ L(X,Y ), prove the equivalence of: kerL finite-dimensional

and ImL closed; every bounded sequence (xn) with (Lxn) convergent
has a convergent subsequence.

(2) Suppose X is a Banach subspace of a Banach space Y , the inclusion
is compact, and L ∈ L(X,Y ) satisfies

‖x‖X ≤ C(‖x‖Y + ‖Lx‖Y ).

Prove dimkerL <∞ and ImL is closed.
Editorial note. The source calls X a “closed subspace” in part (2). A
compact inclusion of a closed subspace with its induced Banach norm would
force finite dimension. The estimate is usually applied when X has its own
stronger Banach norm.

(3) Prove a Fredholm operator has index zero if and only if it is L = L0 +K
with L0 invertible and bounded and K compact.

(4) A sequence X0
L0−−→ X1

L1−−→ · · · Ln−1−−−→ Xn is exact if kerLk = ImLk−1 at
each intermediate term.
(1) For a sequence X0 → X1 → X2 exact at X1, prove that finite di-

mensions of X0 and X2 imply finite dimension of X1. Prove that
for a finite-dimensional exact sequence 0 → X1 → · · · → Xn → 0,∑

k(−1)k dimXk = 0.
(2) For L1 : X → Y , L2 : Y → Z, prove exactness of

0 −→ kerL1 −→ ker(L2L1)
L1−−→ kerL2

π−→ Y/ ImL1

L2−−→ Z/ Im(L2L1) −→ Z/ ImL2 −→ 0.



102 I.-C. MIAO

(3) If two of L1, L2, L2L1 are Fredholm, prove the third is, and

ind(L2L1) = indL2 + indL1.

A.25. Problem Set 13, Part 1. Assigned December 8, 2015; due December 15,
before class.

(1) Let X = `2 and L : X → X be the shift

L(a1, a2, a3, . . .) = (0, a1, a2, . . .).

Find σp(L), σr(L), σc(L), and σp(L∗), σr(L∗), σc(L∗).
(2) Let X be a Banach space and L ∈ L(X). Prove:

(1) If λ ∈ σp(L), then either λ ∈ σp(L
∗) or λ ∈ σr(L

∗).
(2) If λ ∈ σr(L), then λ ∈ σp(L

∗).
(3) Find compact operators K with each of the following spectra:

(1) σ(K) = {0};
(2) σ(K) = {0, 1, 2, 3, 4};
(3) σ(K) = {0, 1, 12 ,

1
3 ,

1
4 , . . .}.

(4) (1) If L ∈ L(X) is invertible, prove

σ(L−1) = {λ−1 : λ ∈ σ(L)}.

(2) Let X be the bounded continuous functions on R, with norm

‖f‖ = sup
x∈R

|f(x)|.

For f ∈ X define (Lf)(x) = f(x+ 1). Find σ(L).

A.26. Problem Set 13, Part 2. Assigned December 11, 2015; due December 15,
before class.

(1) (1) Prove that a Hilbert space has a finite or countable orthonormal basis
if and only if it is separable.

(2) Let H be an infinite-dimensional separable Hilbert space. Prove that
H is isomorphic to `2 as a Hilbert space.

(2) Find an orthonormal basis for each space below:
(1) H = {p(t) = a3t

3 + a2t
2 + a1t + a0 : ai ∈ R, 0 ≤ t ≤ 1}, with

(p, q) =
´ 1
0
p(t)q(t) dt;

(2) H = L2(S1);
(3) H = H2(D), as in Problem Set 4, Part 1.

(3) (1) Let {e1, e2, . . .} be an orthonormal basis of a Hilbert space H. For
L ∈ H∗, set

y =

∞∑
n=1

L(en)en.

Prove that L = Ly, where Ly(x) = (x, y).
(2) For ξ ∈ D, define L : H2(D) → C by L(f) = f(ξ). Prove L is

continuous and find g ∈ H2(D) such that L(f) = (f, g).
(4) Let

X =

{
f : R → C : f(t) =

n∑
k=1

cke
iαkt, n ∈ N, ck ∈ C, αk ∈ R

}
.
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(1) Show that

(f, g) = lim
A→∞

1

2A

ˆ A

−A

f(t)g(t) dt

defines an inner product on X.
(2) If the αk in f(t) =

∑n
k=1 cke

iαkt are pairwise distinct, prove ‖f‖2 =
|c1|2 + · · ·+ |cn|2.

(3) Prove that X is not complete.
(4) Let H be the completion of X for this norm. Prove that H is not

separable.

A.27. Problem Set 14, Part 1. Assigned December 15, 2015; due December 22,
before class.

(1) Let L ∈ L(H) be self-adjoint. Prove:

(1) ‖L‖ = sup
x ̸=0

|(Lx, x)|
‖x‖2

;

(2) either ‖L‖ or −‖L‖ belongs to σ(L).
(2) (1) Read Theorem 12.16 in Rudin, pp. 315–316.

(2) If L1, L2 ∈ L(H) are normal and L1L2 = L2L1, prove that L1 + L2

and L1L2 are normal.
(3) If L ∈ L(H) is normal, prove there is a unitary U ∈ L(H) such that

L∗ = UL.
(3) (1) Let X be a Banach space and L ∈ L(X). Prove the spectral-radius

formula
r(L) = lim

n→∞
‖Ln‖1/n .

The spectral radius was defined at the bottom of Lecture 24, p. 2.
(2) If L ∈ L(H) is normal, prove r(L) = ‖L‖.

(4) Consider L : L2([0, 1]) → L2([0, 1]) given by

(Lf)(x) =

ˆ 1

0

k(x, y)f(y) dy, k(x, y) = min{x, y}.

(1) Prove that L is compact and self-adjoint.
(2) Find its spectrum.
(3) Find ‖L‖.

A.28. Problem Set 14, Part 2. Assigned December 18, 2015; due December 22,
before class.

(1) An operator L ∈ L(H) is positive if (Lx, x) ≥ 0 for every x ∈ H. Let
L ≥ 0.
(1) Prove there is a unique positive L̃ ∈ L(H) with L = L̃2.
(2) If L1L = LL1, prove L1L̃ = L̃L1.
Can the exponent 2 be replaced by n?

(2) Prove the properties of Hilbert–Schmidt operators stated in the middle of
p. 4 of the lecture notes.

(3) Prove every trace-class operator is compact.
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(4) Let H be a Hilbert space and L ∈ K(H) positive. List its eigenvalues,
counting multiplicity, as λ1 ≥ λ2 ≥ · · · → 0. Prove the min–max formulas

λn = max
dimV=n

min
v∈V \{0}

(Lv, v)

‖v‖2
,

λn = min
dimV=n−1

max
v∈V ⊥\{0}

(Lv, v)

‖v‖2
.

The source assumes V ⊂ ker(L)⊥.

A.29. Problem Set 15, Part 1. Assigned December 22, 2015; due December 29,
before class.

(1) Suppose L ≥ 0. Prove

|(Lx, y)| ≤
√
(Lx, x)

√
(Ly, y).

(2) Suppose L1, L2 ≥ 0 and L1L2 = L2L1. Prove:
(1) L1 ≥ L2 if and only if

√
L1 ≥

√
L2;

(2) L1 + L2

2
≥
√
L1L2.

Editorial note. The handwritten commutation relation reads L1L2 = L2L2;
it is corrected to the intended L1L2 = L2L1.

(3) (1) Let L ∈ L(H) be positive. Prove that L is bijective if and only if
L ≥ εI for some ε > 0.

(2) Let L ∈ L(H). Prove that L is bijective if and only if for some ε > 0,
both LL∗ ≥ εI and L∗L ≥ εI.

(4) (1) Suppose L ≥ 0. Prove the equivalences: L is compact,
√
L is compact,

and |L| is compact.
(2) If 0 ≤ L1 ≤ L2 and L2 is compact, prove L1 is compact.

A.30. Problem Set 15, Part 2. Assigned December 25, 2015; due December 29,
before class. This is the last problem set.

(1) Prove that for a projection P ∈ L(H), the following are equivalent:
(1) P is an orthogonal projection;
(2) ‖P‖ ≤ 1;
(3) PP ∗ = P ∗P ;
(4) P ≥ 0.

(2) Let Λ ⊂ L(H). A subspace E ⊂ H is invariant under Λ if L(E) ⊂ E for all
L ∈ Λ. Suppose the only closed invariant subspaces are {0} and H. Prove
that if a self-adjoint L0 ∈ L(H) commutes with every L ∈ Λ, then L0 = cI
for some real c.

(3) Let E1 ⊃ E2 ⊃ · · · be closed subspaces of H and E =
⋂∞

n=1En. Prove

PE = lim
n→∞

PEn .

Editorial note. The limit is in the strong operator topology: for each x ∈ H,
PEn

x→ PEx. Operator-norm convergence is not asserted.
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(4) (1) Let L be compact and self-adjoint. Prove that its spectral projections
satisfy

Eλx =


∑
λk≤λ

(x, ek)ek, λ < 0,

x−
∑
λk>λ

(x, ek)ek, λ > 0.

(2) On H = L2([0, 1]), let (Lx)(t) = t x(t). Prove
(Eλx)(t) = χλ(t)x(t),

where χλ denotes the indicator of (−∞, λ].

A.31. Supplementary notes (Ex2).

A.31.1. Outline of the lecture notes.
Problem Set 6, Part 2, Problem 2. Density of Dom(L) ensures that the adjoint is
well-defined. If two possible values of L∗y differ by a, then (x, a) = 0 for every
x ∈ Dom(L). Approximating a by such x gives (a, a) = 0, hence a = 0.
Problem Set 6, Part 2, Problem 4(2). Suppose fn → 0 and Pfn → g in L2. To
prove closability we must show g = 0. Integration by parts gives, for ϕ ∈ C∞

c (Ω),ˆ
Ω

Pfn(x)ϕ(x) dx =

ˆ
Ω

fn(x)P
tϕ(x) dx,

where the formal transpose is

P tϕ =
∑
|α|≤k

(−1)|α|∂α(aαϕ).

Taking limits yields
´
Ω
gϕ = 0 for every test function, so g = 0.

Editorial note. The source denotes the formal transpose by P ∗ and moves the
limit inside the integral. Here the limit is justified by Cauchy–Schwarz and L2

convergence; pointwise convergence need not hold. Complex inner-product notation
instead uses the conjugated formal adjoint.
Notes on Lecture 14. At the bottom of page 3 the notes say: if dimX = ∞,
every weak neighborhood of zero contains an infinite-dimensional subspace. Con-
sequently, the weak topology is not locally bounded and hence not normable. In-
deed, if it were locally bounded, dilation of a bounded neighborhood containing
an infinite-dimensional subspace would force that same subspace into every zero
neighborhood, contradicting the Hausdorff property. “Not normable” cannot here
be replaced by “not metrizable”, as the next example illustrates.

Take X = RN with coordinate seminorms pk(x) = |xk|. Then

d(x, y) = max
k≥1

2−k pk(x− y)

1 + pk(x− y)

is a translation-invariant metric defining a standard Fréchet space. This space
is metrizable but not locally bounded: every neighborhood of zero contains an
infinite-dimensional coordinate subspace. For every ε > 0, εBd(0, 1) need not be
contained in Bd(0, 1/2). Thus a metric ball need not be bounded in the TVS sense,
although norm balls are bounded. In particular, metrizability does not imply local
boundedness. The author notes that they had previously made a mistake about
this point.
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Editorial note. The source describes this as “a space of countably many dimensions”
and writes xk as a seminorm. This example is the full countable product, not a
countable-dimensional Hamel space, and its seminorms are |xk|.
Problem Set 8, Part 1, Problem 2. One can prove fn ⇀ 0 without knowing the
dual of C([0, 1]). Otherwise, for some continuous real functional L, a subsequence
satisfies L(fnk

) > ε for some ε > 0. Choose a further subsequence n′k so that∥∥∥∥∥
m∑

k=1

fn′
k

∥∥∥∥∥
∞

≤ 2 (m ≥ 1).

But L(
∑m

k=1 fn′
k
) > mε, contradicting continuity of L.

Editorial note. For complex scalars one first takes a suitable rotated real part of a
functional, so the displayed strict inequalities make sense.
Problem Set 8, Part 1, Problem 4(1). The identity (`p)∗ = `q is an identification of
normed vector spaces, not merely sets. We must prove that every L ∈ (`p)∗ has

L(a) =
∑
i

aibi (a ∈ `p)

for suitable coefficients bi. We must also prove b ∈ `q and ‖L‖ = ‖b‖q; the norm
equality is often omitted. The representation uses linearity, and the membership
and norm calculation use Hölder’s inequality and its equality conditions. This also
reproves completeness of `p for 1 < p < ∞, since (`q)∗ = `p and a dual space is
complete; likewise `1 = (c0)

∗.

A.31.2. Additional topics.
• An absorbing set need not have zero as an interior point. For a discontin-
uous real linear functional f , take E = {x : f(x) ≤ 1}.

• Find a closed set E and point x for which d(x,E) = d but d(x, y) > d for
every y ∈ E: the distance need not be attained.

• Differentiation, with domain {f ∈ C1([0, 1]) : f(0) = 0} in C([0, 1]), is
a closed operator into C([0, 1]). Its inverse is the continuous integration
operator g 7→

´ x
0
g(t) dt.

A.31.3. Problem Set 10, Part 2, Problem 3: Milman–Pettis.

Theorem. Every uniformly convex Banach space is reflexive.

Proof. Identify X with its canonical image in X∗∗. Let B,B∗∗ be the respective
closed unit balls, and fix x∗∗ with ‖x∗∗‖ = 1. Since X is complete, B is norm closed
in X∗∗. It suffices to approximate x∗∗ in norm by points of B. For ε > 0, choose
δ > 0 by uniform convexity so that

‖x‖ , ‖y‖ ≤ 1, ‖x− y‖ > ε =⇒
∥∥∥∥x+ y

2

∥∥∥∥ < 1− δ.

Choose f ∈ X∗ of norm one with Rex∗∗(f) > 1− δ/2, and let

V = {y∗∗ : |(y∗∗ − x∗∗)(f)| < δ/2}.

This is a weak-* neighborhood of x∗∗. By weak-* density of B in B∗∗ (Problem Set
10, Part 1, Problem 3), choose x ∈ B ∩ V . We claim x∗∗ ∈ x + εB∗∗. If not, the
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set W = X∗∗ \ (x+ εB∗∗) is a weak-* neighborhood of x∗∗, because B∗∗ is weak-*
closed. Density again gives y ∈ B ∩ V ∩W . Thus ‖x− y‖ > ε, while

|f(x)− x∗∗(f)| < δ/2, |f(y)− x∗∗(f)| < δ/2.

It follows that
2− δ < 2Rex∗∗(f) < Re f(x+ y) + δ ≤ ‖x+ y‖+ δ,

so ‖(x+ y)/2‖ > 1−δ, contradicting uniform convexity. Consequently ‖x∗∗ − x‖ ≤
ε for some x ∈ B for every ε > 0. Closedness of B implies x∗∗ ∈ B. Scaling gives
surjectivity of the canonical embedding, hence reflexivity. □

Editorial note. Real parts are included to cover complex spaces. They reduce to
the ordered scalar pairings used in the handwritten real-space proof.

A.32. Supplementary solutions (Ex3).

A.32.1. Problem Set 15, Part 1, Problem 2(1): forward implication. Let L1, L2 ≥ 0
commute and suppose L1 ≥ L2. Set

A =
√
L1 −

√
L2, L3 =

√√
L1 +

√
L2.

Then L3 is positive and self-adjoint, and
H = ImL3 ⊕ (ImL3)

⊥ = ImL3 ⊕ kerL3.

Write y = y1 + y2 accordingly. Expanding gives
(Ay, y) = (Ay1, y1) + (Ay1, y2) + (Ay2, y1) + (Ay2, y2).

Since A commutes with L3, it preserves ImL3; thus (Ay1, y2) = 0. Also Ay2 = 0,
since y2 ∈ kerL3 implies

√
L1y2 =

√
L2y2 = 0. Therefore (Ay, y) = (Ay1, y1). For

every x,
(AL3x, L3x) = (L2

3Ax, x) = ((L1 − L2)x, x) ≥ 0.

Thus (Az, z) ≥ 0 on ImL3 and, by continuity, on its closure. It follows that A ≥ 0.
Editorial note. The definition of L3 has two layers of square roots, as required
by the identity L2

3A = L1 − L2. The source’s range statement is interpreted with
closure when passing to y1.

A.32.2. Problem Set 15, Part 2, Problem 2. Suppose L0 is self-adjoint and com-
mutes with each L ∈ Λ, where the only common closed invariant subspaces are {0}
and H. Commutation gives

L(cI − L0) = (cI − L0)L.

Hence both Im(cI − L0) and ker(cI − L0) are invariant; the latter is closed. If c is
an eigenvalue of L0, the nonzero kernel must be all of H, so L0 = cI. Otherwise
σp(L0) = ∅, and its spectrum is continuous. The spectral family Eλ then has no
jumps:

lim
ε↓0

Eλ−ε = Eλ = lim
ε↓0

Eλ+ε strongly.

If mI ≤ L0 ≤ MI, then Eλ = 0 for λ < m and Eλ = I for λ > M . Every L ∈ Λ
commutes with the spectral projections, so ImEλ is a closed invariant subspace.
It must therefore be either {0} or H, meaning Eλ = 0 or I for every λ. Such a
family cannot pass from zero to I while having no jumps, a contradiction. Thus an
eigenvalue exists, reducing to the first case.
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A.32.3. Problem Set 14, Part 1, Problem 1. For every bounded operator,

‖L‖ = sup
x,y ̸=0

|(Lx, y)|
‖x‖ ‖y‖

.

One inequality is immediate from Cauchy–Schwarz, and the other follows by taking
y = Lx when Lx 6= 0. For self-adjoint L, let K = supx ̸=0 |(Lx, x)|/ ‖x‖

2. Clearly
K ≤ ‖L‖. To prove the reverse inequality it suffices to show |(Lx, y)| ≤ K for unit
x, y. Rotating y by a scalar of modulus one reduces this to a bound on the real
part. By polarization and the parallelogram law,

Re(Lx, y) =
1

4

(
(L(x+ y), x+ y)− (L(x− y), x− y)

)
≤ K

4
(‖x+ y‖2 + ‖x− y‖2) = K.

Thus ‖L‖ = K.
If an operator A has unit vectors xn with Axn → 0, then it cannot have a

bounded inverse. Since (Lx, x) is real, choose unit xn with (Lxn, xn) → ‖L‖ or
−‖L‖. In the first case put A = ‖L‖ I − L ≥ 0. Then (Axn, xn) → 0. Positivity
gives

|(Ax, y)| ≤
√
(Ax, x)

√
(Ay, y).

Consequently
‖Ax‖ = sup

∥y∥=1

|(Ax, y)| ≤
√
‖A‖

√
(Ax, x).

It follows that Axn → 0, so ‖L‖ ∈ σ(L). The other case gives −‖L‖ ∈ σ(L).
Editorial note. The last line of the source places ‖L‖ in σ(L0); the operator here
is L.

A.32.4. Problem Set 14, Part 1, Problem 2. Part (2) is immediate from the com-
mutation conclusions of the cited theorem. For part (3), let L be normal and define
U on its range by

U(Lx) = L∗x.

Since ‖L∗x‖ = ‖Lx‖, this is well-defined and isometric from ImL onto ImL∗. It
extends to a unitary map ImL→ ImL∗. Also kerL = kerL∗, so

ImL∗ = (kerL)⊥ = (kerL∗)⊥ = ImL.

Thus it is unitary on ImL. Direct sums of unitary maps are unitary. Using H =
ImL ⊕ kerL∗, extend U by the identity on kerL∗. The resulting unitary on all of
H satisfies L∗ = UL.

A.32.5. Problem Set 14, Part 1, Problem 3: spectral radius. Write r(A) = sup{|λ| :
λ ∈ σ(A)}. First,

r(A) ≤ lim sup
n→∞

‖An‖1/n .

Indeed, the root test shows that if |λ| exceeds the right-hand side, then the series
∞∑

n=0

An

λn+1

converges and equals (λI −A)−1. Thus λ is in the resolvent set.
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For the opposite inequality, take f ∈ L(X)∗ and set uf (λ) = f((λI − A)−1).
This is holomorphic for |λ| > r(A), with Laurent expansion

uf (λ) =

∞∑
n=0

f(An)

λn+1
.

For every ε > 0, this series converges at λ = r(A) + ε. Hence f(An/(r(A) + ε)n+1)
is bounded in n for each f . Banach–Steinhaus, applied to the canonical images in
the bidual of L(X), gives

‖An‖
(r(A) + ε)n+1

≤Mε.

Therefore lim supn ‖An‖1/n ≤ r(A)+ε, and letting ε ↓ 0 proves the reverse inequal-
ity.

Finally, the limit exists. Set s = infn≥1 ‖An‖1/n, so lim infn ‖An‖1/n ≥ s. Given
ε > 0, choose m with ‖Am‖1/m < s+ ε. Write n = pm+ q, 0 ≤ q < m. Then

‖An‖1/n ≤ ‖Am‖p/n ‖Aq‖1/n ≤ (s+ ε)pm/n ‖A‖q/n .

For A 6= 0, the right-hand side tends to s+ ε. The case A = 0 is immediate. Thus
lim supn ‖An‖1/n ≤ s, proving existence and the spectral-radius formula.
Editorial note. Here 0 ≤ q < m includes zero, correcting the source’s strict lower
bound on the remainder.

If L is self-adjoint,
∥∥L2

∥∥ = ‖L‖2, and induction gives
∥∥∥L2k

∥∥∥ = ‖L‖2
k

. Hence

r(L) = lim
k→∞

∥∥∥L2k
∥∥∥1/2k = ‖L‖ .

For normal L, the operator LL∗ is self-adjoint and∥∥∥(LL∗)2
k
∥∥∥ = ‖LL∗‖2

k

= ‖L‖2
k+1

.

Normality gives (LL∗)2
k

= L2k(L2k)∗, whose norm is
∥∥∥L2k

∥∥∥2. Thus again ∥∥∥L2k
∥∥∥ =

‖L‖2
k

and r(L) = ‖L‖.

A.32.6. Problem Set 14, Part 1, Problem 4: the minimum kernel. Compactness
has already been proved. Symmetry and reality of the kernel give self-adjointness
by Fubini:

(Lf, g) =

ˆ 1

0

ˆ 1

0

k(x, y)f(y)g(x) dy dx

=

ˆ 1

0

f(y)

ˆ 1

0

k(y, x)g(x) dx dy = (f, Lg).

Since L is compact, it remains to find its nonzero eigenvalues. The equation Lf =
λf becomes ˆ x

0

yf(y) dy + x

ˆ 1

x

f(y) dy = λf(x).

Differentiating gives λf ′(x) =
´ 1
x
f(y) dy, hence

λf ′′ + f = 0, f(0) = 0, f ′(1) = 0.



110 I.-C. MIAO

The nonzero solutions have

f(x) = C sin
x√
λ
, λ =

4

(2k + 1)2π2
, k = 0, 1, 2, . . . .

Therefore

σ(L) =

{
4

(2k + 1)2π2
: k ≥ 0

}
∪ {0}, ‖L‖ = r(L) =

4

π2
.

A.33. Quiz 1: Questions and solutions. September 18, 2015.
1. (5 points). Your name: Solution (as written on the solution sheet).
2. (5 points). Let the following letters denote classes of spaces:

A Vector spaces
B Topological vector spaces
C Normable topological vector spaces
D Metrizable topological vector spaces
E Complete metric spaces
F Banach spaces
G Spaces of second Baire category
H Locally convex topological vector spaces
I Locally bounded topological vector spaces
J Topological vector spaces with a countable local base

Write down all possible inclusion and equality relations between them. For example,
A ⊃ B ⊃ C,D,H, I, J .
Solution. The red annotations also introduce K = Fréchet spaces and L = Hilbert
spaces. The displayed inclusion diagram gives

A ⊃ B ⊃ D ⊃ C ⊃ F ⊃ L,

B ⊃ H ⊃ K ⊃ F, E ⊃ K, E ⊃ F, E ⊂ G,

D = J ⊃ I ⊃ C.

Editorial note. As in the diagram in Lecture 7, the categories are understood
within the compatible vector-space setting: E denotes TVSs admitting a complete
compatible translation-invariant metric. If E literally means all complete metric
spaces, it is not a subclass of vector spaces. The implication to second category
assumes a nonempty space. The source diagram appears also to place C inside K;
incomplete normed spaces show that this inclusion requires completeness, so the
valid relation used above is F ⊂ K.
3. (1) (2 points). Describe all balanced neighborhoods of zero in C as a complex
vector space.
Solution. The open disks B(0, r), r > 0; the whole plane is also allowed.
3. (2) (3 points). Describe all balanced neighborhoods of zero in C = R2 as a real
vector space.
Solution. The open neighborhoods of zero that are symmetric and star-shaped
about zero.
Editorial note. The word neighborhood uses the course’s open-neighborhood con-
vention. Without openness in that convention, closed disks and other balanced
neighborhoods would also be allowed in (1).

A.34. Quiz 2: Questions and solutions. September 29, 2015.
1. (5 points). Your name: Solution.
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2. (5 points). Let X,Y be normed vector spaces and

L(X,Y ) = {L : X → Y : L is continuous and linear}.

For L ∈ L(X,Y ) define

‖L‖ = sup
∥x∥X=1

‖Lx‖Y = sup
x ̸=0

‖Lx‖Y
‖x‖X

.

Prove that this is a norm on L(X,Y ), by verifying:
(1) L 6= 0 implies ‖L‖ 6= 0;
(2) ‖αL‖ = |α| ‖L‖;
(3) ‖L1 + L2‖ ≤ ‖L1‖+ ‖L2‖.

Solution. If L 6= 0, some x 6= 0 has Lx 6= 0, so ‖L‖ ≥ ‖Lx‖Y / ‖x‖X > 0. Also,

‖αL‖ = sup
∥x∥=1

‖αLx‖ = |α| sup
∥x∥=1

‖Lx‖ = |α| ‖L‖ .

Finally,

‖L1 + L2‖ = sup
∥x∥=1

‖L1x+ L2x‖

≤ sup
∥x∥=1

‖L1x‖+ sup
∥x∥=1

‖L2x‖ = ‖L1‖+ ‖L2‖ .

□

3. (5 points). (1) What is a Banach space? (2) Prove that if X,Y are Banach
spaces, so is L(X,Y ) for the norm above. The sheet leaves the hint blank.
Solution to (1). A complete normed vector space.

Solution to (2). Let {Ln} be Cauchy in the operator norm. For each x ∈ X,

‖(Ln − Lm)x‖ ≤ ‖Ln − Lm‖ ‖x‖ −→ 0.

Since Y is Banach, define Lx = limn Lnx. The pointwise-limit corollary discussed
in class gives continuity of L; linearity follows by taking limits. Given ε > 0,
choose N with ‖Ln − Lm‖ < ε for n,m > N . For fixed n > N and every unit
vector x, passing to m → ∞ gives ‖(Ln − L)x‖ ≤ ε. Taking the supremum gives
‖Ln − L‖ ≤ ε, as required. □

Editorial note. The last step writes out the uniform Cauchy estimate rather than
interchanging a supremum and a limit as in the handwritten formula. For a zero
domain the operator norm is defined to be zero.

A.35. Quiz 3: Questions and solutions. October 23, 2015.
1. (5 points). Your name: Solution.
2. (5 points). Let X be a normed vector space.

(1) If x 6= y are in X, prove that some ` ∈ X∗ has `(x) 6= `(y).
(2) If Y ⊂ X is a subspace and x0 /∈ Y , prove there is L ∈ X∗ with L(x0) = 1

and L|Y = 0.

Solution to (1). On F(x− y) define `0(α(x− y)) = α. This is bounded. Extend it
by Hahn–Banach to ` ∈ X∗. Then `(x− y) = 1 6= 0, so `(x) 6= `(y). □
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Solution to (2), method 1. Set Z = Y + Fx0 and define `0(y + αx0) = α. This is
well-defined and linear. Since x0 /∈ Y , choose ε > 0 with B(x0, ε) ∩ Y = ∅. For
α 6= 0,

|`0(y + αx0)|
‖y + αx0‖

=
1

‖x0 + y/α‖
≤ 1

ε
.

The case α = 0 is immediate, so `0 is bounded. Extend it by Hahn–Banach. □

Solution to (2), method 2. The quotient X/Y is normed and [x0] 6= [0]. Apply (1)
and rescale to find L̃ ∈ (X/Y )∗ with L̃([x0]) = 1 and L̃([0]) = 0. Then L = L̃ ◦ π,
where π is the quotient map, works. □

3. (5 points). Let X be a TVS and A ⊂ X convex and absorbing. (1) Define its
Minkowski functional µA. (2) If A is open, prove that x ∈ A implies µA(x) < 1.
Solution to (1). µA(x) = inf{t > 0 : x ∈ tA}.

Solution to (2), method 1. The map mx : F → X, α 7→ αx, is continuous and
mx(1) = x ∈ A. Thus m−1

x (A) contains an interval of real numbers around 1.
Choose ε > 0 with (1 + ε)x ∈ A. Then µA(x) ≤ (1 + ε)−1 < 1. □

Solution to (2), method 2. Choose a neighborhood U of zero with x+ U ⊂ A. For
sufficiently small real ε > 0, εx ∈ U . Then (1 + ε)x ∈ A, so again µA(x) ≤
(1 + ε)−1 < 1. □

A.36. Quiz 4: Questions and solutions. November 10, 2015.
1. (5 points). Your name: Solutions.
2. (5 points). Are the following spaces duals of Banach spaces? If yes, give a Banach
space whose dual it is; otherwise write “nothing”.

Space Answer Source annotation
`2 `2 1

2 + 1
2 = 1

C([0, 1]) nothing Problem Set 9, Part 2
c0 nothing Lecture 16; Problem Set 9, Part 2
`1 c0 Problem 3 below
`3 `3/2 1

3 + 1
3/2 = 1

`∞ `1 Problem Set 9, Part 1
C(R) nothing Fréchet, not Banach

Editorial note. The dual identifications and exclusions in the table refer to the
stated natural norms and isometric dual-space realizations, as in the cited lecture
arguments.
3. (5 points). Recall

c0 = {(a1, a2, . . .) : an → 0} ⊂ `∞.

Prove that (c0)
∗ = `1. Hint: prove a one-to-one correspondence between y ∈ `1

and Ly ∈ (c0)
∗, with ‖y‖1 = ‖Ly‖.

Solution. For simplicity, take F = R, as in the source. For y = (bn) ∈ `1, define

Ly(x) =

∞∑
n=1

anbn, x = (an) ∈ c0.
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This is linear and bounded, since

|Ly(x)| ≤
∑
n

|bn| sup
n

|an| = ‖y‖1 ‖x‖∞ .

Conversely, for L ∈ (c0)
∗ let bn = L(en), where en is the nth standard unit vector.

Put
zN = (sgnb1, . . . , sgnbN , 0, 0, . . .),

where the source takes sgnt = 1 for t ≥ 0 and −1 for t < 0. Then zN ∈ c0 and
‖zN‖∞ = 1, so

N∑
n=1

|bn| = LzN ≤ ‖L‖ .

Thus y = (bn) ∈ `1. For x = (an) ∈ c0, its truncations xN = (a1, . . . , aN , 0, . . .)
converge uniformly to x. Therefore

Lx = lim
N
LxN = lim

N

N∑
n=1

anbn =

∞∑
n=1

anbn = Lyx.

The first estimate gives ‖Ly‖ ≤ ‖y‖1; the estimates with zN give the opposite
inequality after N → ∞. The coefficients bn = L(en) are unique, proving the
correspondence. □
A.37. Quiz 5: Questions and solutions. December 1, 2015.
1. (5 points). Your name: Solution.
2. (5 points). (a) Give the definition of a Hilbert space. (b) List as many properties
as possible studied this semester that hold for Hilbert spaces but not for general
Banach spaces.
Solution to (a). A Hilbert space is a complete inner product space. Its inner product
is linear in the first variable, conjugate symmetric, and positive definite:

(αx+ βy, z) = α(x, z) + β(y, z), (x, y) = (y, x), (x, x) > 0 (x 6= 0).

It is complete for ‖x‖ =
√
(x, x).

Solution to (b). The source lists:
(1) Cauchy–Schwarz: |(x, y)| ≤ ‖x‖ ‖y‖.
(2) The parallelogram law: ‖x+ y‖2 + ‖x− y‖2 = 2 ‖x‖2 + 2 ‖y‖2.
(3) Every nonempty closed convex E ⊂ H has a unique point c with ‖c‖ =

infx∈E ‖x‖.
(4) For every closed subspace M , H = M ⊕M⊥. Its orthogonal projection

P : H →M has norm one when M 6= {0}.
(5) Every L ∈ H∗ is uniquely of the form L = (·, y) for y ∈ H.
(6) Every compact operator on H can be approximated in operator norm by a

sequence of finite-rank operators.
(7) xn → x in norm if and only if xn ⇀ x and ‖xn‖ → ‖x‖.

Editorial note. The projection’s domain and target are written explicitly as H →
M ; the handwritten arrow is reversed.
3. (5 points). Let X be a complex Banach space and L ∈ L(X). (a) Define the
resolvent set ρ(L). (b) For λ, µ ∈ ρ(L), prove that the resolvents commute and

Rλ(L)−Rµ(L) = (µ− λ)Rλ(L)Rµ(L).

Operators A,B commute when AB = BA.
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Solution to (a).
ρ(L) = {λ ∈ C : λI − L is invertible}, Rλ(L) = (λI − L)−1 ∈ L(X).

Solution to (b). Insert µI − L = (µ− λ)I + (λI − L):
Rλ = Rλ(µI − L)Rµ

= (µ− λ)RλRµ +Rµ.

This gives the resolvent identity. If λ 6= µ, exchanging them gives

RλRµ =
Rλ −Rµ

µ− λ
=
Rµ −Rλ

λ− µ
= RµRλ.

For λ = µ, commutation is immediate. □
A.38. Quiz 6: True or false, with solutions. December 29, 2015.
1. (5 points). Your name: Solution.
2. Which statements are true? Write T before the true ones and F before the false
ones. All Hilbert spaces in this quiz are complex. The T/F answers and short
annotations below are those on the solution sheet.

(1) T. If L ∈ L(H) and (Lx, x) = 0 for all x ∈ H, then L = 0.
(2) T. Every complete metric space is of second category.
(3) F. If d1, d2 induce the same topology on X and d1 is complete, then d2 is

complete.
Annotation: Need translation invariance; cf. Problem Set 2, Part 2.

(4) T. Every vector space, complete or not, has a Hamel basis.
(5) T. If X is an infinite-dimensional Banach space, the weak-star topology on

X∗ is not metrizable.
(6) F. Every Fredholm operator on X can be written as I+K with K ∈ K(X).

Annotation: “Invertible + compact.”
(7) F. For every compact operator K ∈ K(X), 0 ∈ σ(K).

Annotation: Need infinite dimension.
(8) T. If L ≥ 0 and L ≤ 0, then L = 0.
(9) T. A projection P ∈ L(H) is an orthogonal projection if and only if P ≥ 0.
(10) F. L ∈ L(H) is unitary if and only if (Lx,Ly) = (x, y) for all x, y ∈ H.

Annotation: Need surjectivity.
(11) F. For every compact set E, its convex hull co(E) is compact.

Annotation: “Fréchet.”
(12) F. If X is reflexive and E ⊂ X is nonempty, closed, and convex, there is a

unique x0 ∈ E with ‖x0‖ = infx∈E ‖x‖.
Annotation: Not unique.

Editorial note. In (2), nonemptiness is implicit. The note in (3) concerns com-
patible translation-invariant metrics on a TVS. In (6), the stronger assertion that
every Fredholm operator is an invertible operator plus a compact operator also
needs qualification: such a decomposition forces Fredholm index zero. The written
annotation is retained rather than used as a general theorem. In (11), a standard
valid statement uses the closed convex hull of a compact set in a Fréchet space; local
convexity and completeness alone do not make the unclosed convex hull compact.
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