INTRODUCTION TO PARTIAL DIFFERENTIAL EQUATION

YIJIE MIAO

ABSTRACT. These notes were originally taken while I was studying Profes-
sor Jianchun Chu’s “Introduction to Second-Order Elliptic Partial Differen-
tial Equations”, and the digital version has now been completed with the
assistance of GTP 5.6 Sol. Please email me (yijiemiao0420@gmail.com or yi-
jlemiao@seu.edu.cn) if you spot any typos or errors. Thank you!

1. INTRODUCTION AND LAPLACE’S EQUATION

1.1. What is a PDE?. A partial differential equation (PDE) is an equation for
an unknown multi-variable function that involves partial derivatives. The order of
a PDE is the order of the highest derivative that occurs in it.

Let u be a function of x1 and zs. Examples:

%% +u=0 (first order),

u  0%*u

92 Vo T 0 (second order),
Pu 0%u ou

v %Y 5% 10 (third order).
913 Owi0xs | 01y (third order)

Remark 1.1. An ordinary differential equation (ODE) is an equation for an unknown
single-variable function that involves ordinary derivatives. For PDEs and ODEs,
the methods are totally different.

1.2. Some geometric motivations. Many geometric problems can be trans-
formed into PDEs. Examples:

Calabi’s conjecture, Yamabe problem, Minkowski problem,

minimal surface problem, prescribed curvature problem.

For these geometric problems, the corresponding PDE questions are: existence,
uniqueness, and regularity.

1.3. Main contents in this mini-course. The topic is the theory of linear second
order elliptic PDEs. The main goal is the Dirichlet problem

Lu=f in Q,
{u =¢ on 0N
The route of the course is
Laplace’s equation — Poisson’s equation — general equation.

The method is the continuity method. The main tools are the maximum principle
and Schauder estimates.
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Remark 1.2. The above method and tools are still widely used in the study of
nonlinear second order elliptic PDEs.

1.4. Laplace’s Equation.

Notations. R™ denotes n-dimensional Euclidean space. If € R™, then

z=(z1,...,2,)7, M:M

For o € R™ and r > 0,

B (zg) ={x € R" : |z — zo| <7}, B, = B,(0).
Write
0 H? -
P — 5 ] = 5 A= 34 -
g 3331’ aj 8332835] ;a

Thus Aw is the trace of the Hessian matrix (0;;u).

Definition 1.1. (1) Laplace’s equation is Au = 0.
(2) Let u be a C? function.
e 1 is subharmonic if Au > 0.
e v is superharmonic if Au < 0.
e v is harmonic if Au = 0.

Example 1.1 (Second order polynomials). Let

n n
U(Ji) = E Qi T;T5 + E b;x; + c, Qi = Qjj-
i=1

i,j=1
Then

(91']'7.1, = 2(11']'.
Writing A = (a,;), we have

Au =2Tr A.
Hence

Tr A > 0 <> u is subharmonic,
Tr A < 0 <= u is superharmonic,
Tr A = 0 <= w is harmonic.

Example 1.2 (Holomorphic functions). Let f be a holomorphic function on  C C.
Then Rf and &f are both harmonic. Write

f:u—|—\/—71v.

The Cauchy—Riemann equations are

ou Ov ou ov

or Oy’ oy oz
Therefore
Pu  0Pu 0w 9%

Auzﬁ—i_@if:@x@y_@x@y:

Similarly, Av = 0.
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1.5. Fundamental solutions. Laplace’s equation is invariant under orthogonal
transformations.

Lemma 1.1. Suppose u is harmonic and A = (a;;) is an orthogonal matriz (AAT =
I,,)). Then
v(x) := u(Az)

is harmonic.
Proof. Write y = Az. By the chain rule,
v " Ou

— - Ak,
ox; 0
i =1 Yk

and
0%v L 9%

= ——Q; Q.
O0x;0x; o OypOyy 7

v\ _ AT 0?u 4
axi(’)xj ayk 31/1

Av=Tr (AT(DEU)A) =Tr (Df}u AATY = Au=0.

In matrix form,

Thus

O

Motivated by the above lemma, let us find radial solutions. Suppose u depends
only on r = |z|, i.e.
u(z) = f(r),
where f is a single-variable function. The goal is to apply Au = 0 to solve for f.
We have
Dsiw = 0; (f'(1)oyr) = f"(r)(9ir)? + £/ ()i

Since )
r=/r3+ -+ a2, 817“:%, 8”7“—%—%,
we obtain ) )
uu =115 + 1) (7 - %)
Therefore

or equivalently
n—1

f'(r)=o.

n—1

Multiplying by ™", we get

)+ (= D)2 () = 0,
SO
(Tn_lfl(’l‘)), _ 0’ Tn_lf/(’r‘) - C.
Thus
_ JCilogr +Cs, n=2,
f(r) N {017”2” +Cy, n>3.
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Definition 1.2 (Fundamental solution).

1

— log |z|, n =2,

2
I(z) = 1 .
e N |$| ) n Z 37
n(2 — n)wy,

where w,, denotes the volume of the unit ball in R", i.e. w, = |B1].

Remark 1.3.
| B, | = wpr™, |0B,| = |8Bl|r"_1.
Also
1 1
| B1] :/ |0B,| dr = \831\/ "L,
0 0
hence

1
|Bl‘ = E |8Bl| 5 |6B1| = NWp,.

Lemma 1.2. (1) T is defined on R™ \ {0}.
(2) T has a singularity at 0. However, I' is L'-integrable near 0, i.e. T €
LY(By).
(3) T is harmonic in R™\ {0}, i.e.
AT'=0 in R™\ {0}.
(4) For anyr >0,

T
s =1,
9B, 81/

where v denotes the unit outward normal to dB,..

Proof. The function is defined away from the origin by its formula. To see har-
monicity, use the radial identity

ArP :p(p+n72)rp72 (r =|z| > 0).

Forn >3, p=2-—mn,s0 p(p+n—2) =0, and hence AT' = 0 on R™ \ {0}. For
n = 2, the same calculation gives Alogr = 0 for » > 0.
Suppose n > 3; the case n = 2 is similar. For (2), For (2),

1
1 .
deac:// — |2|*"" dxdr.
/B1 () 0 BBrn(Q_n)Wn‘|

Using |8B,| = [0B1| ™"~ = nw,r" !,

1 1

1 1 1
I dx = S — 0B,| d :/ dr = —— < 00.
/I31| (z)] de _/0 n(n—2)wnr | | dr 0 n—2r " 2(n—2) >

For (4), fix € 0B,. Then v = z/ |z|, and
or 2 T T |x|17n

1 1
— =VI'.v= — —— = .
v v ; nwy, ] || |z| nwy,

1—-n
/ L s =" " om,| =1.
OB,

ov NWy,

Therefore
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1.6. Integral formulas. Let Q C R™ be a bounded domain with C'* boundary. Let
v = (v1,...,V,) denote the unit outward normal to 9Q2. The divergence theorem
says that if

F=(F,... F)
is a C" vector field on Q, then

/divﬁdx:/ F.vds, divﬁ:ZaFi.
Q o0 —~ Qx;

i=1

Remark 1.4. If u € C*(), choose
F=(0,...,u,...,0),

where u is in the i-th component. Then the divergence theorem gives
/ Oiudx = / uv; dS.
Q a0
This is integration by parts.

Green’s formula. Let u,v € C2(Q). Take F = uVv. Then
/ div(uVv) dz = / uVo - vdS.
Q 19)
Since
div(uVv) = uAv + Vu - Vo,

the first version of Green’s formula is

/ (uAv + Vu - Vu)dr = / u@ das.
Q oo OV
Interchanging u and v,
/(vAu—i—Vu'Vv) dx = v@dS.
Q oa Ov

Subtracting gives the second version of Green’s formula:

ov Oou
/Q(uAv —vAu)dx = /ém (uay - v&/) ds.

Taking u = 1, one obtains the third version:

Avdr = / @ ds.
Q F)

o oV
1.7. Green’s identity.

Theorem 1.1. Let Q C R"™ be a bounded domain with C* boundary. If u € C*(),
then for any x € €,

u(z) = /Qf(x — y)Au(y) dy 7/8

Proof. Fix x € Q. Write I'(y) = I'(z —y). Choose r > 0 sufficiently small such that
B, (z) C Q. Then I is smooth in Q\ B,(z).
Applying the second version of Green’s formula to v and I" in 2\ B,.(x),

ou or ou or
IF'Au—uA,T)d :/ (F —u) ds +/ (F —u) ds,.
/Q\Br(m)( Y ) dy o9 ov Ovy Y 8B, (z) v Ovy v

) [w - y>§Z<y> - u@)(,f;r(x - yﬂ as,
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Recall that A,I' =01in Q\ B,(z). Hence

/ IF'Audy = / (Iﬁu - um‘) as, +/ (Fau - uaF) ds,.
QB (z) 0 v vy 8B, (z) v Ovy

Let r — 0. Since u € C%(Q) and I' € L*(By(x)),

/ FAudy—>/1"Audy.
Q\ B, (z) Q

Step 1: compute I' and OI'/dv, on 0B, (x). For n > 3,
1 r2n

_ _ - - _ 2—n -
F=I-y n(2 — n)wy, Iy =2l n(2 —n)wy,

on 0B, (z).

Also

Ay;  nwy |y —z|™

On 0B, (x), the outward normal of 2\ B,(z) along the inner boundary is

po—_ YT b YT
Yy r ’ T 771 .
Thus
or " or - 1 |yZ — $i|2 1
. o V= n= 0B,.(x).
vy =1 y; . g nwyr |y — | nw, "1 on ()
Step 2: compute
0 or
lim (F“ - u) ds.
r—0 aBr(.L) 81/ 61/
First,
2—n
/ F@ dS| = 7“7/ @ ds
OB, (z) v n(2 - n)wn 9B, (z) v
and 5
< |Vl
Therefore
ou p2—n
'—dS| < —— |0B;(x)| max |Vu|= max |Vu| — 0.
0B,.(x) OV n(2 — n)wn 9B, () n—2 oB, ()
Next,

I 1
—/ WX g5 — 74/ u(y) dS,.
9B, (x) OV nwnr™ ™ B, (2)

By Taylor’s formula,
1
[0B,(2)] Jop,( )(u(m) +0(r)) dSy = u(z) + O(r) — u(x).

Recalling the identity before taking the limit, the small boundary term contributes

0+ u(z), hence
ou or
— [ TAudy — 2 w2 ds.
u(x) /Q udy /89( % uay> ds
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Remark 1.5. Taking v =1 in Green’s identity gives, for every x € (Q,
or

—(x —y)dS = 1.
may( Y)
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2. DIRICHLET PROBLEM IN BALLS FOR LAPLACE’S EQUATION

2.1. Recall. Laplace’s equation is

Au = 0.
The fundamental solution is
1
— log |z, n =2,
21
F(Z‘) = 1 9
2>, 03
n(2 — n)wy,

Green’s identity says
Ju ar

we) = [ T pauay- [ [re-nGio - g @) s,

The goal of this section is to solve the Dirichlet problem in

Q

Au=0 in BR,
u=¢@ on J0Bg.

BR:BR(O)Z {

2.2. Green’s function.

Definition 2.1. Let  C R" be a bounded domain with C'* boundary. Suppose
that ®(z,y), defined on Q x Q, satisfies, for any x € Q,

Ay®(z,y) =0 in Q,
O(z,y) =T(x—y) on IN.

Then
G(l‘,y) = F((E - y) - @(ﬂ%y)
is called the Green function of €.

Lemma 2.1. Ifu € C?(Q) satisfies
Au=0 1inQ,
u=¢ on IN,
then 50
u(zx) = y)—(x,y) dSy.
@ = [ ewg @y,

Proof. By Green’s identity,

ue) = [ T - wautay- [ -0 gte - u - s,
Since Au=0,and I' = G + &,

Ju oG 0P
we) =~ [ Te-nGias,+ [ )| go e+ 5] ds,.

Using ® = T" on 91, the remaining boundary term can be converted by Green’s
formula to

/Q (u(y) Ay ®(z,y) — ®(z,y)Au(y)) dy = 0.

Since u = ¢ on 01, the claimed formula follows. O
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Remark 2.1. Two questions remain: existence of Green’s function, and whether the
formal solution above is a classical solution.
2.3. Green’s function in Br = Bg(0).

Proposition 2.1. Define ®(x,y) as follows. When n = 2,

1
— log R, z =0, y € Bp,
2
®(z,y) = 1 || R
—log | —=vy — — 0 Bg.
27{'Og Ry |£Z?|x, LU;A aye R
When n > 3,
1
————R*", z =0, y € Bg,
n(2 — n)w,
(b(.’l},y) = 1 \Z‘| R 2—n
— =y - — , 0, y € Bpg.
n2—nyw, | RY 2" v#0, y € Br
Then

Gz, y) =T(z —y) — ®(z,y)
is the Green function of Bp.

Proof. Tt suffices to verify
{qu)(a:,y) =0 Yy € Bg,
O(x,y)=T(r—y) y€ IBg.
Suppose n > 3; the case n = 2 is similar.

Case 1: x = 0. Then

_ 1 2—n

so Ay®(0,y) = 0 in Bg, and for y € 0Bg,
1 2—n
Ir'o—y) = —— =®(0,y).
(0-y) =)o Yl (0,9)
Case 2: ¢ # 0. Put

Then
1

n(2 — n)wy,

| R

P(z,y) = RY "

Since )
R R
|o*| = — |z| = — R > R,
|z] |z
we have z* ¢ Bpg, hence I'(y — z*) is harmonic in Bg. For y € 9B, the similar
triangles in the figure give

ol oy e = e
ly—x*| R’ R
Thus for y € OBR,
(D( ) |SC‘ Q—HF( *) |’1}‘ o 1 ‘ *|2—n
z,y)=|— -z == —x
i R 4 R n(2 — n)wy Y
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Using |y — x| = (|2 /R) [y — 27,

sien) = () ot (B) e = ra - m =1

2.4. Poisson kernel in Bp. Recall the preceding lemma:

Au=0 in BR,
u=¢ ondBg

Definition 2.2. The Poisson kernel is

oG
K(z,y) = —(z,v), x € Bg, y € 0BR.
Ovy
Lemma 2.2.
R? —|a|*

K(xay): |n7 l’EBR, yGaBR~

nwpR |z —y
Proof. Suppose n > 3; the case n = 2 is similar. Since
G(.’E,y) = F(.’L‘ - y) - (I)(Ji,y),

we compute 0G/0v,,.
Case 1: = 0. Then

_ 2—n _ p2—n
and
a an = -
8yi( ) nwy, |yl
For y € O0BR, v = y/R, hence
oG R?
—(0,y) = ——.
auy( v) nw, R |y|"
Case 2: = # 0. Recall
|x>“ . LR
S(x,y) = —= I'(y — %), = —u,
@ = () - -
and
Glay) = —— = o - () gy g
’ n(2 —n)wy R
On 6BR,
ly —a"| = ﬂ\y—m\
Differentiating,

—(z, _ - —

—-n . _ R
Ble 1| yi—a (|:17|>2 Yi — [ %
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Thus

oG 1 Yi — T |x|2 y; — R%x; R? — |x]

—(z,y) = — =
3yi( v) nwn | |y — =" R2 |y — x|" nwn R2 ly — z|" vi

Since v = y/R on JBg,

oG Gy Rz
(@) = Z 0y R nwpR |z —y|™"

Lemma 2.3. For xz € Bg, y € 0BRr, the Poisson kernel
R? — ||
K =
(2,9) R le — gl
satisfies:
(1) K(x,y) is smooth and positive.
2) / K(z,y)dS, = 1.
OBRr
(3) ALK (z,y) =0.
Proof. For (1), if x € Bg and y € dBg, then |r —y| > 0 and R? — |Ji|2 > 0. Thus
K(x,y) > 0, and the formula shows smoothness in x. For (2), recall that if
Au =0 in Bp,
u=1¢ on JBpg,
then
u@ = [ oK) ds,
OBRr
Choose u = 1. Then

K(z,y)dS, =1.
9Br
For (3), one method is to use the fact that G(z,y) = G(y,x). Since

G(.’E,y) = ].—‘(1,' - y) - q)(xvy)a
we know A,G(z,y) = 0 away from the pole; by symmetry A,G(z,y) = 0, hence

oG
vy
Alternatively, one can verify this by direct calculation. The notes compute
oK - 2 —n—2
o =- 2z v —y| ™" - -yl i —Yi }
5 (@ 0) =~ 2oy (R = ol o= (- )
and

K1
0z;0z; nY = nwnp R

—n(n+ 2)(R? = [a) | = o "7 (i — o)? + (B — [o) 2 — 7]

Summing over 1,

21—y ™" —an o -y 77 (22 - 2ys)

ALK (z,y)=—

nwy, R

[2nle =yl ™ —anle — 7" (2 2 y) - 20(R? — [af?) | — | "

—2
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Since y € 0Bg,
o —y|* = 2(jaf” =2 y) — (B* = [2[*) = 0,
and hence A, K (z,y) = 0. O

2.5. Dirichlet problem in Bp.
Theorem 2.2. For ¢ € C(0Bg), define

u(z) = /8 . K (9)ds,

Then

(1) w is smooth and Au =0 in Bg.
(2) For any yo € OBRg,

lim u(x) = ¢(yo)-

T—Yo

Proof. Part (1) follows from smoothness of K and A, K = 0. For (2), the goal is:
for every € > 0, find § > 0 such that

lu(z) — o(yo)| <e  Vx € Bs(yo) N Bg.
Using faBR K(z,y)dS, =1,

u(@) — plyo) = / (0(y) — ply)) K (,4) dS,.

dBR
Split the boundary into

0Br N Bs, (yo) and 0Bg\ Bs, (%0),

and denote the two integrals by I; and I5.
Since ¢ € C(90BRr), choose 07 so that

lo(y) — @(yo)| < /2 Vy € Bs, (yo) N OBkg.

Then
€

€
L <5 K(z,y)dS, = 7.
2 JoBg 2
For I, use
R? — |
nw, R |z —y|""
If 6 < 61, « € Bs(yo) N Br, and y € OBg \ Bs, (yo), then
R+ |z|)(R—|x 2R 20
(R4 |z)(R—| DS o — 1] < .
nw, R(d — )™ nw, R(d1 — 6)™ nwy, (01 — §)»

Set M = maxgp,, |¢|, and choose § <1 so small that

K(xvy) =

0< K(z,y) <

13
0< K(z,y) < —
< K@y) = gy

for all such z,y. Then

I3
L) < / ()| + le(o)]) dS, <
8Br\Bs, (yo) 2Mwn R" il ) 45,

| ™

Hence
u(@) = ¢(yo)l < L]+ |I2] <e,
50 limg_yyy u(x) = ¢(yo)- O
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Remark 2.2. The function
uw = [ e)Ky)ds,
0BR
is a harmonic function in Bg.

The theorem above implies:
(1) u € C*(Bgr) N C(Bg).
(2) w solves the Dirichlet problem
Au=0 in BR7
u=¢ on JBg.
2.6. Harmonic functions.
Theorem 2.3 (Mean value property). Let Q be a domain in R™. If u € C%(Q) is

harmonic in Q, then u satisfies the mean value property: for every B.(xo) C Q,

1 1
= dS, = —— dy.
u(zo) o1 /aBT(IO)u(y) v oo /BT(mo)U(y) Y

Proof. After translation, assume xg = 0. Otherwise consider

v(x) = u(x + o).
For every s € (0,r], Green’s third 1dent1ty gives

Yi
0—/ Audy = dS —/ =0;u(y
OB, 8 ) Z

Bs =1
Writing w = y/s, this becomes
- ou
—1 n—1
s" E w;Ou(sw) dSy,, = s —(sw) dSy
/831 i=1 8B, Os

0
_ .n—1
=3 s /631 u(sw) dSy.

/ u(sw) dS,,
0B,

is constant in s. Letting s — 0,

/ u(sw) dSy = nw,u(0).
9B

Thus

Therefore, with y = sw,

1 1
U(O) = Tu}n . U(S’LU) dSw = W /8BS U(y) dSy
Choosing s =,
1
w(0) = ——— [ u(y)ds,.

-1
nwy, " 9B,

Multiplying the sphere formula by nw, s” ! and integrating in s from 0 to r,

/nwn ds-/ / y) dS, ds-/ u(y) dy.
0 9B, B,
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Hence

" u(0) = [ uly)dy,
B,
which proves
1

u0) = = [ty

Wpr'™
(I
Theorem 2.4 (Interior derivative estimate). If u € C°°() is harmonic in Q, then
for Br(zo) €, r € (0,R), and k € Zy,
C(n, k
sup |V*u| < L)k max |ul.
B, (x0) (R —7)* Br(zo)
Here C(n, k) denotes a constant depending only on n and k.

Proof. After translation, assume xg = 0. First take k = 1. For every = € B,.,

. ),
uzr) = ———" u(y)dy = ————— u(z + y) dy.
( ) wn(R _ 7,.)n BR_T(m) ( ) wn(R _ r)n Br_. ( )
Thus
Oiu(x) = ;/ Oy u(z+y)dy = ;/ u(z + y)v; dS
2 wnR=r)" Jp, " wn(R=7)" Jopy_, o

Therefore n
Oiu(x)| < sup |ul ,
ou(@)] < 7 sup

and hence o
sup |Vu| < (n) sup |ul .
B, R—7r B,

For higher derivatives, argue by induction. Assume the estimate (x;) holds.
Since Au =0,
A(VFu) = VE(Au) = 0,
so V¥u is harmonic. Set

. R+
-
Applying the k = 1 case to V*u, replacing 7, R by 7,7,
C(n,1 2C(n,1
sup |Vk+1u| < M sup |Vku‘ = M sup |Vku| .
- r—T Br R — Br
By (%), replacing r, R by 7, R,
C(n, k) 2kC(n, k)

sup |Vku| < lu] .
Bz (

———7sup |u| = ————-su
CE i
Combining,
2k 0 (n,1)C(n, k)
sup |ul .
(R—r)+t g,

sup |Vk+1u| <

This proves (kg41), with
C(n,k+1) =21C(n,1)C(n, k).
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3. MAxiMuM PRINCIPLE I
3.1. Smoothness of harmonic functions. Recall:

Au=0 1in Bg,
u=¢@ ondBg

is solved by Green’s function and the Poisson kernel. We also recalled two properties
of harmonic functions:

u € C? = mean value property,

and

C(n,k
ueC>®, sup |VFu|< (v, )k sup |ul.
Br(zo) (R—r) Br(zo)

Theorem 3.1. If u € C?(2) is harmonic, then u € C*(Q).

Proof. Step 1: construct a mollifier. Choose a one-variable function 7 € C*°([0, 4+00))
such that

7> 0in [0, +00), n=1in[0,1/4], 7 =01in [3/4,+00).

Choose a constant ¢ > 0 such that

1
nwn/ r"len(r)dr = 1.
0

Set n(x) = en(|z|), and ,
ne(2) = Zm (x)

e

Then
suppn C B, supp e C Be,
and
1 1
[ owtan= [ [ aws,r= [y dr =1,
B 0 OB, 0
so also

/ ne(y) dy = 1.

€

Step 2: approximation. Let
Q. ={z € Q:dist(z,00) >e}.
For z € Q., define
wla) = [ ulnty o) dy.

Then u. € C*°(Q.). Since suppn. C Be,
U () = / u(y)ne(y — =) dy.
B (x)

Using

we compute
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With w = (y — z) /e,
ue(z) = / u(z + ew)n(w) dw.
By

Because u is harmonic,
Auc(z) = [ Au(x+ey)n(y) dy = 0.
B

Thus u, is a smooth harmonic function in €)..
Step 3: prove u € C*°(f2). It is enough to show that for every Br(zg) € Q,
u € C*°(Bgr(x0)). Choose d > 0 such that

Br(zo) C Brysa(zo) C Q.

Then for e < 1,
Bpryaa(zo) € Q..

Using [, n(y)dy =1,

ulz) = /B W@ dy,  uele) = /B u(z + ey)n(y) d.
Hence

e () — ()] < /B Ju(z + ey) — u(z) [ n(y) dy.

By the mean value theorem,
) = u(o)] < & [Vt ey [, 0y =01
1

Thus v — u in C°(Bgya(xo))-
For e < 1,

sup |ue| < sup |u|+ 1.
Br+a(zo) Br+d(wo)

Since ue is smooth harmonic in ., the interior estimates give, for every k € Z,

C(n, k) C(n, k)
||UEHCI¢,+1(BR(IO)) < JE+1 sup |Ue| < gkt 1 sup |U‘ +1].

Br+td(zo) Br+td(zo)

By the Arzela—Ascoli theorem, there exists €; — 0 such that
ue, = v in C*(Bgr(xo)).

Since also u., — u in C°, we get

u=v in Bgr(xg).

Therefore u € C*(Bg(z¢)). Since k is arbitrary,
(RS COO(BR({,E()))
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3.2. Notations and definitions. Let 2 C R" be a bounded domain. Let a;;,b;,c
be bounded continuous functions in €2, with a;; = a;;. Define the operator

n

L= Z aijaij + Z blﬁz +c.

i,j=1 i=1

Thus for u € C?(),

Lu = i al-jaiju + i bl&u + cu.

ij=1 i=1
Definition 3.1. (1) L is strictly elliptic if there exists A > 0 such that
(aij(w)) > My,

i.e.
n

> a(2)&é > AP Yz eQ, VEER™

ij=1
(2) L is uniformly elliptic if there exist A, A > 0 such that
AL, < (aij(x)) < ALy,

ie.
MEP < 7 as (@)t < AJEP
i,j=1
Definition 3.2. Let f € C(Q2). A linear second order PDE is
(%) Lu=f.

If u € C?(Q) and Lu > f, then u is called a subsolution of (). If Lu < f, then u
is called a supersolution of ().

Remark 3.1. When a;; = 6;5, b; = 0, and ¢ = 0, L becomes Laplace’s operator:
L=A.

If in addition f = 0, then (%) is Laplace’s equation. In this case, subsolution
corresponds to subharmonic, and supersolution corresponds to superharmonic.

3.3. Weak maximum principle.

Theorem 3.2. Let ) be a bounded domain in R™, and
L= Z aijaij + Z b;0; + c.
i, i

Assume
a;j, b, c € L*(Q)NC(Q), (aij(z)) > A, c<0.
Ifu e C?(Q) N C(Q) satisfies
Lu>0 in€,
then

maxu < maxu’, ut = max(u,0).
Q o9



18 Y.-J. MIAO

Proof. First consider the special case Lu > 0 in . Since u € C(9), there exists
zo €  such that
u(xzp) = maxu.
Q

If 29 € 09, or u(xp) < 0, then the conclusion is immediate. Suppose o ¢ 992 and
u(xg) > 0. Then xq is an interior maximum point, hence
diu(zo) =0, (0iu(zo)) < 0.
Then
0 < Lu(zg) Zaw (20)0iju(zo) + Zb (z0)0u(zo) + c(xo)u(zo) < 0.

4,J

Indeed, (aij(x )) > 0, so (C(,ij(xo)) =pT P, and
Zam 0)diju(zo) = Tr((ay(20))(ds5u(wo))) = Tr(P(diju(zo))P") < 0.

This is a contradiction.
For the general case Lu > 0, take € > 0 and define

v(z) = u(z) + e,
where A > 0 is chosen large. Then
Lv = Lu + eL(e) = Lu + e (a1, A2 + b1 A + ¢).
Since a;; > A > 0 and b;, ¢ € L*™(Q), choose A > 1 such that
an A% + b A+c> NA% — Hb1||L,,o(Q) A-— ||c||LOO(Q) > 0.
Thus Lv > 0 in . Applying the special case,

maxv < maxv™.
Q j
Since
_ Axy
v=1u-+c¢€e R
we have
maxu < maxv < maxvT < maxu® + £ max 471
Q Q o0 oQ o0
Because €2 is bounded, maxyq e4?! < co. Letting € — 0, we get

maxu < max u'.
Q

Q o

Remark 3.2. If ¢ = 0, then the stronger inequality holds:

maxu < maxu.
Q o9

Remark 3.3. The assumptions that €2 is bounded and ¢ < 0 are necessary.

Example 3.1 (Unbounded domain). Let

Q={reR": 2, >0}, U= Ty,
Then

Au=0 1in €, u=0 on 09,
but

supu = 400 > supu’ = 0.
Q 99
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Example 3.2 (c not non-positive). Let
Q=(0,7)x---x (0,7) CR", u:Hsinxi.
i=1

Then
Au+nu=0 in Q, u=0 on 01,
but

maxu = 1> supu® = 0.
Q a9

Remark (Assumption (x)). Throughout the following corollaries, assume:
Q is a bounded domain in R",
L= i a;;0;5 + i b;0; + c,
i,j=1 i=1
a;j,bi,c € L*(Q)NC(Q), (aij) > AL, ¢ <0.
Corollary 3.1. Under the above assumption, if u € C*(2) N C(Q) satisfies
Lu>0 inQ, u<0 ondQ,

then
u<0 in.

Proof. This is immediate from the weak maximum principle.

19

O

Corollary 3.2 (Comparison principle). Under the above assumption, if u,v €

C?(Q) N C(Q) satisfy
Lu>Lv inQ, u<v ondf,

then
u<wv in .

Proof. Define w = u — v. Then
Lw >0 inQ, w<0 ondf.

The previous corollary gives w < 0, hence u < v.

d

Corollary 3.3 (Uniqueness). Under the above assumption, for f € C(Q), ¢ €

C(09), there exists at most one solution
u e C*HQ)NCQ)
of

Lu=f inQ,
u=¢  on .

Proof. If uy,us are two solutions, then
Lu; = f = Lus in §, u1 = ug on Of).

The comparison principle gives u; < us and us < uq, S0 U3 = Us.
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Corollary 3.4. Under the above assumption, suppose u,v,w € C*(Q)NC(Q) satisfy

Lu>f, u=¢ on 09,

Lv=f, v= ondQ,

Lw < f, w=¢ on Q.
Then

u<ov<w in .
Remark 3.4. This says:
subsolution < solution < supersolution.
3.4. Hopf lemma.
Theorem 3.3 (Hopf lemma). Let B = Br(yo), and let xy € OB. Let
L= Z aijﬁij + szaz +c
ij=1 i=1
with
(aij) > MM, c <0, ai]‘7bi7CE LOO(Q)QC(Q)

If u € C?(B) N CY(B) satisfies

Lu>0 1in B,
u(z) < u(xg) Ve B,

and

u(xg) > 0,
then 5

u
— 0
ov (o) >0,

where v is the unit outward normal to OB.
Remark 3.5. The non-strict inequality follows directly from the boundary maxi-
mum: for ¢t > 0 small, g — tv € B, and
u(xg) — 1;(360 —tv) >0.
Letting ¢ | 0 gives d,u(zg) > 0. The key point is strict positivity.

Proof. After translation, assume
B = Br = Bg(0).
Define
V(z) = u(x) —u(zg) + eW(x), W(z) = e Alel® _ — AR
where € and A are constants to be determined. Write
D = Bp \ﬁ/g
We claim that A > 1 and € < 1 can be chosen so that
LV >0 in D, V<0 ondD.
Then the weak maximum principle implies
V<0 inD.
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At o, since |zg| = R,
V(xg) = u(wo) — u(xg) + eW(xo) = 0.

Thus V(zo) = maxy V, so

oV
By (@0 20
Therefore 5 oW
u
- == >
ov (wo) +¢ ov (wo) 20
Since
8W - X0 - o —A\J;D\Q ‘CCZ' . _AR?
W(m) = VW (x0) == ;( 2A)e Tigy = 2ARe )
we get

?(mo) > 2eARe AR > 0.
v

It remains to prove the claim.

First,
oW = —2Ae*A|“§|2xi,
and
0y W = 4A26_A|””‘2xixj — 2A6_A‘$|2(5ij.
Hence

LW = 67A\I|2 4A2 Z Qi TiTj — 2A Z Ai; — 2A Z bll’l +c - CeiAR2.
%7 A %
Since ¢ < 0,

LW > e—A\x\z 4A? Zai]‘l‘ﬂ?j — QAZG“‘ — 2142[)21'1 +c

7 %

Using (ai;) > A, and R/2 <|z| < Rin D,
LW > e~ Alel? (AA2R2 —24) ai; —24ARY  |bi| + c> >0

by choosing A > 1. Therefore
LV = Lu — cu(zg) + LW >0 (u(zg) >0, ¢<0)

in D.

Second, prove V' < 0 on D = 0Bpg/s U0Bg. Recall that u(z) < u(xg) in Bg.
On 9Bpg/2, choose § > 0 such that

u(z) < u(xg) — 0.
Since
W(z) = e Aol — AR < o= All® <
we have
V(x)

=u(z) —u(xg) +eW(zr) < -64e<0
for e <¢. On 0Bg, W(z) =0,

SO

V(z) = u(x) —u(zo) <0.
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This proves the claim. O

Remark 3.6. If ¢ = 0, then the assumption u(xzy) > 0 in Hopf’s lemma can be
removed.
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4., MAXIMUM PRINCIPLE II

4.1. Strong maximum principle. Recall the weak maximum principle. Let Q
be a bounded domain in R", and

L= Zaiﬁij + sz& +c,
i i

where
aij,bi,ceLoo(Q)ﬂC(Q), (aij) Z)\In, C§0
If u € C?(Q) N C(Q) satisfies Lu > 0 in Q, then
max u < négxu"‘, ul = max(u,0).
If ¢ =0, then

maxu < maxu.
Q o9

We also have comparison principles and uniqueness of solutions, and Hopf’s lemma:
if B= Br(yo), x0 € 0B, Lu > 0 in B,
u(z) < u(xg) Vze B, u(zo) > 0,
then
%(xo) > 0.

If ¢ = 0, the assumption u(xg) > 0 can be removed.

Theorem 4.1 (Strong maximum principle). Let Q be a bounded domain in R™,

and
L = Zaijaij + sz& + C,
i,j i

with
(aij) > )\[n, CSO, aij7bi7C€Loo(Q)ﬂC(Q).
Ifue C?(Q)NC(Q) satisfies
Lu>0 inQ
and there exists yo € Q0 such that

u(yo) = maxu’,
Q

then u is constant.

Proof. Let

M = maxu™ >0, D={zeQ:ulz)=M}.
Q

Since yg € D, D # @, and D is closed. We show that D = €. Suppose not. Then
Q\ D # @ is open. Choose

z0 € @\ D such that dist(zg, D) < dist(zg, 0f2).
Set dy = dist(z9, D) and B = By, (20). Then
BcCcQ\D,

and
0BND # @.

Choose xg € 90BN D. Then
Lu>0 in B, u(z) < M =u(xyg) VzeB,
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and u(xg) = M > 0. By Hopf’s lemma,

)
8%(950) > 0.

But zg is an interior maximum point of u, so

0
Vu(zg) =0, 6—3(900) =0,

a contradiction. Hence D = ), so u = M in . |
Remark 4.1. When ¢ = 0, the conclusion becomes: if there exists yg € ) such that

u(yo) = maxu,
Q

then w is constant.

Theorem 4.2. Let 2 be a bounded domain in R™, and let
L= Z aijﬁij + Z bﬁl + C,
i i

where (a;;) > A, and a;j,b;,c € L®(Q)NC(Q). Ifue C*(Q)NC(Q) satisfies

Lu >0, u<0 in,
then either
u<0 in€,
or
u=0 1in .

There is no restriction on ¢, but we need u < 0 in 2.

Proof. Let

¢t = max(c, 0), ¢~ = max(—c,0),

soc=ct —c. From Lu > 0 and u <0,

Zaijaiju + Zbi@-u —cu>—-ctu>0.

] i

Z = Zaij&j + sz& —c .
i i

Define

Then
Lu >0, u <0 in Q,

and L has non-positive zero order coefficient. Hence

maxu’ = 0.
Q

If u(y) < 0 for all y € Q, we are done. If there exists yo € Q such that u(yg) = 0,
then the strong maximum principle applied to L gives u = 0. (]
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4.2. A priori estimates. The motivation is the continuity method. To solve a
PDE, one often constructs a sequence of functions u;. If {u;} has a convergent
subsequence, then the solution is the limit. A priori estimates of the form

lujllcr <C

with C independent of j, together with Arzela—Ascoli, provide the convergent sub-
sequence.

Theorem 4.3. Let Q be a bounded domain in R™. Let L be an elliptic operator
satisfying
(aij) > A, ¢ <0, a;j,bi,c € L>(Q)NC(Q).
Ifu e C?(Q)NC(Q) satisfies
Lu>f inQ
for f € L>®(Q)NC(Q), then
maxu < maxu’ + Cmax ™,
Q a9 Q
where

C = C(n, A, diam(Q), [[b;]| < o) -
Proof. Let d = diam(Q2). After translation, assume
Qc{0<z <d}.

Write
M =maxu® >0, F=max f~ >0.
o0 Q
Then
Lu>f>—F inQ, u< M on 0f.
Define

v(z) = M + d°F (eA — eA:”/d) ,

where A > 0 is to be chosen. Compute

Lv=—(a A% + dblA)FeA“/d +cM + cd®*F (eA — eAIl/d) .
Since ¢ < 0,

Lv < —(a11 A% 4+ dby A)Fe®1 /4 < —(XA? + d |by| A)FeA®r/4,
Choose A = A(A,d, ||b1]| () such that

NA? —d ||b1||LoQ(Q) A>1.
Then
Lv < —F in (.
Also
v(z) = M + d°F (eA - eA”“/d> > M on (,

since 0 < 1 < d. Thus

Lv<-F<f<Lu in{Q v>M>u on 9.

)
By comparison,

u<v in .
Therefore

maxu < M + d?Fe? = maxu™ + Cmax ™,
Q o0 Q
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with C' = d%e”. O
Corollary 4.1. Let Q) be a bounded domain in R™, and L an elliptic operator with
(@ij) > Alp, c<0, a;j,bi,c € L=®(Q)NC(NQ).

Ifue C?(Q)NC(Q) satisfies
{Lu =f inQ,
u=¢ on d9Q,
where f € L*°(Q) N C(N) and p € C(09), then

max |u| < max || + C'max|f].

Proof. Apply the previous theorem to u and to —u. O
Proposition 4.4. Let B = Br(yo) C R", and let L be an elliptic operator with
(aij) > A, c <0, aij,b;,c € L (B)NC(B).
Let g € (0,1), f € C(B), and
sup 2P |f(z)] < +o0,  d, = dist(x,dB).

If u € C?(B) N C(B) satisfies

Lu=f in B,
u=0 on 0B,
then
sup d;” |u(z)| < Csup &2~ [ f ()],
zeB zeB
where

C= C(”?/Ba Av Ra ||b’L||Loo(B))
Proof. After translation assume B = Br(0) = Bgr. Set
F= sup &;°|f(2)], do=R—||.
rEBR

The goal is

sup d,” [u(z)| < CF,
rE€EBR

equivalently, for every =g € Bg,
lu(zo)| < C’Fdf.o.

Fix xy € Br. By rotation assume

xo:(ro,O,...,O), 7"0207
SO
daco =R- To.
Define
Wi(z) = R™P(R? — |x|2)6’ Wa(z) = R® (eA _ eAwl/R) ’
and

W =y Wy + v Ws.
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The claim is that A,~1,72 can be chosen so that
{LW < —(R—-1|z|)®~? in Bp,

W >0 on OBg.
Since
F= sup &3 ?|f(x)],
r€BR

we have

|f (@) = d3 P | f(z)] df72 < Fd]™? = F(R— |2])° 2.

Thus

L(+u) = +f > ~F(R— [2)°~* > L(FW) in Bg,

and

+u=0<FW on 0Bg.

By the comparison principle,

|u| < FW in Bg.
At zo = (19,0,...,0),

lu(zo)| < FW (x0) = Fy1R™P(R? — 12)? + F,R? (eA - eATO/R) .
For the first term,
L = FnRP?(R+10)’(R—10)’ < FyyR™P(2R)?d} < CFdS .
For the second term, use
el — 1 < Aea, z € 10,1].
Then
I, = F"}/QRBGATO/R (eA(I*TO/R) — 1) < F”}/QRﬁeAAGA% < C’Fdfo.

Therefore

lu(zo)| < CFd?

T
which is the desired estimate.
It remains to prove the claim. Recall

Wie) = RP(R = o), Wale) = BP (e — eAn/R)
Choose W = vy, W7 + v, W5 after choosing A, 1,2 suitably.
Step 1: estimate W7. We compute
OWi(x) = —28R™P(R? — |a|")"a,
8y Wi(z) = 4B(8 — 1)R™P(R? — |2 2z,a; — 2B8R™P(R? — |*)"~ 14,5
Hence

LWy (x) = BRP(R? — [x|*)?72 |48 — 1) > aijmiz; — 2(R* — |2) ) aii

,J
—2(R? = [a|*) Y biwi + cRP(R? — [a)?] .

Let
Mb = IIliaX ||bi||L°°(BR) .
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Choose 0 € (0,1), close to 1, such that
2nM,R(1 — 6%) < 3(1 — B)AG>.
If R < |z| < R, then
LWi(z) < BR™P(R?—[2*)?~2 | —(1 = B)A|2|* = 3(1 — B)AGR? + 2nM, R(1 — 92)R2]

< —BRP(R —|z))?2(R+ |2])2(1 - B)A|2|* < —CTH(R — |z])P 2.
If |z| < 6R, then

LWy (z) < BR™P(R? — |z|*)? 2 2n M, R(R? — |#|?) < Co(R — |2])?2.
Thus
—CrH(R—z))?72, OR<|z| <R,
Co(R — |z[)8~2, lz| < OR.
Step 2: estimate Ws. Since

Wy (z) = R? (eA _ eAwl/R) ’

we have, by choosing A > 1,
LWy(z) = —(a11 A24-b; RA)RP—2eA™1/ B4 cRA <6A - eAIl/R) < —RP2eAn/R < _o~ARAZ
If OR < |z| < R, this gives only
LWs(z) <0.
If |z| < R, then
LWy(z) < —e= 41 -0)*P(R—0R)P2 < —C3 (R — |z|)P 2.

Thus
LW(a) < {0, - ) OR < |z| < R,
—C5 Y (R—|z])%72, |z| < OR.

Choose

v = C1, vo = (C1Co + 1)Cs.
Then

W =y Wi+ W
satisfies
LW < —(R~—|z|)#~2 in Bg,

{W >0 on 0Bg.

This proves the claim, and hence the proposition. (Il

5. P0OISSON’S EQUATION AND NEWTONIAN POTENTIALS I

Recall. We have proved the strong maximum principle. We also applied the maxi-
mum principle to establish some a priori estimates. The key point was to construct
a suitable auxiliary function; for example

W= Wy ells, Wi= ROR o), Wa= R (A - eAn/h).
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1. Poisson’s Equation. Let {2 be a domain in R™. The equation
Au=f in O
is called Poisson’s equation.

Remark. If u € C?(), then Au € C(2). Hence it is natural to ask: given f € C(Q),
is there a C2-solution of Poisson’s equation?

The answer is no: there exists f € C(2) such that Au = f does not admit any
C?-solution. Thus C(Q) is not a good function space for Poisson’s equation.

2. Holder Spaces. Let 2 be a bounded domain in R", let « € (0,1), and let f
be a function defined in €.

Definition. (1) For every Q' & Q, if there exists a constant Cq/, possibly
depending on €', such that

[f(@) = fWl < Carle—y[*  Va,ye,

then f is called locally Holder continuous with respect to « in 2. The set
of all such functions is denoted by C*().
(2) If there exists a constant C' such that

[f(@) = fWl < Cle—y[*  Vo,ye,

then f is called uniformly Holder continuous with respect to  in 2. The
set of all such functions is denoted by C'*(€2).

Remark. If f € C*(Q), then f € C(Q). If f € C*(Q), then f can be extended
continuously to Q.

Definition. For f € C%(€), define its Holder seminorm by

_ _ [f(z) = f)l _ (=) — f()]
e =Ulerer = S0 "o "0

For k € Z>, define

Cho(@) = {u e OF) | Vhu € 07 (@),
Ch(Q) = {ue C* Q) | VFue C*(Q)} .
For u € C**(12), define
k .
lull or () = ZS?ZP Vil Mullonn o) = lullorgy + [VFulon@)-
=0

Remark.
(C* @ Hlew) (CH @ lonaen)

are Banach spaces.
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3. Newtonian Potential. Let Q be a bounded domain in R™, and let f € L>().
Definition. The Newtonian potential of f in € is defined by

Wo,p(z) = / M —y)fy)dy, zcR",

where I' is the fundamental solution

1

— log ||, n=2,

2
F(.’L‘) == 1 9 n
—— |7 , n>3.
n(2 — n)wy,

Remark. Recall that I'(z — -) is L'-integrable near = by the fundamental-solution
estimates above. Hence W = Wq ¢ is well-defined in R".

Recall Green’s identity:

ou or
we) = [ ra=nsundy— [ |re-nGEe - ung -] s,

The Newtonian potential W is the first term of the right hand side of Green’s
identity.

Lemma. Let Q = By, and let f € L*>®(By). Set

W(a) = /B P(x — ) (y) dy.

Then

(1) W € CH(By), and

oW (z)= [ 0.T(z—y)f(y)dy.
By
(2)
||WH01(B1) < C(n) ||f||L°°(B1) :
Proof. Set
Vo) = [ o.Me-iwdy.  we B
B,

Since

02 T(z —y)| < C(n) |y — | ™",
we have 9,,I'(z —y) € L*(By). Indeed, if R > 0 and Bg(z) € By, then
[ ore-glay=[ jore-wid+ [ jare-y) .
B Br(w) B1\Br(z)
and the only possibly singular part is

R R
C’(n)/ ly—z|" " dy = C(n)/ / ly —z|' " dSy dr = C’(n)/ nw,r T dr < 0.
Br(z) 0 JOB.(x) 0

Thus V; is well-defined.
Step 1: construct a smooth approximation W, of W. Choose n € C*°(R) such
that
0§77§1a 77:0111(70031]7 77:11n[2a00)a
0<7n <100 inR.
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For every € > 0, define

Wg(x)sz (=) f(y)dy, Telw—y)=T(@ -y, ”€:"<Ix2y>'

Then W, € C*°(B;), and

0W-() = [ 0. (T ) dy
B,
Step 2: as e — 0,
We =W in OO(El), &WE — V; in CO(El)

Then conclusion (1) follows from Step 2.
It remains to prove the convergence. We only write the proof for n > 3; the case
n = 2 is similar. First,

W) - W(a)]| < / (1 — ) |F W) dy

B1

<l | ey
2T

e

2e
<O iy [ 770 dr < CO) iy =01
Also,
OVo(o) ~ Vi) < Wiy [ 100 (L= m)] dy

2¢ ()

100
lmimy [, (10r14 22000 d
Bae () €

< CO) 1]l o () € = O-

Thus Step 2 holds.
For (2), for every © € By,

W (@) < 1l 1= 51, /B 0] dy < Cn) 1]l (5,

and
W (@) < I e, /B 9T dy < C) [l e,y -

Therefore
Wiz £ C) 1fll ey -

Lemma. Let Q= By, and let f € C*(B1) for some a € (0,1). Then
(1) W € C*(By), and
- f(x)/ Oz, T'(x — y)vi(y) dS,,. (*)
0B,
Moreover, AW = f.
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(2)
||WHC'2(31/2) < C(a,n) ||f||Ca(Bl) :
Proof. For (1), set Vi;(z) to be the right hand side of (x). Since f € C*(By),
[f(y) = f(@)] < [floe sy lo —yl*

Hence

00,2, D@ = y)(f(y) = f(2))| < C()[flcacs) v —y|*" € L' (By),

because
R
/ |z —y|* " dy = / C(n)r"~r*="dr < oo.
Br(z) 0

Thus V;; is well-defined in B;. Notice that |z —y|™" ¢ L'(Bj), so the assumption
f € C%(By) is important.
Step 1: smooth approximation Vj. of 9;W. For every € > 0, define

Vie(z) = : 02, T'n-f(y) dy,

where 7. is the same function as in the previous lemma. Then
iVie(x) = /B 1 O, (02,0 n2) f(y) dy
_ /B e, (02,7 0) (1)~ 1) dy
+ /() /B O, (0T ne) dy
- /B e, (02, 0) (1)~ 1) dy

- f(x)/B Oy, ((%CJ.F’/]E) dy.
Since 0, I'ne depends only on x — y,
O, (aacjr'r]a) = _ayi (‘%@Fns) .

Therefore

O Vye(w) = /B B, (0, 2) (F(y) — F(x)) dy

— anF Ne Vi dS,U
0B,

Step 2: for every r € (0,1), as € — 0,
Vje — 8JW, &Vje — Vij in C’O(Er).
Indeed,

Vie(x) — ;W (2)] < ||f||L°°(Bl)/B : 100,01 = n.)| dy < C(n) || fll e 3,y € — 0.

2e (T



INTRODUCTION TO PARTIAL DIFFERENTIAL EQUATION 33
If e < 1(1—r), then n. =1 on B for « € B,. Thus

|0iVje(x) = Vij(2)] < /B » |02, (02,0 (1 = ne)) | 1f () — f(2)] dy

100 «
< [f]C“(Bl)/ <|6aczacjr| + — |axjr|> |y - 17| dy
BQE x €
< C(n,a)[floe()e® — 0.
Hence Step 2 gives W € C?(By) and 9;;W = V;;.
Step 3: AW = f. Summing the formula for V;;, we obtain

AW(@) = [ AT —y) () — f(@) dy — F(z) /8 0. = yul)dS,

By

:0+f(x) auyr(x_y) dSy :f(x)a
9B,

where the last identity is the normalization of the fundamental solution.
For (2), let x € By 5. From (),

0, W ()] < / 1000, T — )| 1£(w) — 1)) dy

B

+|f(m)|/aB 10, T(x —y)| ds,

< Clfloaay) /B ly = 2| dy + C@) 11| (3, /aB ly — 2| ds,

< Cla,n)[flees) + C) [ fll e 5,y < Clasn) [ fllcas,) -
Combining this with
Wllcrsy < C0) 1f L s, »
from the previous lemma gives

||WHC2(BI/2) < C(a,n) ||f||ca(31) :

6. PoIssON’s EQUATION AND NEWTONIAN POTENTIALS 11
Recall. We recall the main objects from the preceding lecture:
Bu=j.  W=Way= [ T@-niadn
When Q = B; and f € C%(B;), we proved
WeC B, oW = [ 0T d,
1

and
Wil g,y < C0) £l s,) -
We also proved
W € C*(By)s),

DWW ()= [ e Tla — ) (f () — f(2) dy — f(2) /a 0T s,

B
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and

HWHCQ(BI/Z,) < Cla,n) || f] Ce(By)*

How should one understand the second derivative formula? Formally one would
write

0, W) =" [ 0T =) s do
But V2T ~ |z —y|™", and for © € By s,

VI (x —y)| dy > —/ |z —y|™" dy = —/ nwypr™ T dr = +oo.
/B1 | ’ C(n) By a(z) Cn) Jo

Thus the expression must be rewritten as

W (& /B Do, T — 1) (f () — [ (x)) dy

By
The second term is interpreted by integration by parts:

z) /B Ty dy = 1@ /B 0,00, (a=3) dy = ~1(2) /8 | OnTa=y)ds,

1. C?*-Regularity and Estimate of W.
Lemma. Let Q= By, and let f € C*(B1) for some a € (0,1). Then
W e C**(Bip),  Wleaas,,,) < Clasn)[Ifllcas,) -
Proof. Let x',z" € By /s, and set
r=lz' —a"|.
It is enough to prove
10i;W (2") = 0;;W (") < Cla,n) ([ fllgo(m,) 7

Together with the C?-estimate for Newtonian potentials above, this gives the de-
sired estimate.
Case 1: r > i. Then

0 W (') — 0, W (@) < 2 [ Wl 0y < 21 W lon(, ) 4°7°
< C(a,n) ||ch<~(Bl) re.
Case 2: r < %. Let
¥ = %(Jc' +12")
be the midpoint. Using the second-derivative formula for the Newtonian potential
at 2’ and 2", write

i W (') — 0y W (x Zlk,

where

I = f(a") /8 (0T ) = 0T = ), dS,,
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I = (f(&) - [(=")) /6 0T~y S,

I :/ Ov,a, U — ) (f(y) — f(2)) dy,
B, (z*)

- / Opve, D" — ) (f(2") = F(y)) dy,
B, (x*)

b= ()~ fE) [ T )y

and

Is = / (0,0, D(2" —y) = 00,0, T (=" — ) (f(y) — f(2")) dy.
B1\B,(x*)

The new goal is
6
Z k| < Cle,n) [ fllga(my) 7
k=1

For I, the mean value theorem gives a point T € x’x” such that

10:, (" —y) = 02T (2" —y)| <|VOT(@ —y)l[2" — "]

Hence

1] < Hf“LOO(Bl) T/ |V2F(E—y)’ dSy
OB,

<Nl pee () e C(n) [ —y|™" dS,
0By

< Cla,n) [ fllee(s,)

<

W=

because z',z"” € B3, T € Bys, and r <
For I,

12| < [ fllga By |02, T'(2" —y)| dSy < C(n) ||f||ca(Bl) re.
(B1) 9B,

For I3, since B,(z*) C Bs,2(z') C By,
BI< [ 0, )] ) - 1) dy
B3y a(z’

—n+a
<CON ooy [ ly=al " dy
B3y 2 z’)
< Clayn) | fllga(pyy -
The same argument gives

(L] < Cle,n) [ fllgegm,y ™

35
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For I5, we first estimate

/ awiwjr(x/ - y) dy
Bl\BT(I*)

= ‘—/ 0y, 03, T(2" — y) dy
B1\B,(x*)

= —/ 0z, T (2 —y)vi dS,
O(B1\By(z*))

S/ |0, (" —y)| dS, +/ |0, (" —y)| dS,.
OB (x*) 9B,

For y € 0B, (x*), one has

and for 2’ € By, y € 0By, one has [2' —y| > 5.
Therefore

C(n)r'="ds, + / C(n)dS, < C(n),

aBT((E*) 0B

and consequently
[I5| < [f(2") = f(2")| C(n) < C(n) I fllga(p,) r™-

It remains to estimate Is. By the mean value theorem, there exists T € x'x”
such that
‘aﬁﬂjr(l‘/ - y) - 8ﬂﬂz‘ﬂﬂjr(xl/ - y)|

< |V, D@ — )| o' — 2| < C(n) ————.
ly — 7|
For y € By \ B,(z"),
1" * * 1 * r 3 *
y—a"| <ly—a'|+la* =2 = ly—a'| + 5 < Sly—a'l,
and .
ly—2| > ly—2*[—|z" =2 > |y—2*[—r> §|y—w*|~
Thus ,
— X
<o [ HOZIE,
B\B,(z*) |y — 7|
ly — |
< CO) fllonmy [ ol
B0 B @y [y — 2"
xja—n—1
< Cam) oy | ly— 21" dy
Ba(z*)\Br(z*)
2
< Cla,n) [ fllge(sy) r/ s> ds < Cla,n) |fll o (s, -
The lemma follows. O

Theorem. Let a € (0,1), and let f € C*(By). If
u € L®(By) N C*(By), Au=f in By,

then
u e C2’a(§1/2),
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and
Fullcaa s, ) < e ) (el ey + 1l -
Proof. Let W be the Newtonian potential of f in By. Then
AW = f in By, W e C'(B1) NC*>*(By2) N C*(By),
||WH01(31) < C(n) ”fHLOQ(Bl) ) ||W||cw(31/2) < C(a;n) ||cha(Bl) :
Define
V=u-W.

Then

AV=Au—- AW =f—f=0 in B;.

Thus V' is harmonic, and hence V € C°°(Bj) by the smoothness of harmonic
functions. By the derivative estimates for harmonic functions,

IVllenamy ) < Clem) IV laas, ) < Clarm) IV o ) -

Sinceu =W 4V, o
u € 02’Q(Bl/2)a

and
[ullezam, ) < IWlezas, ) T 1VIezas,,,)
< Cla,n) [ fllga(py + Cla,n) [Vl e p,)

< C(ayn) gy + Clesn) (Il g o) + W s,

< o) (Iflugy + Nl s,)) -

Corollary. Let a € (0,1), and let f € C*(Bgr(zo)). If
UELOO(BR(.TO))mCQ(BR(fEO)), Au=f in BR(.TQ)7
then u € C*(Bg/s(w0)), and

[ull oo (B a (@) T BNVl Lo (B o @)y + R? Hv2uHL°°(BR/2(wO))
+ R*T VU ca (B a(20))
< C(a,n) (HUHLOO(BR(zO)) + B2 fll oo (Br(aoy) + R2+a[f]C0‘(BR(acg))) .
Proof. After translation, assume xg = 0, so Br(zo) = Bg. Define
ugr(r) =u(Rz),  fr(z)=f(Rr), € B.

Then
A'LLR = R2fR in Bl.

Applying the previous theorem gives

() HURHCZQ(BI/Z) < C(a,n) (HURHLOO(Bl) + ||R2fR||C(y(Bl)> .
For (x), compute
LHS = Hu||L°°(BR/2) + RHVUHL“’(BRQ) + R HVQUHLOO(BR/z)

4 R2+Oc [v?u] CQ(BR/Z) ,
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and
RHS = C(a,n) (”uHLOO(BR) + B2\ fll e () + RZM[f]C@(BR)) :

This is exactly the desired estimate. ([

Corollary. Let Q be a bounded domain in R™, let f € C*(Q), and let a € (0,1).
If
u € L=(Q) N C%N), Au=f inQ,
then
u € C*%(Q).
Proof. For ' € Q, set
d = dist(9,090) > 0.

It is enough to prove

sup |0iju(x") — Oiju(z”)]
2z e |$/ - ‘r//la

z 75LE//

Case 1: |2/ — 2| > d/2. Then

< +00.

|0;u(z’) — diu(x")] < 2 ||v2u||L°°(Q/)
|z’ — 2| - (d/2)
Case 2: |2/ — 2| < d/2. Then

2" € Byjs(ax') C Ba(x') € Q.
By the previous corollary,

|0;ju(") — Oiju(z”)]

< [V2Ulca(B,y(a)

|LL‘/ _ x//la
C(a,n) o
S e (”uHLOQ(Bd(m’)) + | fll oo (Bay(aryy + AT [f]ca(Bd(z')))
C(a,n) o
S e (HUHLOO(Q) + (| fll poo 0y + 47 [f]CQ(Q)) < oo.

O

2. Dirichlet Problem.

Theorem. Let o € (0,1), let

[ € C%(Bgr(x0)), ¢ € C(0Br(x0)).
Then there exists a unique solution
u e C(BR(!E())) N CQ’Q(BR(JJQ))
of the Dirichlet problem

Au=f in Br(xo),
u=¢  on IBgr(zo).
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Proof. After translation, assume xg = 0.
First consider the special case R = 1. Let W be the Newtonian potential of f in
B;. Then -
AW = f in By, W e CY(B,) N C**(B,).
By the solvability of the harmonic Dirichlet problem in balls, there exists a solution
V € C(B1)NC%*(B)
of the harmonic Dirichlet problem
AV =0 in Bl,
V=p—W onodB.

Moreover V € C*°(B;) by the smoothness of harmonic functions. Set

u=V+W.
Then
Au=AV +AW = f in By,
{U—QOW+W—§0 on 0By,
and

u e C(El) N CQ’O‘(Bl).
Uniqueness follows from the maximum principle.
For the general case, use scaling. Define

ur(z) =u(Rz),  fr(z)=f(Rz),  ¢r(@)=¢(R), x€Bi.
Then the problem

(*1) {Auf in Bp,
u=¢ ondBpg
is equivalent to
_ p2 :
(*2) Aup = R°fr in By,
UR = PR on 0Bj.
The special case gives a solution ug of (¥2). Then
x
u(x) = ug (R)
solves (x1). Uniqueness again follows from the maximum principle. [

7. SCHAUDER THEORY I: WEIGHTED NORMS AND INTERPOLATION

Recall. We have proved the C?%regularity and estimate for the Newtonian po-
tential, and the following estimate for Poisson’s equation in balls. If « € (0,1),

f € C*(Bgr(xg)), and
u e LOO(BR(LL'())) n CQ(BR(LL'())), Au=f in BR({L‘()),
then u € C?%(Bp/2(o)), and

R HVUHLO"(BR/z(wo)) +R? HVQUHLOO + R2+a[v2u}ca(BR/2(I0))

(Br/2(%0))
< C(a,n) (HUHLOC(BR(QCO)) + R (| Fll oo (B (o)) T+ R2+a[f]C"¢(BR(I0))> :

We also proved the Dirichlet problem for Poisson’s equation in balls.
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Definition. For k € Z>, a € (0,1), define the weighted norm

k
||uH*Ck‘“(BR(£v0)) = Z R HvluHLoo(BR(wo)) + RkJra[Vku]C“(BR(wo))'
i=0

Also set
[l crBreoy = Iulcro@aioy NulcaBr = 1ullcos@atn) -

With this notation, the preceding estimate can be rewritten as follows: if a €
(07 1)7 f € CQ(BR(:EO))) and

u e LOO(BR(.T())) n CQ(BR(.T())), Au = f in BR(xo),

then
U € CQ’O‘(BR/Q(xO))
and
ol (B sy < C@sm) (Il (Baanyy + B2 1 N (Bacany ) -
Our goal is to generalize the above theorem to

LU:f, L:Zawanerl&Jrc
.7 g

1. Interpolation Inequalities.

Lemma. Let o € (0,1), 7 € (0,1), and

u e C>*(Bp).
Then
(1) R [ulon () < Clan) (TRIVUl o (g + 0l g 5 )
() TRIVullpm gy < Clasn) ((FR) T [Vulon (s + [0l g (2
and

() TRIVul e py < Clan) (R V0] e ) + il ) -

Proof. By scaling, assume R = 1.
For (1), take 2/, 2" € B;. If |’ — 2’| < 7, then by the mean value theorem,

|u(z") — u(z")]

|33/ —.%‘”‘a

11—« —«
< ||VU||L°°(31) |z — 2| < HVU’”LOC(Bl) 7!
If 2" — 2"| > 7, then
lu(z’) —u(z")| _ 2lullpe(s,)

|$/ _ x//|0‘ T
Therefore

[ulon By < 7 IVl o (5 + 27 [l o 5,
which is (1).

For (2), fix © € By. Set
e .
||

and if x = 0, choose € = (1,0,...,0). Let
S = {a is a unit vector | Z(a,e) < w/4}.
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For @ € S, define
Tr =T+ Ta.

Then z, € By and |z, — x| = 7. By the mean value theorem, there exists T € Tz,
such that

— 2 ||| 7 oo
()] = lu(z,) — u(z)| - flull g (B
|z, — x| T
Moreover |T — z| < |z, — x| = 7. Hence
|Ogu(x)| < |0gu(T)| + |0au(T) — Ogu(z)]
< 27’*1 ||UHL°°(31) + To‘[vu]ca(Bl).

If Vu(z) # 0, we choose @ € S such that

Z(a, Vu(z)) < 7 o Z(a,—Vu(x)) < T
Then )
|- Vu(z)| > 7 [Vu(z)|.
Thus
(*) IVu(@)] < V2[0qu(@)] < 2V277 ull poe (5, + V2T Vil 0o (8y).-

If Vu(x) = 0, the desired estimate is immediate because the right hand side is
nonnegative. This proves (2).
For (3), repeat the same construction with z, = x+7a. The mean value theorem
again gives
2 HUHLOO(Bl)
T

|Ogu(T)|
for some T € Tx,, while
|0zu(z) — Ozu(T)| < T HVQUHLOO(Bl) .
Choosing @ as above yields
Vu@)] < 2V277 [ull oo (3, + V27 V2] oo, -
Multiplying by 7 proves (3). O
Corollary. Let o € (0,1), 7 € (0,1), and u € C**(Bpg). Then

2

1
Z(TR)Z’ "Vi“HLoo(BR)""Z(TR)”“[VW]CO‘(BR) < C(ayn) ((TR)2+O‘[V2U]CQ(BR) + \|u||LOQ(BR)) .
i=0 i=0

Proof. By scaling, assume R = 1. For example, we prove

(*) 7'2 HV2UHLOO(BI) S C(O[,n) (7-2+0‘[V2u]ca(B1) + Hu||L°°(Bl)) .
Apply Lemma (2) to Vu:

HVQUHL‘X’(Bl) < C(a,n) (7“[V2u]ca(31) 4+t ||VUHL°°(Bl)) .
Apply Lemma (3) to u:

IVl e ) < Clasn) (F[920]| ) + 7 0l ) )
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where T is to be chosen. Hence

HV%HLM(&) < C(a,n) (Ta[vzu]ca(Bl) + T_I?HV?’LLHLOO(BH) + ()7t ||u\|LW(Bl)) :

. T
T= 2C(an) € (0,1).

Then the middle term is absorbed into the left hand side, giving (). The remaining
estimates are obtained in the same way. [
Corollary. Let o € (0,1), and let € € (0,1). Then
(**) lullge (g < RPNV ulon(mr) + Cle, ,n) [full poo . -
Proof. By the previous corollary,

2

SR [Vl 5y < Clevm) (PR [Pl + 0l 5) -
=0

For 7 € (0,C~(a, n)),

2 2
||“H*02(BR) = ZRz HVZUHLOO(BR) <77 Z(TR)Z ||Vzu||L°C(BR) ’
i=0 =0

Therefore

lullea gy < Clasn)T RV ulca ) + Clonn) 772 ||ull oo gy -
Choose 7 such that C(a,n)7* = ¢, and (*x) follows. O
2. Extremely Special Case.

Proposition. Let A = (a;;) be a constant symmetric matriz satisfying
A, < A<AIL, AA>0.

If
’U,ELOO(BR)QCQ(BR), Zaijaiju:f mn BR,
‘7j

equivalently
tr(AV?u) = f in Bp,
where f € C%(BRr), a € (0,1), then
u € CQ’Q(FR/Q),
and
il e < CONA @) (el ) + B2 1 N ) -

Proof. By scaling, assume R = 1. There exists an orthogonal matrix P such that

PAPT = diag(\1,..., \n), A<\ <A
Define

D =diag(A\{2,... A\, Q=DP.
Then

QAQ" =1,, Q'QTT=A

Consider the map = — Qz, and denote Q(B) by an ellipsoid. Define

ug(r) =u(@7'z),  folz)=f(Q7'2),  wx€Q(B)
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Then
Aug(z) = tr(Viug(z)) = tr (Q T Vu(Q 'z)Q ")
= tr (Q*IQ*TV%L(Q*%)) =tr (szu(Qflx))
= Zaijaiju(Q_lx) = [(Q'z) = folw).
i,J
Moreover
|Qsc|2 =27QTQu = 2T A ',

)

A2 2| < Qx| < A2 x|
For Q(By/2) € Q(B1),

) Afl/z
d(Q(Bi/2),0Q(B1)) > A~Y2 dist(B, 2, 0B;) = o
Set
A71/2
T=—

There exist N = N(A\, A, n) and

Y1,---, YN € Q(B1)2)
such that

N
Q(By2) C U By 4(yi)-
=1

Notice that B, (y;) C Q(B1). Apply the previous Poisson estimate to B, (y;).
Then
uQ € Oz’a(Bw/z(yi))
and

) lQlEnegs, o < ) (lual s, ) + 72 1 allbe s, g

We claim
N

N
[V2uQloa(qs, ) < Cl@) (Z[Vzudmwwwi» Y ||“Q|L°°<sz<yi>>> :
=1

i=1
Combining (), the claim, and the interpolation inequality gives
ug € C**(Q(By)2)),

and

lugllca.c g, ) < Cerm7) (el @,y + Ifellon@us)
Returning to the definitions of ug and fqg, we get

u e CQ’Q(E]_/Q)
and
lulloa.ags, ) < COA @) (e s,y + 1 lcaga)) -

The corresponding weighted estimate for general R follows by scaling.
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It remains to prove the claim. Let
N

o', 2" € Q(By2) C U By ya(yi)-
i=1
Assume 2’ € B /4(yr)-
Case 1: if 3
/ "
_ < L
[ =271 < 1550

then 2" € B, /(yx). Hence
Vuq(e) - VPug(a")]
|33/ _ x//|(¥

Case 2: if

N
< [V2uglen (s, a0 < DIV uQloe(5, 2
i=1

noo
71> Tog7

|2/

then 2" € B, /4(y,) for some £, and

|V2ug(z') — Vug (") - ||v2uQHL°°(B,Y/2(yk)) + HVQUQHLM(BWQ(W))

|2’ — 2| - (7/100)

N
< Clan™ Y IVl 5 iy

i=1
By the interpolation inequality, the last term is bounded by

-2

N
clar 3> ((3)" 17%alo o, + (3) Melimes, i)

1=

which proves the claim.
3. Special Case: Small Oscillation.

Proposition. Let

Lzzaijaij-f—Zbiai—f—C, aij,bi,CECa(§R>7 a € (0,1),
i i

and suppose
M, < (aij) < A[n, )\,A > 0.

Assume the weighted coefficient bounds

laiilcasny s BlIbillga s> B llce s < A
Suppose
u € L°°(Bgr) N C*(Bgr), Lu=f in Bg,
for some f € C(BRr). Then there exists
e=¢e(A\ A a,n) >0

such that if

sup |agj(2") —ai;(2”)| < e Jor all i, j,
z',x'"€BRr

then
u € C’2’°‘(§R/2),
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and
il ) < COA 1) (Il ) + B U ) -

8. SCHAUDER THEORY II: INTERIOR ESTIMATES
Recall. We recall the interpolation inequalities and the extremely special case of
the Schauder estimate. If A = (a;5) is a constant symmetric matrix,
A, < A<AIL, AA>0,

and
UELOO(BR)QCQ(BR), Zaij&ju:f in BR,
1,7

with f € C*(Bg), then
u e C27a(ER/2)
and
ol iy < OO 0m) ([l gy + B2 1 i) -
The goal is to generalize this result to Lu = f.

3. Special Case: Small Oscillation. We continue the small oscillation proposi-
tion from the preceding section. Let

L:Zaijaij+2b18i+c, aij,bi,CGCQ(ER), o€ (0, 1),

and assume

My < (aij) < Ay, Hainga(BR)v RHbi”?}a(BRp R? ”CH*ca(BR) <A

Suppose
u € L*°(Bgr) N C*(BRr), Lu=f in Bg,
for some f € C*(Bgr). Then there exists ¢ = (A, A, a,n) > 0 such that, if

sup  [ai; (') —ai;(2")] <,
x’' . x""€BRr

then o
u e 02’Q(BR/2)
and
ol iy < OO 0m) ([l gy + B 1 i) -

Proof. By scaling, assume R = 1. In general the scaling is
ag-(x) = a;j(Rzx), bf(w) = Rb;(Rx), cR(a?) = R?*c(Rx),
ur(z) = u(Rx), fr(z) = R?f(Rx),
LR = Zaﬁ@lj + Zbﬁ@l + CR.
i, i

Then Lu = f in Bpg is equivalent to

and

LR’LLR:fR in Bl-

It is enough to prove

(Coal)  [Vulon(s, ) < COLA @) ([l s,y + [l ) -
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Together with the interpolation inequality, this gives the proposition.
From Lu = f, we write

(*) Z a;;(0)diju = f,

where

f = f — Cu — szazu — Z(ai]‘ — aij(O))aiju.
i ij
Apply the extremely special case to (x) in B, C B;. We get

e, ) < COVA ) (il + 7

ca(Bn) '
We estimate f. For V,W € C*(By,),
[VW]C“(BT) < [V]CQ(BT) HWHLOO(BT) + ”V”LOO(BT) [W}CQ(BT)'

Hence
[flees < flees,) + e lull g, + el g s, [Wees,)
+Z iloo B IVUll oo 5, +Z 1bill e (5,) [VUlco (B,

—1—5 aw a” Ca

+ Z lai; — ai;(0 HLoc(B ) [v? ulca(B,)-

By the assumptions,

laisllasy > Willeags,y s lelonmy <A lla — a5(0)ll s,y < e
Therefore
T‘QJFOC[VQU}COL(BT/Q) S C (7’2 ”fHZ'”(Bl) + ||UHZ'2(B7) + 8T2+a[v2u]ca(3’v)> .
Using the interpolation inequality above,
[ullez(p,) < er* e [V2ulcas,) + Cle, an) ull g g, -

Thus
(1) 7‘2+a[v2u]0"(3”2) < CET2+‘1[V2u]Cc¥(BT) +C ”fHCa(Bl) + C. HUHLOO(Bl) .
By the same argument, this holds for any ball B, (z¢) C Bs:
(1)

2+Q[V2U]CQ(BT/2(:EO)) < OET’2+O‘[V2U]C”(BT(w0)) +C ||f||CQ(Bl) + C. HUHLN(BI) .
Define

K =sup {T2+a[v2u}0"(3r/2(9}0)) | BT(CCO) C Bl} .
For every B,(zg) C B, there exist N = N(n) and
Yi,--- YN S BT/Z(xO)

such that
N

r/2 J)o UBT/IG yz)

i=1
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Apply (1) to B,4(y;) C Bi. Then

r\ 2+a 9 r\ 2+a 9
(5) V2o C= () IV2ulons, @ +C IS len ) +Ce 1l g ) -

The same covering argument as in the extremely special case gives

N
o r\ 2ta
PP VU (B, (e < CEY (Z) [VEulces, /aw)

i=1
+C Hf”ca(Bl) + Ce ”uHLoo(Bl) :
By the definition of K and B, 4(y:) C Bx,
T2+a[v2u]cu(3,,,/2(zo)) <CeK+C ”fHCO‘(Bl) + C. ||u||Lw(Bl) .
Taking the supremum over all B,.(x¢) C B,
K < CeK + C||fllgap,) + Ce llull oo (5, -

Choose
1

EZ%.

Then
K <Cflgas,) + € lullp(s,) -
By the definition of K, for every r € (0,1) with B, C By,
T2+Q[V2U]Ca(3r/2) <C ||f||ca(Bl) +C ||UHL<>0(Bl) :
Letting » — 1 gives the goal. (I

4. General Case.

Theorem. Let
L:Zaijaithz:bi@ﬂrc, aij,bi,CGCQ(ER), o€ (0, 1),
i,j i

and suppose
M, < (aij) < A.[n, )\,A > 0,
laijllea gy » BIDilCa s> B IEGa(sm) < A

If
u € L>(Bgr) N C*(Bgr), Lu=f in Bg,

for some f € C%(Bg), then
u € C**(Bpy)
and
il ) < OO ) (Nl () + B2 1 i) -

Proof. By scaling, assume R = 1. For any B, (x¢) C B,

sup |aij (@) — a;j(2")] < [aijloe(m) | — 2'|" < A(2rg)*.
z,2' €Brg (20

Choose 19 € (0,1) such that
A(Q’f‘o)a =g,

where ¢ is the constant in the small oscillation case. Then

ro =7ro(A A, a,n).
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Apply the special case to By, (zg). This yields the local estimate on balls of radius
ro/2. It is enough to prove

V2t ey < OO A a,n) ([l g,y + Il ) -
because the interpolation inequality then gives the theorem.
Choose N = N(n,rp) and
Yi,---5YN € Bl/2

such that
N

By C U Bro/s(yi)~
i=1
By a covering argument as before,

N
[VZU]C“(Bl/z) < CZ ([V2U]CQ(BTO/2(yi)) +rg?T® ”u”L@C(BTO/Z(yi)))

i1
< Cllullpoepyy + Cllfllcas) -

1. C%*“-Regularity and Estimate in Domains.
Theorem. Let 2 be a bounded domain in R™. Let
L:Zaij&j+2bi8i+c, aij,bi,ceCa(ﬁ), (S (071),
ij i

and assume
)\In S (azj) S AIna )‘7A > 07
laijllcagay s Millcaiqy s llellca@) < A

I
! u € L=(Q) N C%(N), Lu=f inQ
for some f € C*(Q), then
u € C**(Q),
and for every Q' € Q,

||u||02~a(sz/ <C (||UHL°C(Q) + ||cha(Q)) J
where
C = C(Y,dist(,00), \, A, a, n).
Proof. Set
d = dist (', 09).
There exist N = N(£,d,n) and points
Y1, YN € Q/

such that
N

Q c U Bd/4(yi)-
1=1

Apply the Schauder estimate in balls to By(y;) € 2. Then

lullom oz at < C@A A ) (lull gy + 1 lomgay ) -



INTRODUCTION TO PARTIAL DIFFERENTIAL EQUATION 49

Using the same covering argument as before, and since ' is arbitrary, we obtain
u € C%(Q) and the estimate. O

2. Weighted Holder Norms. Let € be a bounded domain in R™. For z,y € €,
define
d, = dist(z,09), dyy = min(dy, dy).
For k € Z>¢, a € (0,1), and o € R, define

k
[ulck@) = sup A |VEu@)],  ulloxy = Do @)
r i=0
Also
”uHCU(Q) = ||U||cg(9)~
Define | . (@) . ( )’
Viu(x) — V7u(y
U] w0y = sup ditete = ,
R e
zH#Y
and
”“Hc{jva(g) = Huncg(ﬂ) + [u]cﬁv“(g)-
Set
||u||cg(sz) = ||U“cgva(g)-
Finally,
Ch(@) = {u e @) | ullgy(q) < oo}
CEo(@) = {u e (@) | ullgpegqy < o0}
Remark. (1) o may be negative.
(2)

(. Hos) . (CEH@. ey
are Banach spaces.
(3) If 0 > 0, then

WVllce @) < Wllca@ 1V llce g -
3. Schauder Estimate Revisited.
Theorem. Let Q be a bounded domain in R™, and let o, 8 € (0,1). Let

L:Zaijaij+zbiai+c7 aij, bi,c € C*(Q),
i i

and assume
)\In < (aij) < AIn, )\,A > 0,
laijllca ) [1Billoai@y, lellga@) < A-
If u € C*() satisfies
Lu=f inQ
for some f € C*(QY), with

HUHc,ﬁ(Q) 5 ”f”c‘ng(Q) < 00,

then
lulleais oy < COVA @, B (el o + 1 ez e ) -
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Proof. For x € €, set
d, = dist(z, 0Q), d= d?w

Apply the Schauder estimate in balls to Bg(xz) € Q. We get
‘Vzu(x) — V2u(y)|

d|Vu(z)| + d* |[Vu(z)| + d*T* sup

yEBa(z) |$ - Z/|CV
y#T
— z
<o| sw ju@)l+d swp [f@)]+de sp LW ZTE
yeBa(x) yeBa(x) y2€Ba(x) 1Y~ 2

y#z

For y, z € By(z),
d < dy,d, <3d.

Multiplying both sides by d;# gives

\v& - V2
08 [Fula)| + 2 [Vula)| + v s [ = V)
veBy() lz =y
YFx

_ _ a_glfly) = f(z
<c| sw &P+ sw 2w+ sup ates W ZIE
y€Ba(2) y€Ba(z) y,zeidu) ly — 2|
y#£z

< 0 (lelle oy +1flleg ) (1)
Thus

2) lullez ) < € (o @) + 17 llcg_ ) -
It remains to control
[U]c%g(szy
Let z,y € Q.
Case 1: if |z — y| < d, /2, then y € By(x), and by (1),

os | V2u(z) — V2u(y)
d?y 5‘ P—g ’ <C (HUHC,L;(Q) + H'f“cg—ﬁ(ﬂ)) ’

Case 2: if |z — y| > d,/2, then
’V2u(x) — Vju(y)‘ < b |V2u(x)’ + ‘Vzu(y)‘
lz -yl - (ds/2)>
< 4%[%;5 (‘V2u(m‘)‘ + ’Vzu(y)’)
< 4@ (di_ﬁ ‘V2u(ﬂj)| + dz_’g |V2u(y)’)
<2-4%lulloz (o -

24+a—p
d 'Y

Using (2), this is bounded by

C (lulloy + Ifllcs o) -

Therefore

(3) [Wlozs o < C (Iulle_uio + 1fllog @) -
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Combining (2) and (3) proves the theorem. O
Corollary. Let o, € (0,1), let B = Bgr(xo), and let

L= Zaij&j + Zb,&z +c,
i i

where
aij, bi,c € C*(B), M, < (ai) < AT, c<0,
and
laisllon s » Nbillemm - lelengs < A
If
u e C(B)NC*B)
satisfies
Lu=f in B,
u =0 on 0B,

for some f € C*(B) with
||f||020<75(3) < o0,
then
||U||civg(B) <c ||f||cgﬁB(B) )
where

C = C(A7A’ a’ ﬂ7R7n)'
Proof. The previous theorem gives
(1) lulloze s < € (Wlle_ye + 1 les o) -

By the boundary estimate obtained from the maximum principle,

supd, ? Ju(z)| < Csup d>=P | f(z)|.
B r€B

Hence
(2) lulle_,my < Cliflle, o) -
Combining (1) and (2) proves the corollary. O

9. SCHAUDER ESTIMATES AND REGULARITY

The preceding arguments only prove the Schauder estimate. They do not show
any C?®-regularity. Furthermore, there we used a C?%-assumption in places where
one should replace the C? assumption by a C?®-assumption. Actually, the C?-
assumption is enough. This will be proved below.

At this point, what has been proved is the following.

Proposition (Special case: small oscillation). Let

L:Zaij&-j—i—Zbi&-—i—c, aij,bi,ceCa(§3)7 [ RS (0, 1)7
i i

and suppose

My, < (ai;) < Ay, ||aij||2a(§R) +R ||biH*CO<(§R) + R’ HC”*C‘*(ER) <A
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If u € C*%(BR) satisfies Lu = f in Bgr for some f € C%(BR), then there exists
e =¢e(\, A, a,n) > 0 such that, if

sup  [ai; (') —ai;(2")] <e,
z',x'"€BRr

then
ol 5y < OO A 0) (] g ) + B2 1)

Remark. The regularity assumption v € C*%(Bgr) guarantees that f € C*(BRg)
and the constant K used in the proof is finite. But this assumption can be replaced
by a weaker assumption as follows.

Proposition. Let L be as above. Suppose
uELOO(BR)ﬂCz(BR), Lu=f in Bg,
for some f € C*(BpR). Then there exists € = ¢(\, A, ,n) > 0 such that, if

sup  [ai; (') —ai;(2")] <,
z',x'"€BRr

then u € C**(Bp/2) and
il iy < OO 0 m) ([l ) + B 1) -
Proof. For every r € (0, R), we have u € C%%(B,.). The previous proposition gives

lulne s, ) < COA ) (s, + 721 e,y -
Letting » — R proves the proposition. O

Theorem (General case). Let

L= a;dij+Y bidi+c  ajb,ceC*Br), ac(0,1),
— -

and assume
My < (aij) S Ay laigllga gy + RIbillca gy + B2 llellca gy < A
If
u € L®(Br) N C%*(Bg), Lu=f in Bg,
for some f € C%(BR), then

il iy < COA ) ([l gy + B 1l ) -

Theorem (Schauder estimate in domains). Let Q be a bounded domain in R™, and
let
L:Zaij@j—i—Zbi&-—i—c, aij,bi7c€C"(ﬁ), [ AS (071),
¥ ;

with
M, < (ai;) < ALy, laijllcagay s 10illca(q) s llellcag) < A
If u € L>®() N C?(Q) satisfies Lu = f in Q for some f € C*(Q), then for every
Q' e€qQ,
lullgza @y < € (Il ey + 1 llcaay) -

where

C = O(Q,dist(Q,00), A\, A, o, n).
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Theorem (Schauder estimate revisited). Let Q be a bounded domain in R™, let
a, B €(0,1), and let

L:Zaij&j—kzmai—i—c, aij,bi,ceC“(ﬁ),
— -
with
My, < (a5) < Ay, ||aij||ca(Q)7 [illcaqy s Nellgaqn) < A
If u € C*%(Q) satisfies Lu = f in Q for some f € C*(Q), and
lulle_, @) + ||chgfﬁ(sz) < 00,
then
el iy < COVA @, 8m) (el oy + 1fllcs @)

In particular,
2,«
u € C—B (Q).

Corollary. Let B = Bgr(zo), o, 3 € (0,1), and let
L:Zaijaij -‘eriai—f—C, aij,bi,c € CO‘(FR).
ij i

Assume
My < (aiy) <ALy aijllcaipyy s IVillcas  lellcapy <A ¢ <0.
If u € C(Br) N C*“(Bg) satisfies

Lu=f in Bg,
u=0 on OBR,
for some f € C*(Bg) with
||f||C’;7ﬂ(BR) < 0,
then
u € C*5(Bg)

and
[ulleza gy < CRA N asn) (| flleg (5 -
10. DIRICHLET PROBLEM IN BALLS
Zero Boundary Value.
Theorem. Let
L= Zaijaij + Zbiﬁi + ¢, aij,bi,c € C*(Br), a,B€(0,1),
5J g

and assume
My, < (ag5) < Ay, ||aij||ca(BR)7 [1b:]

o) lelleapay <A <0

For every f € C’g‘_ﬁ(BR), there exists a unique solution
2,
u e O,g (BR)
of the Dirichlet problem

Lu=f in Bg,
u=0 on OBR.
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Remark. Here
C§ 4(Br) C C*(Br),  C>§(Bgr) C C(Br)NC>*(Bg).

Proof. By scaling, assume R = 1. We use the continuity method. Define
Ly =tL+(1-1t)A, te[0,1].

Then
Ly = A, L, =0L.
Write
Lt = Z aiz?j&ij + Z bf@z + Ct,
i.j i
where

afj = taij + (]. — t)5ij, bf = tbi, Ct = tc.
The assumptions imply
min(X, 1)1, < (aj;) < max(A, 1)1,

and
EjHC"(Bl) ’

For v € Ci’g(Bl), compute
||LtUHcgfﬁ(Bl) = Z ||a§jaiijcg_B(Bl) + Z Hbiaichgfﬂ(Bl) + HCtUHC;B(Bl) :
) i
Recall that, for o > 0,

oapy) SATL

|

la le

[Vill oo s

”wUHCg(Bl) < Hchg(Bl) ||U||Cg(31)'
Also, for z,y € By, we have d,,dy,d,, < 1. Hence
||chg(Bl) < ||cha(Bl)a ||w|‘cgfﬁ(31) < ||w|‘c;15(31) < ||w||ch(Bl)-
Therefore

ILevllcg (my < Z 955\l o) 10357l g (1)

]
3 t
+ D il ooy 100l ) + e llca a0l e (2
i
< O n) vl ) -
Thus
Ly : C*5(By) — C5 4(By)

is a bounded linear operator.
Consider the Dirichlet problem

Ltu =h in Bl,
(x¢)
u=20 on OBj.
Define
I= {t € [0,1] ‘ (#¢) is solvable in Cz’g(Bl) for any h € Cgfﬂ(Bl)} .

The goal is to prove 1 € I. Uniqueness follows from the maximum principle.
Step 1. We prove 0 € I, i.e. Lg = A. Let

heCy 4(By).
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The function h may not belong to C%(B1), so we cannot apply the unweighted
Poisson-equation solvability result directly. To avoid this, take n. € C°°(B;) such
that
0<n.<1 in By, ne=1 in Bi_o., ne=0 in By \ Bj_«.
Set
he = n:h.
Then h. € C*(B;). By the solvability result for the Poisson equation in a ball,
there exists -
Ue € C(Bl) N CQ’Q(Bl)
such that
Aug = ha in Bh
Ue = 0 on 8B1
The boundary estimate obtained from the maximum principle gives
sup d, ? |uc(z)| < C sup 277 |ho ()|
r€B1 reBy
< Cllhlley -

Hence

(1) |ue ()] SCHthQ,B(BI)df-, T € By,
and, since 8 € (0,1),

(2) HuEHL‘x’(Bl) <C ”hHCZ—B(Bl) :

For r € (0,1), set # = (r+1)/2. If e < (1 — #)/100, then h. = h in B;. Since
h € C3_5(B1),
we have h € C*(B;). For
ue. € C(By) N C%%(By),

the Schauder estimate gives
ltellona s,y < CA A @, Bm) (el iy + Il e,y

< A A @ B,m) (Ihlle, )+ hllons,))

which is independent of . By the Arzela—Ascoli theorem and a diagonal argument,
there exist ¢; — 0 and
u € CE . (By)
such that
ue, = u in C2 (By).
Passing to the limit in
Aue, = he, in By

gives

Au=h in Bj.
Moreover, by (1),

u(@)| < Clhllg, s, &2

so u can be extended continuously to By with

=0 on0dBj.
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Thus
u e C(El) N CQ(Bl)

solves

Au=h in Bl,
u=20 on OBj.

Since h € C3_4(Bi), the weighted Schauder corollary above yields
u e C¥5(By).

Step 2. We prove that there exists 6 > 0 such that, if ¢t € I, s € [0,1], and
|s —t| <6, then s € I.

Together with Step 1, this proves the goal 1 € I: divide [0, 1] into finitely many
subintervals I; with |I;| < §. Then

el = 1€l
For t € I, (%) is solvable in Cz’g(Bl) for any h € 3 4(B1). By the maximum
principle, the solution is unique. Denote the unique solution of (*;) by
Li'h e C%5(By),
i.e.
Li(L;'h) =h in By,
Ly'h=0 on dB;.
The weighted Schauder estimate above gives
-1
(3) HLt hHCf’;‘(Bl) <C Hh”cg,/,(Bl)’
where C is independent of . Hence
L' C8 5(B1) — C*5(B1)

is a bounded linear operator.
Define

T:C*§(B1) — C*§(B1)
by
Tv=L;"(h+(t—s)(Lv — Av)).
The motivation is

LV =h<= LV =h+LV LV =h+(t—s)(LV — AV),

where
Ly =tL+ (1-1t)A, Ls=sL+(1-s)A.
Thus
L,V =h in By, LV =h+(t—s)(LV —AV) in By,
V=0 on 0B, V=0 on 0B;
and hence

V=L'(h+({t—s)(LV-AV)) <=V =TV.
Therefore V solves (k) if and only if V' is a fixed point of T.
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For v,w € 03’2(31), compute

ITo = Twllgag s,y = [ = DL (E = A)© = 0|z
<Clt= sl (L= D)= wleg )
< Clt—sl o = wll 2 s, -

Choose
s_ L
- 2C”
Then, when |t — s| < §, T is a contraction. The contraction mapping theorem gives
aV e Ci’;‘(Bl) such that TV = V. Equivalently, V solves (xg), so s € I. This

finishes the proof. O

Continuous Boundary Value.

Theorem. Let

L:Zaij&-jJeri@ﬂrc, aij,bi,ceCQ(ER), [eRS (0,1),

and assume
My < (aij) < Aly, ||aij||ca(BR) ) ||biHC°'(BR) ) ”C”C"(BR) <A, c<0.
For every f € C“(Bgr) and every ¢ € C(OBR), there exists a unique solution
u € C(Bgr) N C**(Bg)

of
Lu=f in Bg,

{u =@  on dBpg.
Proof. By scaling, assume R = 1. Let {px} be a sequence of functions in C%(B;)
such that

lew = ellc@n,) = 0-
Then

f— Loy € C3_5(B1) for g € (0,1).

The previous theorem gives

vk € C*5(B1) € C(By) N C*%(By)
solving
Lvy, = f — Ly, in By,
{’Uk =0 on 0B;.
Set
Uk, = Vg + Pk-
Then u; € C(B1) N C%%(B;) satisfies

Lug = f in By,
ur = ¢ on 0Bj.
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For any k, [, we have

L(uk —u) =0 in By,
ug —u =@ — @ on dBy.

The maximum principle gives
lue = wllc@,) < lew —@illo@n,) = 0
Hence there exists v € C(B;) such that
ur —u in C(By),
and u = ¢ on 0B;.
For r € (0,1), the Schauder estimate gives
lukllea s,y < O A Ay ) (gl ) + 1 llcegs,) )

< O A A @) ([l gy + 1+ 1 Flloasy ) -
which is independent of k. By the Arzela—Ascoli theorem and a diagonal argument,
there exists a subsequence uy, such that

ug, —u in CE(By).

Therefore

u € C**(By), Lu=f in Bj.
Uniqueness follows from the maximum principle. ([
C?>-Regularity.
Corollary. Let Q be a domain, not necessarily bounded, in R™. Let

L:Zaijﬁij—kZbi&-—kc, (Lij,bi,CGCa(Q), o€ (0,1),
i i

and assume
If u € C*(Q) satisfies

Lu=f inQ
for some f € C*(QY), then

u € C*%(Q).
Proof. Define

L: Zamanerﬁ“ f:ffcu.
i, i
For every ball B = Bgr(z¢) € €2, we have
aij,bi,c,fe CQ(E), ueC’(@B)
The previous theorem gives a unique
v e C(B)NC**(B)

solving
the Dirichlet problem

Zv:f in B,
V=1 on 0B.
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Since Lu = f, equivalently Lu = f—cu= fin B, and v = w on dB. Thus u is
also a solution of this problem. By uniqueness,

u=wv¢e C(B)NC**(B).
Thus u € C*(B). Since B € () is arbitrary, we get
u € C**(Q).
O

Remark. Using this corollary, in the previous Schauder estimate the C?®-assumption
can be replaced by a C?-assumption.

11. DIRICHLET PROBLEM IN DOMAINS

The method is Perron’s method.

Subsolution and Supersolution.
Definition. Let € be a bounded domain in R™. Let
L:Zaijaij-f—Zbiai—’-C, aij,bi,CEC(Q),
ij i

with (a;;) >0, ¢ <0, and let f € C(Q).
A function u € C(€) is called a subsolution of Lu = f in  if the following holds:
for every ball
B = BR(CL'Q) €N
and every w € C(B) N C?%(B) solving

Lw=f in B,
if

u<w on dB,
then
(*) u<w in B.

Replacing the signs “<” by “>” in (*) gives the definition of a supersolution.
Remark. If u € C%(Q) and Lu > f, then u is a subsolution as above.

Lemma. Let Q be a bounded domain in R"™, a € (0,1), and let
Lzzaijaij-FZbiai—i-C, aij,bi,CECQ(Q),
> -

with (a;;) >0, ¢ <0, and f € C*(Q). Suppose
u e C(Q)
is a subsolution in €, and
veC(Q)
is a supersolution in Q. If
u<wv on 0f,

then
u<v in.
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Proof. Set

M = max(u — v).
Q

If M <0, then u < v in Q.
Assume M > 0. Define

D={xeQux)—v(x)= M}
We claim that D is open and closed. The claim implies either D = @ or D = Q. If
D = (), then
M = max(u —v) <0,
2Q
a contradiction. If D = €, then u — v = M in €, and hence
u—v=M on 0,

again contradicting M > 0 and v < v on 0f).
It remains to prove the claim. Closedness follows from the continuity of v — v.
To prove openness, take x¢o € D and choose

0 < r < d:= dist(zg, 09), B = B,(x0) € Q.

Let
u,v € C(B)NC**(B)

solve

u=wu onJdB, T=wv on J0B.

{Lu:f in B, {Lv:f in B,

By the definitions of subsolution and supersolution,

u<u in B, v>7 in B.
Thus
(1) U—v>u—v in B.
Moreover,

Lu—7)=0 in B,
u—v=u—v ondB.
By the maximum principle,

max (7 — v) < max(u —v)T < M.
B OB

Since zg € D, by (1),
M= (u—v)(xo) < (T—7)(x0) < M.
Hence
(7 —7)(w0) = M.

The strong maximum principle gives

M in B,

T-7
and therefore

u—v=M ondB.
Since & — 7 = u — v on B = 0B, (x), we obtain

u—v=M on 0B.(zg).
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The radius r € (0,d) was arbitrary, so
u—v=>M in By(zo).

Thus
Bd(fL'()) C D7
and D is open. This proves the claim and hence the lemma. O

Lemma (Lifting lemma). Let Q be a bounded domain in R", a € (0,1), and let
L:ZaijaijJerﬁiJrc, aij,bi,CECQ(Q),
i i

with (a;;) >0, ¢ <0, and f € C*(Q). Let
ue C(f)
be a subsolution in Q, and let B = Br(zo) € Q. Define
. u inQ\ B,
u =
v in B,

where v solves

Lv=f in B,
v=u on 0B.
Then u is a subsolution in ), and
u>u  in €.
Remark. u is called the lifting of u in B.
Proof. On OB we have u = v. Since v solves Lv = f in B, the definition of
subsolution applied to the ball B gives u < v in B. Outside B, & = u. Hence u < u
in Q.
Let B’ € Q be a ball, and let
we C(B')NC*B)
satisfy
Lw=f in B,
w>u on 0B
The goal is to show
u<w inB.
If BN B’ =, this follows directly from the definition of subsolution. Assume
BN B #0.
Step 1. We prove
u<w in B\ B.
On OB’ we have u < U < w. Since u is a subsolution, this gives
u<w in B.
Hence, in B’ \ B,
u=u<w.
Step 2. We prove
u<w in B'NB.
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By Step 1,
u<w in B\ B,
and therefore
v=u<w on B'NJB.

Also, from
u<w ondB,
we get
v=u<w ondB NB
In B'N B,
Lv=f=Lw.
Thus

Lv=Lw in B'NB,
{vgw on d(B' N B).
The comparison principle gives
v<w in B'NB.
Since & = v in B, this proves
u<w in B'NB.
Combining Steps 1 and 2 proves the goal, and hence @ is a subsolution in €. O

Recall. Recall the following points.

e The Dirichlet problem in balls was solved by the continuity method.

e The Dirichlet problem in domains will be solved by Perron’s method.

e We defined subsolutions and supersolutions. If u is a subsolution and v is
a supersolution with u < v on 99, then u < v in Q.

If w is a subsolution and B € €2, then the lifting

R {u in Q\ B, {va in B,

u =
v in B, v=wu onJdB,

is still a subsolution and @ > wu.
Perron’s Method.
Proposition. Let Q be a bounded domain in R™, and let

L= a;d;+» bidite,  agbiceL®Q)NC*Q), ac(01).
x -

Assume
(aij) > AL, (A >0), c<0,
and let
feL>®Q)NC*Q), v € C(09).
Define
S, ={v ‘ v € C(Q) is a subsolution in 2, v < ¢ on N},
and
uy(z) = sup{v(z) | v € S,}, x € .
Then

u, € C2%(Q), Lu, = f in S
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Proof. Step 1. We show that u, is well-defined, i.e.
Sy #0, lup ()| < 400 for all z € Q.
After a translation, assume
QCc{0<z <d}.
Set
F= ||f||L°O(Q) ) ¢ = ||<P||La<>(aQ) :
Define
Vi(z) =0+ (e —e*™)F,  V_(2)=-Vi(2),
where A is a constant to be determined. Compute
LV+ = — (a11A2 + blA) FeA“” + CVJ’»‘
Since a1 > A and by € L>®(Q), choose A > 1 so that
a11A2 + blA Z 1.
Then
LV, < —Fel™ 4 cV,.
Because V; >0, ¢ <0, and ez > 1,
LV, <—-F<f in{.
Moreover,
Vi>®>¢p on o

Thus V, is a supersolution.
Recall V_ = —V,.. Then

LV_>F>f inQ,
Vo< -d<¢p ond.

Thus V_ is a subsolution. In particular V_ € S, so
Sy #0.

For every v € S, we have

v<p<V, ond
By comparison,

v S V+ in Q.

Therefore

V.o <u, <Vy inQ,
and u,, is well-defined.

Step 2. If v1,v2 € Sy, then

V = max(vy,v2) € S.
Indeed, since v; < ¢ on OS2, we get
(1) V <¢ on dN.
To prove that V is a subsolution, take any ball B € Q and any w € C(B) N C?(B)
such that

Lw=f in B,
w>V ondB.
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Then

w >wv; ondB, i=1,2.
Since each v; is a subsolution,

w>wv; in B, i=1,2.

Hence w > V in B, so V is a subsolution. Together with (1), this proves V € S,,.
Step 3. We prove
u, € C2%(Q), Lu, = f.
It is enough to show that for every ball B,.(zg) € Q,
uy, € C%(B,(20)), Lu, = f in B,(zo).
By definition,

Uy (x0) = seu‘%) v(zo).
VEop

Choose v; € S, such that

lim v;(z0) = uy(zo).
1—> 00

We may assume
Vo<v; <u, in
otherwise replace v; by max(v;, V_), using Step 2. Let w; be the lifting of v; in
B, (z0). Then w; € Sy, and
Vo< <wi <up, <V4 in Q,
with

K2

Lw; = f in B,(xy), im w;(zo) = uyp (o).
— 00
Therefore

lwill L (B, (20)) < C

where C' is independent of i. By the Schauder estimate, for every ' € (0,7),
lwillg2.a (5, (o)) < Crs
where C,- is independent of i.
By the Arzela—Ascoli theorem and a diagonal argument, there is a subsequence,
still denoted by w;, such that
w; = w  in CL(B,(z0))
for some
w € C*%(B,(z0)).
It follows that
w < Uy, Lw=f in B.(x0), w(zg) = uy (o).
We claim that
w=1u, in By(x0).
The claim implies Step 3.
Let T € By(z0). Since

up(T) = Sup v(Z),
vEop

there exist v; € S, such that

lim 7,(Z) = uy,(T).
1—00
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We may assume
w; <V <up in
otherwise replace T; by max(7;,w;), using Step 2. Let w; be the lifting of 7; in
B, (). Then
Vo< Sw <7 <wy <up < V4o in Q,
and
lim w;(Z) = uy,(T).
71— 00
The same Schauder estimate and compactness argument gives a subsequence such
that
w; > w  in CFOC(BT(IE()))
for some w € C*%(B,(x)). Hence
w <

W < Uy, Lw=Lw=f in B(xg),
and
w(xo) = W(xo) = uyp (o), W(T) = uy,(T).
Thus
L(w—w)=0 1in By(xo),
{w —w < 0.
Since

(w —w)(zg) =0,
the strong maximum principle gives
w—w=0 in B.(xg).
Therefore
w(T) = W(T) = up(T).
Since T € B,.(x¢) is arbitrary, this proves
w=1u, in B,(xo).

The proposition follows. O

Proposition (Boundary behavior under a barrier). Let Q be a bounded domain in
R"™, and let

L:Zaijaij—i—Zbi@i—i—c, aij,bi,CELoo(Q)ﬂCa(Q), o€ (0,1).
1,7 7

Assume
(aij) > AL, (A >0), c <0,
and let
feL®Q)NCYN), p € C(09).
For xy € 092, suppose there exists
W, € C(Q)NC*Q)
such that
LW,, < -1 inQ, Wi (x0) =0, Wi >0 on 0QN\ {x0}.
Then

Jim (@) = p(a0).

Remark. The function W, is called a barrier function at xg.
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Proof. Write W = W, and
® = [lell Lo (90 -
Since ¢ € C(9N), for every € > 0, there exists § > 0 such that
lp —(xo)| <& on Bs(zg) NOQ.
Because W > 0 on 9Q \ {zo},

min W > 0.
OO\ Bs (z0)

Therefore there exists K. > 0 such that
lo — @(x0)| <20 < KW  on 902\ Bs(xo).

Consequently,
(1) o — @l@o)| < e+ KW on 99
Set
A. = max (Kga If— Ccp(xo)||Lm(Q)> )
Then
L(p(zo) —e — AW) = cp(wo) — ce — AcLLW
> cp(wo) + Ae
>f inQ.
Thus

o(xg) —e— AW
is a subsolution. By (1),
p(xg) —e — AW < ¢ on 9.
Hence
o(zg) —e — AW € S,,.
Recalling that
Uy = SUp v,

veS,
we get
(2) o(zg) —e — AW <wu, inQ.
Similarly,
L(p(wo) + e+ AW) < f in®,
{cp(xo)+£+AEW> © on 0.
Thus

o(zo) +e+ AW
is a supersolution with boundary value above . By comparison,
(3) uy, < (w) + e+ AW in Q.
Combining (2) and (3),
up — p(z0)] < e+ AW in Q.

Therefore
lim sup |uy () — @(20)| < e + Aclimsup W(x) = e.

T—T0 T—x0
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Letting € — 0 gives
lim [, () — p(20)| = 0.

r—xQ

Theorem. Let Q be a bounded domain in R™, and let

L:Zaijaij—l—Zbiai—i-c, aij,bi7cEL°°(Q)ﬂCo‘(Q), o € (0,1)
» 2

Assume
(aij) > AL, (A >0), c <0,
and let
feL®(Q)NCYQ), p € C(09).
If for every xg € OS2 there exists a barrier function at xq, then there exists a unique
solution
u € C(Q)NC*¥(Q)

of the Dirichlet problem

Lu=f inQQ,

u=1¢@ on .

Remark. Reviewing Perron’s method, the interior part uses the maximum principle
and solvability of the Dirichlet problem in balls. The boundary part uses barrier
functions, which encode local geometry of the domain.

The natural question is how to guarantee the existence of barrier functions.
Exterior Sphere Condition.

Definition. Let €2 be a bounded domain in R"™, and let 2y € 9. If there exists a
ball Br(yo) such that
QN Br(y) =0, QN Br(yo) = {zo},

then we say that () satisfies the exterior sphere condition at z.
If Q) satisfies the exterior sphere condition at every boundary point, then we say
that Q satisfies the exterior sphere condition.

Lemma. Let Q) be a bounded domain in R™, and let

L:Zaij&-j—i—Zbi&-—l—c, aij,bi,ce LOO(Q)OC(Q)
i p

Assume
(aij) > )\In ()\ > 0), c< 0.
If Q satisfies the exterior sphere condition at xg € 0S), then there exists a barrier
function at xg.

Proof. By the exterior sphere condition, there exists Br(yo) such that
QN Br(y) =0, QN Br(y) = {0}
Write

d(IIZ):|ZE*yO|, yoz(y?aayg)
Then

R < d(z) £ R+ diam(Q2) in Q.



68 Y.-J. MIAO
Define
W(z) =K (R *—dx)™) inQ,
where K and A are constants to be determined. Then
W(xo) =0, W >0 ondQ\{zo}.

Set z; = ; — yY. A direct computation gives
L (R_A - d_A) = Ad_A_4 —(A + 2) Z Q52325 + d2 Z aq; + d2 Z bzzz
i i i

+e(RA—d?).
Since (Clij) > )\In,
Zaijzizj > Aax — yo|2 = \d>.

5]

Also ¢ < 0and R~4 — d~4 > 0. Hence

—(A+2A* +d*) a;+d* ) bz]

—(A+2A+ ) ai+ Zbizi] .
Choose A > 1 so that the bracket is < —1 in €. Then
L(RA—d) <—Ad "2
Since R < d < R + diam(Q),
L(R™ —d™") < —A(R + diam(Q))” 7.

L(RA—d*) <Ad 4

_ Ad7A72

Choose
K = A™' (R + diam())**?
Then
LW =KL(R™*-d ") <-L
Thus W is a barrier function at xg. O

Example. Let © be a bounded domain in R™.

(1) If Q is convex, then  satisfies the exterior sphere condition.
(2) If 90 is C2, then ( satisfies the exterior sphere condition.

Proof. If Q is convex and zy € 02, choose a supporting hyperplane H at x,
and let v be the unit normal pointing to the exterior side. For any R > 0, set
Yo = 2o + Rv. Then the ball Br(yo) lies in the open half-space outside H, while {2
lies in the opposite closed half-space. Hence

QN Br(y) =0, QN Bg(yo) = {zo},

so the exterior sphere condition holds at z.

For the second statement, let o € 9. Since 99 is C?, near zo the boundary
can be expressed as a graph of a C? function. Choose coordinates so that xy = 0
and

0: xp,=F(z1,...,Zpn-1), F(0) =0, VE(0) =0.
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Write
o = (21,..., 20 1) € R"L,

By Taylor expansion,

n—1
1
F(a) =5 37 0y FO)aiw; +ol|a*) = ~Cla'f

4,5=1

near 0. Set
So(z') =12 — |2/]* — .
Then )
1 /
S1(a) = 5 305, Oy + o) = el

Choosing r > 0 sufficiently small gives

Sp(2) < —2C ')
Thus

F(2') > S,.(z')

near (. Taking

yo = (0,...,0,—7),
the ball B,.(yo) is the desired exterior ball. O

Theorem. Let Q be a bounded domain in R™. Assume that either 0 is convex or
00 is C?. Let

L:Zaij81j+2bi8i+c, a¢j7bi,C€Loo(Q)ﬂCa(Q), a € (0,1),

and assume
(aij) > M, ()\ > 0), c<0.

I
! feL>®Q)nC*N), p e C(09),
then there exists a unique solution
u € C(Q)NC**(Q)
of the Dirichlet problem

Lu=f 1in$,
u=¢@ on .
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